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PREFACE 

TO THE FIRST GERMAN EDITION 


Although tliere is no laok of textbooks on the difioi’ontial and 
integral calculus, the beginner will have difficulty in finding a 
book that leads him straight to the heart of the subject and gives 
him the power to apply it intelligently. He refuses to bo bored 
by diffuseness and general statements which convoy nothing to 
him, and will not tolerate a pedantry which makes no distinction 
between the essential and the non-’cssential, and which, for the 
sake of a systematic sot of axioms, deliberately conceals the 
facts to which the growth of the subject is duo. 

True, it is easier to perceive defects than to remedy them, 
I malco no claim to have prosontod the beginner with the ideal 
textbook. Yet I do not consider the publication of my lectures 
superfluous. In order and choice of material, in fundamental 
aim, and perhaps also in mode of presentation, they difEer con¬ 
siderably from the oiu’rent literature. 

The reader will notice espooially the complefco break away 
from the out-of-dato tradition of treating the diflerontial calculus 
and the integral calculus separately. This separation, a more 
result of historical accident, with no good foundation either in 
theory or in practical convenience in teaching, Jiindors the 
student from grasping tlio central point of the caloiilus, namely, 
the connexion between definite integral, iadofinito integral, and 
derivative. With the backing of Felix Klein and otliers, tlio 
simultaneous treatment of differential calculus and integral 
onlonlus has steadily gained ground in leotme comsos, I hero 
attempt to give it a place in the literature. This first volume 
deals mainly with the integral and differential calculus for func¬ 
tions of one variable; a second volume will be devoted to 
functions of several variables and some other extensions of the 
calculus. 
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PREFACE ro THE FIRST GERMAN EDI I ION 

My aim is to exliibit tlio close coiiiioxioii bo^\^ ecu analysis and 
its applications and, without loss of iigoiii and piccision, to givo 
due credit to intuition as tlic souico of inatlioinatical tiulli 
The presentation of analysis as a closed system of tixitlis without 
lefeience to then oiigin and pitipose has, it is tiuo, an OGsthotio 
ohaim and satisfies a deej) philosophical need But the attiUido 
of those who considei analysis solely as an abstractly logical, 
introverted science is not only luglily unsiiiiablo foi boginnois 
but endangers the fiituio of tlio subject, fox to pinsiio ninthc 
inatical analysis while at the same tinao turning ono^s back on its 
applications and on intuition is to condemn it to hopeless atiopliy 
To me it seems extremely important that tlio stndont should 
warned fiom the very beginning against a smug and picsumptu 
oua pmism, this is not the least of my purposes m wiitnig this 
book 

The book is intended for anyone who, having passed lluougli 
an ordinary couxse of school mathematics, ■wishes to apply him 
self to the study of mathematics or its applications to scjcnco 
and engineeiing, no mattei whcthoi ho is a student of a umvor 
sity or technical college, a teacher, ox an ongincoi I do not 
promise to save the loadoi tlio tioublo of thinking, but I do seok 
to lead tlio way straight to useful laiowicdgo, and aim at male nig 
the subject easier to giasp, not only by giving piools stop by 
step, but also by thiowing light on the mtoiconnoxions and 
purposes of the whole 

The beginner should note that I have avoided blocking ilio 
entrance to the concrete facts of the diffoxontial and integral 
calculus by discussions of fundamental maitois, fox wluoli lie is 
not yet ready Instead, these axe collected m apponchcos to tlio 
chapters, and the student whoso main piuposo as to acquire tlio 
facts rapidly or to proceed to piactical applications may post 
pone reading these until ho feels the need fox them The appon 
dices also contain somo additions to tho subject mattox, they 
have been made relatively concise Tho xeadox will notice, too, 
that the general style of iiiesontation, at fust detailed, is moio 
condensed towards tho end of tho book lie sliould not, liowovor, 
lot himself be disheartened by isolated difficuHies which lio 
may find m the concluding chaptois Such gaps lu understand 
mg, if not too frequent, usually fill up of then own accord 



PREFACE TO THE ENGLISH EDITION 


When Americau colleaguoa urged mo to publish an Englisli 
edition of my lectures on the differential anc] integral calculus, 
I at first hesitated. I folt that owing to the difforenoe between 
the methods of teaching the calculus in Germany and in Britain 
and America a simple translation was out of the question, and 
that fundamental changes would bo required in order to meet 
the needs of English-spealdng students. 

My doubts wore not laid to rest until I found a compet^ont 
colleague in Professor E, J. McShane, of tlio University of 
Virginia, who was prepared not only to act as translator but also 
—after personal consultation with mo—^to make the improve¬ 
ments and alterations necessary for the English edition* 

Apart from many matters of detail the principal changoB are 
these: (1) the English edition contains a largo number of classified 
examples; (2) the division of material botwooir tlic two volumes 
differs somewhat from that in the Gorman text. In addition to 
a detailed account of the theory of functions of one variable, 
tlio present volume contains (in Chapter X) a sketch of tlio 
differentiation and integration of functions of sovoial variables. 
Tlie second volume deals in full witli functioiiB of several iiido- 
pondent variables, and includes the olomonts of vector analysis, 
There is also a more systematic discussion of differential equa¬ 
tions, and an appendix on the foundations of the theory of real 
numbers. 

Thus the first volume contains the material for a course in 
olomontary calculus, while tho subject-matter of tlio second 
volume is more advanced. In tho first volume, however, there is 
much which should be omitted from a first course. Tlioso sec¬ 
tions, intended for students wislung to ponotrato more deeply 
into tlio theory, arc collooted in tho ax^pendiccs to tho chapters, 

(H708) vH 1# 
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PREFACE TO TITF ENGLISH EDITION 


so tint beginncLS can study tho booE witlioui incomduomo 
omitting 01 postponing the leading of those appendices 

The publication of this book in Englisli has only hot ii made 
possible by tho goneiosity of my Geimaii publishoi, Julius 
Spimgoi, Berlin, to whom I wish to express my most coidial 
thanks I liave lil cwisc to thank Blaokio and Son, Ltd, who 
m spite of these difficult times have imdoitakeii to publish this 
edition My special thanks aro due to the members of then 
tcohnioal stafi for tho excellent quality of thou woilc, and to 
thoir mathematical oditois, especially Miss W M Doans, wlio 
have relieved Prof MoShane and myself of much of tho lesj^ou 
sibility of preparing the manuscript foi tho press and reading 
the proofs I am also indebted to many fuonds and rollcaguos, 
notably to Professor McOlenon of Giinnoll College, Iowa, to 
whose onoouragomont tho English edition is duo, and to Miss 
Maigaiot Kennedy, Newnham College, Gainbiidgc, and Dr 
Erit/5 Jolm, who co opeiated with tho publishoi staff m tlio 
pi oof leading 


CiMB RIDGE England, 
June, 1931 


R COURANT 


PREFACE 

TO THE SECOND ENGLISH EDITION 

This second edition diflers fiom the first ohiofly in the 
improvement and rearrangement of tho examples, tho addi 
tion of many new examples at the end of the book, and the 
luoliision of some additional material on diHoiontial equations 


Nbw Rooudllb NY, 
June, 1937 


R COURANT 
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DIFFERENTIAL AND 
INTEGRAL CALCULUS 


Introductoiy Remarks 

Wlien the beginner cornea in contact with the so-called higlicr 
mathematics for the first time, ho is apt to bo obsessed hy tho 
feeling that there is a certain discontinuity between school 
mathematics and university mathematics* This feeling ulti¬ 
mately rests on more than the historical cixcumstancos which 
have caused university teaching to take a form difEering so ^Yidoly 
from that of tlie school. For the very nature of tho higher 
mathematics, or rather, of tho modern mathematics, developed 
during the last three centuries, distinguishes it from tho elcnion- 
tary mathematics which wholly dominated tho achool ourri-' 
culiun until recently and whose subject-matter was often taken 
over almost directly from tho mathematics of tho ancient 
Greeks. 

A leading characteristic of olemontary mathematics is its 
intimate association with geometry. Even where tho subject 
passes beyond tho realm of geometry into that of aritlimotio, 
tho fundamental ideas still remain geometrical. Another foatuxo 
of ancient mathematics is perhaps its tendency to ooncontrato 
on particular oases. Things which to-day wo should regard aa 
special cases of a general phenomenon are sot down higgledy- 
piggledy without any visible relationship between tlicxn. Its 
intimate association with geometrical ideas and its stress on 
individual niceties give the older mathematics a charm of its 
own. Yet it was a definite advance when at tho boginning of 
the modern ago in mathematics quite dilloront tendencies do- 

X 
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INTRODUCrORY REMARKS 


vcloped, acting as the stimulus for a great expansion of the 
BubjQot, wJucli in spite of many impiovomenta in detail had 
m a sense stood still foi centuries 

The fundamental tendency of all modem mathematics is 
towards the replacement of separate discussions of individual 
cases by more and more general systematic mctJiodSy which 
perhaps do not always do full justice to the individual features 
of a particular case, but which, owing to then generality and 
powei, give promise of a wealth of now results Again, the con 
cept of number and the methods of analysis have come to occupy 
moio and moie independent positions and now dominate geometry 
entirely These new tendencies towards the development of 
mathematics along a variety of bnes are most cloaily exhibited 
m the use of analytical geometry, whoso development is chiefly 
duo to Feimat and Descartes, and of the diRcrontial and integral 
calculus, which is generally regaided as having oiigmated with 
Newton and Loibmtz 

The thioe hundred yoais during which modern mathematics 
has existed have seen such important advances not only m pure 
mathematics, but in an immense variety of applications to 
science and engineering, that its fundamental ideas and above 
all the concept of a fimction have by degrees become voiy widely 
known and have ovontually penetrated even into the school 
curriculum 

In this book my aim has been to develop the most important 
facts m the difloiontial and integral calculus so far that at the close 
the reader, although ho may have had no previous loiowledgo of 
highei mathematics, may bo well equipped on the one hand for 
the study of the more advanced branches and of the foundations 
of the subject, or on the other hand, for the manipulation of the 
calculus in the vaiied realms m which it is apiibod 

I should Iilco to warn the reader specially against a danger 
which arises fiom the discontinuity mentioned m the opening 
paragraph The point of view of school mathematics tempts one 
to linger over details and to lose one’s grasp of geiioial i elation 
ships and systematic methods On the othoi hand, m the 
higher” point of view there lurks the opposite danger of 
getting out of touch with conoroto details, so that one is loft 
helpless when faced with the simplest cases of individual difficulty, 
because in the woild of goneial ideas one has foigobton how to 
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Como to grips with the concrete, The reader must find his own 
way of meeting this dilemma. In this ho can only succeed by 
repeatedly thinking out particular cases for himself and acquhing 
a firm grasp of the application of general principles in particular 
cases; herein lies the chief task of anyone who wishes to pmsue 
the study of Science. 




CHAPTER I 
Introduction 

The differential and integral calculus is based upon two 
concepts of outstanding importance, apart from the concept of 
number, namely, the concept of function and the concept of 
limit. These concepts can, it is true, bo recognized here and 
there even in the mathematics of the ancients, but it is only 
in modern mathematics that their essential character and signi¬ 
ficance are fully brought out. In this introductory chapter 
WG shall attempt to explain these concepts as simply and 
clearly as possible. 

1. The Continuum of Numbers 

The question as to the real nature of numbers is one which 
concerns philosophers more than mathematicians, and philo¬ 
sophers have been much occupied with it. But mathematics 
must be carefully kept free from conflicting philosophical 
opinions; preliminary study of the essential nature of the con¬ 
cept of number from the point of view of the theory of know¬ 
ledge is fortunately not required by the student of mathematics. 
Wo shall thcroforo take the numbers, and in the first place the 
natural numbers 1, 2, 3, , . as given, and wo shall likewise 
take as given the rules* by wbicli we calculate with these 
numbers; and we shall only briefly recall the way in which the 
concept of the positive integers (the natural numbers) has had 
bo bo extended. 

♦ TlioBo nilos aro as followst (a + 6) + o o + (6 + c). That ia, if bo tlio 
sum of two numboi'8 a and 6 wo add a third number c, wo obl,ain tlio same 
result as wlion wo add to a iho sum of b and c, (This is called the aRSOointivo 
law of addition.) Secondly, a b ^ b A' a (the commutative law of addition)* 
Thirdly, (a6)o « «(6o) (the assooiaUvo law of multiplication). Fourthly, wi 
(tho commutative law of multiplication). Fifthly, a(6 -H o) ^ ab A- ac (the 
dlatributivo law of multipUoation). 


5 



6 INTRODUCTION [Chap 

1 Tho System of Rational Numbers and the Need foi its 
Extension 

In l/lio domain of the iiatuial uumbcis tho fundamental 
operations of addition and multiplication can always be per 
formed without restriction, that is, the sum and the product of 
two natural numbeis are themselves always natural numbeis 
But the inveisos of these operations, subti action and division, 
cannot invariably bo peifoimed within the domain of natuial 
nuinbois, and because of this mathematicians were long ago 
obliged to invent the number 0, the negative integeis, and 
positive and negative fractions The totality of all these numbeis 
IS usually called the class of mUoml numbers^ smee they aio aU 
obtained fiom unity by usmg the “ rational opeiations of calou 

lation**, addition, multiplication, 
4 ^ subtraction and division 

rig r -The number axis Numbers are usually repiosented 

giaphically by means of the points 
of a straight line, the “ niunboi axis by taking an arbitiaiy 
point of the line as the origin or yero point and another 
arbitrary point as the point 1, the distance between these two 
points (the length of the umt interval) then serves as a scale by 
which we can assign a point on the line to every rational number, 
positive or negative It is customary to mark off the positive 
numbers to the right and the negative numbers to the left 
of the origin (of fig 1) If, as usual, we define the absolute 
value (also called the numerical value or modulus) | a ] of 
a number a to be itself when a ^ 0, and to be *—tit when 
a < 0, then | a \ simply denotes the distance of the corresponding 
point on the numboi axis from the oiigin 

The geometrical representation of the rational numbers by 
points on the number axis suggests an important property which 
IS usually stated as follows the set of rational numbers is every 
where dense This means that m every interval of the number 
axis, no matter how small, there are always rational numbers, 
geometrically, m the segment of the number axis between any 
two rational points, no matter how close together, there are points 
conespondmg to rational numbers This density of the rational 

* By tho aign ^ wg moan that eiiJier tho sign > or tho sign ^ ahali hold 
A oouoapondmg statomont holds for the signs ± and ^ wlnoli will bo used 
later 
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niimliers at onco becomes clear if wo start from the fact that the 


numbers 


become steadily snuillor and 


11 1 

approach nearer and nearer to zero as n increases. If we now 
divide the number axis into equal parts of length 1/2”, beginning 

1 2 3 


at the origin, the end-points —, —^ 


2 ”’ 2 «’ 2 ”’ 


of these intervals 


represent rational numbers of the form m/2”; hero we still have 
the number n at om disposal. If now we are given a fixed 
interval of the number axis, no matter how small, wo need only 
choose n so large that 1/2” is less than the length of the interval; 
the intervals of the above subdivision are then small enough for 
us to be 8Ui‘o that at least one of the points of subdivision m/2” 
lies in the interval. 

Yet in spite of this property of density the rational numbers 
are not sufficient to represent eoery point on the number axis. 
Even the Greek mathematicians recognized that when a given 
line segment of unit length is chosen there are intervals whoso 
lengths cannot be represented by rational numbers; these are 
the so-called segments incommensurable with the unit. Thus, for 
example, the hypotenuse of a right-angled isosceles triangle with 
sides of unit length is not conunonBitrablo with the unit of length. 
For, by the theorem of Pythagoras, the square of this length I 
must be equal to 2, Thorefore, if I were a rational number 
and consequently equal to p/q, where p and j are integers 
different from 0, wo should have p^ = 2(f. We can assume that 
p and q have no common factors, for such common factors could 
bo cancelled out to begin with. Shico, according to the above 
equation, p^ is an oven number, p itself must bo even, say 
ps^ 2p\ Substituting tliis expression for p gives us = 2q\ 
or — 2 p' 8 ; consequently is oven, and so q is also even. 
Hcnco p and q both have the factor 2. But this contradicts our 
hypotlicsis that p and q have no common factor. Thus the 
assumption that the hypotenuse can bo represented by a faaotion 
plq leads to contradiction and is therefore false. 

Tlio above reasoning, which is a charaotoristio example of 
an indirect proof shows that the symbol '\/2 cannot corre¬ 
spond to any rational number. Tims we see that if wo insist that 
after choice of a unit interval every point of the niunbor axis 
shall have a number corresponding to it, we are forced to extend 
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the domain of rational numbeis by the introduction of new 
“niitional” numbers This system of rational and nrational 
niimbois, such that each iioint on the axis corresponds to just 
one number and each number coi responds to ]UBt one point or 
the axis, IS called the system of leal numhms * 

% Heal Numbers and Infinite Decimals 

Our requiicmcnt that to each point of tho axis there shall 
coi respond one real number states nothing a pnon about tbo 
possibility of calculating with these real numbeis in the same 
way as with rational numbers Wo establish our light to do 
tins by showing that our requirement is equivalent to tho 
following fact tho totality of all real numbers is xopicsonted 
by fcho totality of all finite and infiiute decimals 

Wo fii&t iccall the fact, familiar fiom elementary mathe 
makes, tliat every lational number can bo loprosented by a 
terminating or by a recurring decimal, and conversely, that every 
such decimal lepiesents a rational number Wo shall now show 
ihat to every point of tho number axis wo can assign a umquoly 
determined decimal (usually infinite), so that wo can ropiesent 
tho irrational points or urakonal mimbora by infinite decimals 
(In accordance with tho above remark tho iriational numbeis 
must be represented by infinite non recurimg decimals, foi ox 
ample, 0 101101110 ) 

Suppose that tho points which correspond to tho integers 
are mailced on the number axis By means of these pomts tho 
axis is subdivided into iiitoivals or segments of length 1 In 
what follows, wo shall say that a point of tho Imo belongs to an 
mtoival if it IS an mteiioi point or an end point of tho intorva] 
Now lot P be an arbitrary point of tho number axis Then tho 
point belongs to one, or if it is a poinl of division to two, of 
the above mteivals If wo agree that m the seeond case Iho 
light hand one of the two mtoivals mooting at P is to bo chosen, 
wo liavo in all oases an interval with end points g and gr + 1 to 
which P belongs, where g is an integer This intcival we 
subdivide into ton equal sub mteivals by moans of the points 

12 9 

corresponding to the numbers ^ ^ ^ gf 4 . _, and 

♦ Thus namocl to distinguish it from tho system of complex numboio obtained 
by yot another extension 
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we number these sub-intervals 0, 1 ,..., 9 in the natural order 
from loft to right. The sub-interval with the number a then has 

the end-points q4- — and a -f — + -i. The point P must bo 

contained in one of these sub-intervals. (If P is one of the now 
points of division it belongs to two consecutive intervals; as 
before, we choose the one on the right.) Suppose that the interval 
thus determined is associated with the number The end¬ 
points of this interval then correspond to the numbers F + ^ 


This sub-interval wo again divide into ton 


and o 4- — H-• 

^ ^ 10 ^ 10 

equal parts and determine that one to which P belongs; as be¬ 
fore, if P belongs to two sub-intervals we choose the one on the 
right. We thus obtain an interval with the end-points 

TO"^ S 's one of the 

digits 0, 1,..., 9. This sub-interval we again subdivide, and 

continue to repeat the process. After n stops wo arrive at a sub- 

. 1 

interval containing P, having length ~ and with end-points 

corresponding to the numbers 

■^^lO^lO® 10” ^^lO^lO** ^10«^10" 

Hero each a is one of the niunbors 0,1 ,..., 9. But 


11 + i!2.4. 
10 102 ^ 


■ ^ 10 ” 


is simply the decimal fraction The end-points 

of the interval, therefore, may also bo written in the form 

g -H O-aiOa < < • »» and g+ O-fliaj. .. o„ -f 

If wo consider tho above process repeated indefinitely, we obtain 
an mfmite decmal O-OjAa • • • > which has the following meaning. 
If wo break off this decimal at any place, say the w-th, the point 

1 

P will lie in the interval of length --- whose end-points (approxi¬ 
mating points) are 

g + O-aiOj.. . «„ and g -f O-a^aa •..»«+ 
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In particular, the point coirespondmg to tlio rational number 
(7+0 will lie arbitrarily near to the point P if only 

n 18 large enough, for this reason the points ^ + 0 
are called approximating pomts We say that the infimte decimal 
gf + 0 'IS the leal number conesponding to the point P 

Hero we would emphasize the fundamental assumption that 
we can calculate in the usual way with the real numbers, and 
hence with the decimals It is possible to prove this using 
only the pioperties of the mtegers as a starting point But 
this is no light task, and rather than allow it to bar our pro 
gress at this early stage, we regard the fact that the oidmary 
rules of calculation apply to the real numbers as an axiom, 
on which wo shall base the whole differential and integral calculus 

Wo hero inaerfc a remark conoormng the possibility m certain cases of 
choosing the mtorval m two ways m the above 8 oh 9 rao of expansion Prom 
our oonstruotion it follows that the points of division arising in onr 
repeated process of subdivision and such points only can be represented 
by finite decimals p + 0 Lot us suppose that suoh a point P 

first appears ns a point of division at the n th stage of the subdivision 
Thou according to the above process wo have chosen at the n tli stage the 
interval to the right of P In the following stages wo must choose a sub 
interval of tins mtoival But suoh an mtoival must have P as its loft end 
point Thoroforo in all fuibher stages of the subdivision wo must choose 
the fliat sub interval, which has the mimbor 0 Thus the infinite decimal 
001 responding to P is (/ + 0 a„000 If, on the other hand 

we hod nt the n th stage ohoson the left hand inteival containing P, then 
In all later stages of subdivision wo should have had to choose the sub 
interval farthest to the right which has P as its light end point Suoh 
a sub mtoival has the number 9 Thus for P we sliould have obtained a 
dooimal expansion in which all the digits from the ( 11 ^+ 1) th onward are 
nines The double possibility of ohoioe m our consti action thoroforo coiio 
spends to the fact that for example the number J lias the two decimal 
expansions 0 26000 and 0 24099 

3 Expression of Numbers m Scales other than that of 10 

In our representaiion of the real numboxB we made tho 
number 10 play a special part, for each interval was subdivided 
luto ton equal parts The only reason for tins is the widespread 
use of tho decimal system Wo could ]ust as well have taken p 
equal sub intervals, where p la an arbitiaiy integer greater 
than 1 Wo should then have obtained an expression of tho 
b b 

form //+- + -!+ 1 where each b is one of the numbers 

p p^ 
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0, 1, . . ., y — 1. Here again we find that the rational numbers, 
and only tho rational munhors, have recurring or terminating 
expansions of this kind. For theoretical purposes it is often 
convenient to choose ^ = 2. Wo then obtain the binary expan¬ 
sion of the real numbera, 

a-\-hi-\- ^-1- 
^ 2 ^ 22 ^ ’ 

where each 6 is either * 0 or 1. 

For numerical calculations it is customary to express the 
whole number g, which for simplicity we here take to bo posi¬ 
tive, in the decimal system, that is, in the form 

a^lO” + + ... + ailO + Uo, 

where each is one of the digits 0 , 1 , ..., 9 . Then for 
g + ... we write simply 

* ’ • ^ 1^0 * • • • 

Similarly, the positive whole number g can bo written in one and 
only one way in the form 

PkP’‘ + + ... + ftp + ft, 

whore each of the numbers jS^ is one of tho numbers 0,1,..,, ^ — 1. 
This, with our previous expression, gives the following result: 
every positive real number can be represented in the form 

+ • * * + PiP + ^0 + — + + • • • > 

P P 

where jS,, and 6^, are whole numbers botwoen 0 and 7? — 1 . Thus, 
for example, the binary expansion of the fraotion ^ is 

91 0 1 

^==lX2H0x2 + l + g + ^a. 

* TIvon for nuniorical oAlculations tho dooimal syatom is not tho boat* Tho 
flexagosinml syatoin {p « GO), with which tho Babylonians oaloulated, has tho 
advantage that a oomparativoly largo proportion of tho rational numbers whoso 
docimal expansions do not iormiuato possess terminating soxagosimal ov« 
pansions. 
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4 Ine^uahiiea 

Calculation with inequalities plays a far larger part m higher 
mathematics than in elementary mathematics Wo shall there 
fore briefly recall some of the simplest rules conceinmg them 
If a > 6 and o > it follows that a + o > 6 -}- <?, but not 
that a — 0 > 6 — d Moreover, if a > 6 it follows that ao > be, 
provided o is positive On multiplication by a negative number 
the sense of the inequality is reversed If o > t > 0 and 
0 > d > 0, it follows that ao>hd 

For the absolute values of numbers the following inequalities 
hold 

[a ±6|^laH-|6j, | a + 61 ^ 1«| - | 61 

The square of any real number is greater than oi equal to zero 
Therefore, if « and y are arbitrary real numbers 

(® — yY = -1- — ’ixy ^ 0, 

or 2®^ ^ ®® + 


5 Schwarz’s Ineauality 

Let 02) > «n and &i> , K bo any real numbers 

In the preceding inequality wo make the substitutions ■* 




\b< 


V W + ^2^ + + ’ V + ^^2^ + + 


for t 1, ^ ^ 2, , i = w succesaively and add tlio resulting 

inequalities On the right we obtain the sum 2, for 


/ i«ii V I 

\V W + 4- 

/ i&ii Vi 

\V(V+ +w 


+ 

+ 


/ l«nj V,! 
\Vi<+ +»«v 

( _IM_ 

\V{V+ +w 


If wo divide both sides of the inequality by 2 we obtam 

I I I ^2^2 1 -j- -b I I ^ H 

V(®i^ + + + “1" 


♦ Iloro and heroaftor fcho symbol V a?, Tyhoro a? > 0 donotoa that po8%t%v6 
nnnibor whoso square is x 
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or finally 


»3 


I I + I I + • • • + I (^nK I ^ '\/(V+* * 

Since the expressions on both sides of this inequality are positive, 
wo may square and then omit the modulus signs: 

♦ • * + ^ + • • • + ^n') • • • + ^t?)* 

Tliis is the Cauchy-Sohwarz inequality. 


Examples ♦ 


1, Provo that tho following numbers are irrational: (a) V3, (6) Vn, 

where n is not a perfeot square. (c) (<^)* V2H-'^2, 

(e)* aj = V3 + ^2. 

2, * In an ordinary B3^tem of reotangular co-ordinates, the points for 
wliioh both co-ordinates arc integers are called lailice points, Provo that 
a triangle whose vertices are lattice points cannot be equilateral. 


3. Prove the inequalities: 

(a) X 4* - ^ 2, a > 0, 

X 


{b) x + x< 0, 

X 


(C) 


«-f - 


^2, a; 4» 0. 


4, Show that if a > 0, + o ^ 0 for all values of x if, and only 

if, 6* — (20 g 0. 


6. Prove the following inequalities: 

{a) x^ + xij + 0* 

(b)* x^^ + + . - + y®'’ ^ 0. 

(o)* a:* — 3x® + 3® + 1 S 0, 


6. Provo Schwarz’s inequality by considering tho expression 

{a^x + H- + • • • H- (»n^ + 

collecting terms and applying Ex. 4. 

7. Show that the equality sign in Schwarz’s inequality holds if, and 

only if, tho a’s and b'& are proportional; that is, = 0 for all v’s, 

whore o, d are independent of v and not both zero. 

8. For n » 2, 3, state tho geometrical interpretation of Schwarz’s 
inequality. 

9. Tho numbers yi, y^ are direction cosines of a lino; that is, 
Yi* + Ya^ ==* E Similarly, + 7)a® == 1. Prove that the equation 
Yi^i + Ya’>ls 1 irapUos tho equations yi «= if]|, y* === 

10. * Prove tho inequality 

’\/((ii-' • ♦ * + (tftfi^ K)^ ^ ’\/W'h *•• + %*) + V(^i*+* • • d"^n*) 
and state its goomotrioal interpretation. 


* Tho more diKioult examples are indicated by an oafcorjfllc. 
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2 lllB CONOHPT OP 1 UNCTION 

1 Examples 

(a) If an ideal gas la compressed m a vessel by means of a 
piston, the tompeiature being kept constant, the pressure p 
and the volume v are connected by tbo relation 

0 , 

whore 0 la a constant This formula, called Boyle^s Law states 
nothing about the quantities v and p themselves, but has the 
following meaning if p has a definite value, arbitrarily chosen 
in a certain range (the range being dctcimmed physically and not 
mathematically), then v can bo deteimmed, and conveisely 


Wo then say that v is a function of y, or m the conveiso case 
that j? IS a function of v 

(6) If we heat a metal rod, which at temperature 0® has length 
?o, to the temperature 0 ^, then its length I will be given, on the 
simplest physical assumptions, by the law 

whore j 3 , the “ ooeffioiont of expansion is a constant Again 
wo say that I la a function of 6 

(o) In a triangle lot the lengths of two sides, say a and 6, 
be given If for the angle y between these two sides we choose 
any arbitrary value less than 180 ^ the tiianglo is completely 
detoimined, in particulai, the third side o is determined In 
this ease we say that if a and 6 arc given o is a function of the 
angle y As we know from tiigonomctiy, tbs function is repio 
sented by the formula 

0 s=s _ 2 ab cos y) 

2 Formulation of the Oouoept of Funotion 

In order to give a general definition of the mathematical 
concept of function, we fix upon a definite mteival of oui number 
scale, say the interval between the numbers a and 6, and con 
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eidor tlio totality of mimbeis x which belong to this interval, 
bliat i«, whicli satisfy the relation 

If wo consider the symbol x as denoting at will any of the 
numbers in this interval, we call it a (coniimeous) variable in the 
intewah 

If now to each value of x in this interval there corresponds 
a single definite value y, where x and y are connected by any 
law whatsoever, we say that y is a function of Xy and write sym¬ 
bolically 

y ==/(»). y = F{!c\ y = gi(G), 

or some similar expression. Wo then call x the independent 
vc^abh and y the dependent variabhy or wo call x the argument 
of the function y. 

It should be remarked that for certain purposes it malces a 
difference whether in the interval from a to 6 wo include the 
end-points, as wo have done above, or exclude them; in the 
latter case, the variable x is restricted by the inequalities 

a <x <b. 

To avoid misunderstanding wo may call the first kind of 
interval (including ond-points) a closed interval, the second kind 
an open interval If only one end-point and not the other is 
included (as for example a < a? ^ 6) we speak of an interval 
open at one end (in this case the end a), Finally, wo may also 
consider open intervals which extend without bound in one 
direction or both. Wo then say that the variable a; ranges over 
an infinite (open) interval, and write symbolically 

a<£»<oo or —oo<a?<6 or —oo<a?<oo, 

In the general doflnitxoix of a function which is defined in an interval 
nothing is said about the nature of the relation by whiolx tlio dopon- 
dont variable is determined when tlio indopendont variable is given. Tliis 
relation may bo as complicated as wo please, and in thoorotioal investi¬ 
gations this wide genorality is an advantage. But in applications, and in 
particular in the diftorontial and integral oalonlus, the fimotions with 
whioh wo have to deal are not of the widest gonoralityj on tlio contrary, 
the laws of correspondence by whioh a value of y is assigned to each os 
are subjoot to certain simplifying rostriotions. 
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3 Graphical Representation Continuity Monotonio Funotiotts 

Natural restrictions of the gcneial function concept are 
suggested if we consider the connexion with geometry The 
fundamental idea of analytical geometry is in fact that of giving 
a ouxve defined by some geometrical property a charaotoristio 
analytical representation by regarding one of the rectangular 
CO ordinates, say y, as a function y ?== /(oj) of the other co 
ordinate x, for example, a parabola is repiesented by the funo 
tion y = the circle with radius 1 about the origin by the two 
functions y^^/{l'-‘X^) and —y'(l — a;®) In the fiist 
example wo may thmk of the function as defined m the infimte 
interval — oo < cc < oo, in the second we must restrict ourselves 
to the interval — 1 ^ re ^ 1, since 
outside this interval the function h^s 
no meaning (when x and y are real) 
Conversely, if instead of starting 
with a curve dotennmed geometrically 
we consider a given fimotiou y —/(oj), 
we can represent the fimotional de 
pendonco of y on tr graphically by 



X ' 

rig % —Recta ngular axes 


makmg use of a reotaugulor co ordmate system m the usual 
way (of fig 2) If for each abscissa x we lay off the correspond 
mg ordinate y = /(®), wo obtain the geometiical representation 
of the function The restriction which we now wish to impose 
on the function concept is this the geometrzoal repiosontation 
of the function shall take the form of a ^treasonablegeo 
metrical curve This, it is true, implies a vague general 
idea rather than a strict mathematical condition But wo 
shall soon formulate conditions, such as continuity, differentia 
bihty, &o, which will ensure that the graph of a function has 
the character of a curve capable of being visualized gcomotri 
cally At any rate, we shall exclude a function such as the 
following for every rational value of a?, the function y has the 
value 1, for every iriational value of aj, the value of y is 0 
This assigns a deflmto value of y to each flJ, but in ovoiy 
interval of a?, no matter how small, the value of y pimps from 
0 to 1 and back an infimto number of times 

Unless the contrary is expressly stated, it will always be 
assumed that the law which assigns a value of the function to 
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each YaluG of x assigns just one value of y to eaoli value of x, as 
for example or y^ sino?. If we begin with a oxirve 

given geometrically it may happen, as in the case of the circle 
+ J/® = 1, that the whole course of the curve is not given by 
one single (one-valued) function, but requires several functions— 
in the case of the circle, the two functions — and 

y — — a;2). The same is true for the hyperbola 

2/2 _ ^2 which is represented by the two functions 
y =:r: + x^) and y — Such curves therefore 

do not determine the corresponding Wetions uniquely. Conse¬ 
quently it is sometimes said that the function corresponding to 



the curve is multiple-valued. The separate functions representing 
the curve are then called the single-valued branches belonging 
to the curve. For the sake of clearness wo shall henceforth 
use the word *‘fimotion^' to mean a single-valued function. 
In conformity with this, tlio symbol 's/x (for o) ^ 0) will always 
denote the non-negative number whose square is a?. 

If a curve is the geometrical representation of one function 
it will bo out by any parallel to the y-axis in at most one point, 
since to each point x in the interval of definition there corre¬ 
sponds just one value of y, Otherwise, as for example in the case 
of the circle which is represented by the two functions 

y ^ — x^) and y^ —Vi'^ ^ 

such parallels to the j/-axis may intersect the curve in more than 
one point. The portions of a curve corresponding to difierent 

single-valued branches are sometimes so connected with each 
(x7oa) 2 
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otlior tliat tlie complete curve is a single figure wlucli can bo 
drawn with, one stroke of the pen, e g the cirole (cf fig 3 ), oi, on 
the other hand, the bianchcs may be completely separated, 

eg the hyperbola (cf fig 4 ) 

Iloro follow Bomo fiuther oxam^ilcs 
of the giaplnoal roprcseutation of 
fiiiiotionB 

(a) ax 

^ 2/ IB pioporfcional to x The graph 

^ (of fig 6) IB a stioiglit lino through the 
oijgm of tho 00 ordinate flystom 

rJff s —Llneir functions y ^ OX h 



1 /18 a " linear function ** of x The graph is a straight line through the 
point 0 y^hf winch if a 4* 0, also pasaea thioiigh the point 
jy ==s 0, and if a *== 0 runs lionzontafiy 

n& 



y 18 invoisely proportional to » If in particular a =5 so that 



WQ find, for example that 

y 1 for » =a 1, 2 / — 2 for « = J, y — i for » » 2 
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Tho graph (of. fig. 0) ia a outvo, a rectangular hyperbola, Byinnictrioal 
with resiieot to tho biscotora of tho angles botwoon tho «o-oi'dinato 
axes. 

Thia last function is obviously not defined for tho valuo a; = 0, sineo 
division by isoro has no meaning. Tho exceptional point a: =■ 0, in whoso 
neighbourhood there ooonr arbitrarily largo values of tho function, both 
positive and pogativo, is tho simplest example of an infinite disconlinnity, 
a subjeot to whioh wo shall return lator (of. p. Cl). 



Tho curves just consiclorcd and tlioir graphs oxliibifc a property 
which is of tho greatest importance in the discussion of fimotioiis, 
namely, the property of continuily. Wo shall lator (§ 8, p. dO) 
analyse this concept in more detail; intuitively it comes to 
this, that a small change in x causes only a small change in y 
and not a sudden jump in its valuo; that is, tho graph is not 
broken off. More exactly, tho change in y remains less than any 
arbitrarily chosen positive bound, provided that the change in 
* is correspondingly small. 

A function wbicb for all values of x in an interval has tho 
same valuo y = a is oallcd a constant; it is graphically repre¬ 
sented by a horizontal straight lino. A function y~f{x) such 
that throughout tho interval in which it is defined an inoroaso 
in tho valuo of x always causes an increase in tho value of y is 
called a monotonio mc/reasing function; if, on the other hand, 
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an increaSG m tho value of x always causes a doorcase in ilio 
value of 2/, tliG function is called a monotomo decieamig function 
Such functions aio represented graphically by oiuvcs which 
in the coricsponding interval always rise (fiom loft to right) or 
always fall (of fig 9) 

If tho curve repiesented by y^fix) is symmotiical with 
respect to the y axis, that is, if a — —a and a give tho same 
value foi tho function, or 

wo say that tho function is an even function ]?or example, tho 
function y = 18 even (cf fig 7) If, on tho other hand, tho 
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curve 18 symmetrical with respect to the origin, that is, if 
f{^x) -= -fix), 

we call tho function an odd function, for example, the fund ions 
y = a? and y = a?® (of fig 8) and y = IJx are odd 

4 Inverse Functions 

Even m our first example on p 14 it was made evident that 
a formal relationship between two quantities may bo regarded 
m two different ways, since it is possible either to consider the 
first variable as a function of the second or to consider tho second 
as a funotion of the first If, for example, y = cja? + 6, where 
wo assume that a 4= 0, a? is represented as a function of y by the 
equation a>=(y—6)/a Again, the functional relationship 
roprosented by the equation can also be represented by 

fcho equation x— +Vy> so that the function y^x^ amounts 
to the same thing as the two functions x ^ y'y and x ^ —-y/y 
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Thus, wlien an arbitrary function y =/(») is given we can attempt 
to determine is as a function of y, or, as wo shall say, to replace 
the fimotion i/=/{a!) by the inverse fmelion x= ij>(y). 

Geometrically this has the following meaning: we consider 
the curve obtained by reflecting the graph of y=zf(^x) in the 
line bisecting the angle between the positive a-axia and the 
positive y-axis * (cf. fig. 10). This at once gives us a graphical 
representation of'» as a function of y and thus represents the 
inverse function x ~ 

These geometrical ideds, however, show us at once that a 



function y==f(x) defined in an interval has not a single-valued 
inverse function unless certain conditions hold. If the graph of 
the function is out by a lino y = o parallel to the a-axis in more 
than one point, the value </ == o will correspond to more than 
one value of x, so that the function cannot have a single-valued 
inverse function. This case cannot occur if y=f{io) is con¬ 
tinuous and monotonio. For then fig. 10 shows us that to each 
value of y in tlie interval y^yy^ there corresponds just one value of 
X in the interval x^^, and from the figure wo infer that afmo- 
tion which is continuous and momUmio in an mteroal always has 
a single-valued inverse function, and this inverse function is also 
continuous and monotonio, (For a rigorous proof, see p. 67 .) 

* Instead of rofleoting the graph in thia way, wo oould flrat rotate tlio oo- 
ordlnato axes and tlio ourvo y ^ /(») through a right angle and then rofloot 
the graph in tho (r<axis. 
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3 Mord Detailed Study of the Elementary EuNOUn'^ji 
1 Tho Rational Functions 

Wo now pass on to a brief loview of the elementaiy fuiK I a 
which tho reader has already met with in his iuoviouh hUi In 
Tho simplest types of function are obtained by repeab d uj \U 
cation of tho elementary opeiations addition, mulliplMaloN 
subtraction If wo apply these operations to an indnpnidu 4 



variable aj and any real numbers, wo obtain tho ral^onal 
fmckons or polynomnls 

y — (^o + ^^+ + 

Tho polynomials are the simplest and, m a sense, the 
functions of analysis 

If wo now form tho quotients of such functions, that 
expressions of tho form 

ao + %a?+ 

6 o + 61^5 + + 

we obtam the general or fracHonal laUonal funot%omy which nm 
defined at all points where the denominator diileis fiom /cm 

Tho Bimplest rational integral function is the hnear funclton 

y == aaJ + & 
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It is roprosonted graphically by a straight lino, 
of the form 

y = -|, J}x -h c 


Every quadraik function 


is represented by a parabola. Tho curves which represent rational integral 
functions of tho third degree, 

y hx^ + cx + (f, 

are ocoosionally called parabolas of tho third order, and so on* 

As examples, we givo the graphs of tho function for tho 

indioes n = 1, 2, 3, 4: in fig. 11, Wo eco that for even values of n tho func¬ 
tion satisfies tho equation /(—a;) =* /(a?), and is theroforo an ovon 

function, while for odd values of n the function satisfies tho condition 
a;) = —/(a;), and is therefore an odd function. 

Tho simplest example of a rational funotion which is not a pol 3 moinial 
is the funotion y^ljx mentioned on p. 18i its graph is a rectangular 
hyperbola. Another is tho funotion y— Ijx^ (of, fig, 12). 


2 , Algebraic Funotions, 

Wo aro at onco led away from tho domain of rational func¬ 
tions by the problem of forming their inverses. The most impor¬ 
tant example of this is tho introduction of tho funotion V®* 
We staiij with the function y ^ a?”, whioli for cc ^ 0 is mono¬ 
tonic. It therefore lias a single-valued inverse, which wo denote 
by tho symbol x = or, interchanging tho letters used for 
the dopendont and indopoudont variables, 

y == 

In accordance with tho definition this root is always non-nogativo, 
In tho case of odd values of n tho funotion is monotonio for all 
values of a;, including negative values. Consequently for odd 
values of n we can also define V® uniquely for all values of x; 
in this case is negative for negative values of x. 

More generally wo may consider 

y^Vm> 

whore E{x) is a rational funotion. Wo arrive at fnithor functions 
of similar type by applying rational operations to one or more 
of these special functions. Thus for example wo may form tho 
fiinotions 

+ l)i + 1). 

These functions are special oases of algebraic functions, (Tho 
general oonoept of an algebraic funotion cannot be definod here; 
see Chapter X.) 
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3 Tho Trigonometric Functions 

Wlulo tho rational functiona and the algebraic functions just 
considered are defined directly in terms of tho olomeixtary opera 
tiona of calculation, geometry is the source from which we 
first draw our Icnowlodge of the other functions, the so called 
transcendental functions We shall here consider tho elementary 
transcendental functions, namely, the trigonomotno functions, 
tho exponential function, and tho logarithm 

In all higher analytical mvcstigations whore angles occur it 
IS customary to measure those angles not m degrees, minutes, 

and seconds, but in radians 
Wo place the angle to be 
measured with its vertex at tho 
centio of a circle of radius 1, 
and measure tho size of the 
angle by the length of the arc 
of tho circumference which tho 
angle outs out Thus an angle 
of 180 ® IS the same as an 
angle of n radians (has radian 
measure tt), an angle of 90 ® has 
radian measure 7 r/ 2 , an angle 
of 46 ® has radian measure 7r/4, an angle of 860 ° has radian 
measure 27 r Conversely, an angle of 1 radian expressed m 
degrees as 

180 ^ 

- , or approximate^ 67 ° 17 ' 46 " 

TT 

Henceforward, whenever we speak of an angle oj, wo shall 
mean an angle whoso radian measure is x 

After these prelimmory remarks we may briefly remind tho 
reader of the meanmgs of tho trigonomotrio fimctions smoj, 
COSO/, tanoj, cota; f These are shown in fig 13 , m which the angle 
X IS measured from the arm 00 (of length 1), angles being reckoned 
positive m the counter clockwise direction Tho rectangular 

* Tho word * transcendental does not moan anything particularly deep or 
myetorioiis it merely suggests the fact that definition of those functions by 
means of the elementary operations of oaloulationa is not possible “ quod 
ulqehrao mcB iremaendti * 

fit is sometimes convenient to introduce tho fiinotions 800 »=a 1/oosrr, 
cosec « = l/ainoi 



rig 13 —The trigonometric functions 
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co-ordinates of tho point A at once give us tlie functions cosj» 
and sina;. Tho graphs of the funotions sinaj, cosa?, tana>, cot® 
are given in figs. 14 and 16. 



1. The Exponential Funotlon anti the Logarithm. 

In addition to tho trigonomotrio functions, tho exponential 
function with the positive base a, 

and its inverse, tho logarithm to tho base a, 

are also regarded as elementary transoendental functions. In 
elementary mathematics it is customary to pass over coii;ain 
inherent diflioulties in the definition of these functions, and wo 
too shall postpone tho exact discussion of tho functions until 
wo have better methods at our disposal (of. Chapter III, § 6, 
pp. 167-177, and also p. 191). We can, however, at least 

state the basis of the definitions hero. If is a 

( 16708 ) 2 * 
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rational number (whoie p and q are positive integers), then— 
the nimibor a being assumed positive—we define as 
\/aP where the root, aocordmg to convention, is to be 

taken as positive Since the rational values of x are everywhoie 
dense, it la natural to extend this function a® so as to make it a 
continuous function defined for irrational values of x also, giving 
values to a®* when x is iirational which are continuous with the 
values already defined when x is rational This gives us a con 
tmuoiis function y = a®, the ” exponential function which 
for all rational values of x gives the value of found above 
That this extension is actually possible and can be carried out 
m only one way we meanwhile take for granted, but it must 
be borne in mind that we still have to prove that this is so * 

The function x — log^t/ 

can then be defined for y > 0 as the inverse of the exponential 
function 

Examples 

1 riot the graph Erom this, without furthor calculation, 

find tho graph of y 

2 Sketch the following graphs and state whether tho funotiona are 
even or odd 

(а) y Bin 203 

(б) 2/ == 6 oosa3 

(c) y ^ sma + co8« 

(d) y = 2 sin 03 + sm2T; 

(e) y =« Bm(a 3 + it) 

(/) y=2oo3(!8+^) 

((/) y ^ tan* — 03 

8 Skotoli the graphs of the following functions and state whether tho 
functions are (1) monotonio or not, (2) even or odd 

(a) 2/ = (— 00 < 03 < 00 ) 

(i,) 2/« ««(0 ^ ^ 1) 

(o) y^ «(—I ga3gl) 

(d) 2 /- |a;|(-l 

(fl) Va3«(-I 

(/) «> <a3<x) 

(ff) 2/-l(c^ + 4«+2|(^4^a;^3) 

(ft) y ==: [a;] (— CO < ft3 < oo), where [a;] means tho greatest integer 
which does not exceed «3, that is [jc] g a? < [x\ -f I 

♦ Cf pp 70 and 173 
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(t) y^x — [rtj] ( — 00 < < 00 ). 

(j) — Vcu — [ru] (— Qo < ic < 00 ). 

(^j) ?/ == jB + Va? — [iu] (— 00 < a; < oa). 

(wi) 2/ = I » — 11 "" 21 a) I Hr I a? + 11 00 < cc < CO ). 

Whioli two of theso funotiona arc idontioal? 

4, A body dropped from roat falla approximately 16 ft. in t see. If 
a ball falla from a window 26 ft. abovo ground, plot its height above ground 
aa a funotion of i for the brat 4 see. after it starts to fall. 

4. Functions of an Integral Variable. Sequences 
OF Numbers 

Hitherto wo have considered tho independent variable as a 
continuous variable, that is, as varying over a complete interval 
However, numerous cases occur in mathematics in which a quan¬ 
tity depends only on an integer, a number n which can take 
the values 1, 2, 3,, . , . Such a function wo call a funotion 
of an integral variable. This idea wUl most easily bo grasped 
by means of examples. 

1. Tho sum of the first n integors, 

#Sii(7i-) 1 H~ 2 H" 2 ’h 4 -|- ♦ ♦ ♦ H* -(" 1), 

is a funotion of n. Similarly, tho sum of tho first n squares, 

Bp) H + 2^ + 3 a + ♦.. -h n\ 
is a funotion * of tho integer iu 

* This last sum may easily bo roprosontocl as a simifio rational expression 
in n in tho following way. Wo begin with tho formula 

(p *i* 1)* — V® + 3 p 'h 1, 

write down this equation for tho values 0, 1, 2,..., n, and add. Wo 
thus obtain 

{n *1' l)'^ " 3>8fj -I- 3^1 + ?i -b 1} 

on substituting tho formula just glvon for Sit this becomes 

SS, - (ft + 1)( (ft + 1)» -1 - |ft) - (ft + l)(ft* + |n), 

SO that 

Bt "" ‘I' I) (2» + !)• 

By a similar process tlio functions 

Ss{n) « IM* -b ... + n\ 

8 p) - + 2 ^ -b ,,. + nS 

• « t * • • 4» 

can bo roprosentod as rational functions of n. 
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2 Other simple funotions of mtegora are iho oxpre^^ion 
nl “ 1 2 3 n 

and the binomial oooflioionts 

® n(n—1) (n—I j+ 1) nl 

_ 

for a fixed value of I 

3 Every whole number n > 1 whioli is not a prime niimbor is cliviaiblo 
by more than two positive integers wlnlo the prime numbers nro divisible 
only by thema(^ve3 and by 1 Wo can obviously oonsiclor the luimbor 
!r{n) of divisors of n as a function of the number n itself Tor the first 
few numbers this function is given by the following table 

»=^123466789 10 11 12 
y(n) =^122324243 4 2 0 

4 A function of this type which is of great importance an the theory 
of numbers ts 7T(n)t the number of primes whioh are loss than the number 
n Its detailed investigation is one of the most interesting and atti active 
problems in the theory of numbers Here wo merely roeniion 
the principal result of tlieso investigations the number 77(11) is given 
approximately for largo values of by the function ?^/logn wlioro by 
\Qgii wo moan the logarithm to the natural base” c, to bo defined later 
(pp (168, 174) 

IHinctiona of an integral variable usually occur in tlio form 
of so cj-lled sequences of numhen By a sequence of numbers wo 
undersf^and an ordered array of %nfhmtely many numbers a^y 
^ i a^y y (not necessarily all d/iffe/rent) y determined by 
any law whatever In other words, we are dealing simply with 
a function a of the integral variable n, the only diRoionce is that 
we are using the index notation instead of the symbol a{n) 

Examptiss 

1 Prove that 1» + 2» + + n® (1 + 2 + 4- fi)* 

2 Trom the formula for 1® + 2^ b + find a formula for 

1* + 3H 6® + + (2?^ + 1)® 

3 Prove the following properties of the binomial oooflfloionia 

w‘+(r)+(2)+ +(„”i)+(’)-2* 

* That IS the quotient of the number 7T{n) by the number n/logn differs 
arbitrarily httlo from 1 provided only that n is largo enough 
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4. Evaluate the follomng Bums; 


(a) 

(&) 

(«) 


1.2 + 2.3+ + 1 ). 

± 4 - 2 . 4 - 4 - 1 

1.2'^ 71(71+ly 

3 , 6 , , 27^+1 

12.23 22.32 1)2‘ 


6, A Boquenco is called an arithmotio progression of the jflrsfc order 
if tho difforoncoa of sucoossivo terms are constant. It is called an aritli- 
motio progression of tho second order if tho differences of successive terms 
form an arithmotio progression of the first order; and in general, it is 
colled an arithmotio progression of order ^ if tho differences of successive 
terms form an arithmetic progression of order (Aj 1). . 

The numbers 4, 6, 13, 27, 60, 81 are the first six terms of an arithmetic 
progression. What is its order? What is tho eighth term? 

6, Prove that the 7i-th term of an arithmotio progression of the second 

order can bo written in tho form an^ + + c, Avhoro a, &, 0 oro inde¬ 

pendent of 71. 

7, * Provo that the 7i-th term of an arithmotio progression of order Aj 

can ho ^vritten in tho form an^ + . •. + whore 

a, b,,, f p, q aro independent of «, 

Pind tho w-th term of the progression in Ex, 6, 


5 , The Concept of the Limit of a Sequence 


Tho fundamental concept on which the whole of analysis 
ultimately rests is that of tho Umil of a sequence. Wo shall first 
make the position clear by considering some examples, 


1. 


a,, 


1 

n 


Wo consider tho sequence 

- 1 

==» 1, fla gj 


_ 1 

* * ♦ > 



No number of this sequonoo is zero; but wo see that tho larger tho number 
71 is, tho closer to zero is tho number a„, If, therefore, wo mark off aroxmd 
tho point 0 an interval as small os we please, then from a definite index 
onward all tho numbeifl will fall in this interval, This state of affairs 
wo express by saying that as n increases the numbers fend fo 0, or that 
they possess tho IMl 0, or that tho sequence rti, a^, , C07werges to 0. 

If tho numbers are ropresontod as points on a lino this moans that the 
points 1/rt crowd closer and closer to the point 0 as 71 increases, 
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The situation la similar m tho case of tlio seqiionoo 

* “ -2 ~ 3 -4 ’ - n ' 

Hero, too, the numhors af^ tend to 7ero as n inoroasoa, tho only difforonoo 
19 that tho niimhors oro aometiines gicatoi and somolimcs leas than tho 
limit 0, aa wo aay, they oBCillaie about the limit 

The conveigenco of the sequence to 0 is usually expressed 
symbolically by tho equation 

lim a„ = 0, 

n-^oo 

or occasionally by the abbreviation 


'yn 


1 


In tlio piecodmg examples tho absoluto value of the diCoronoo ho 
tweon and tho limit steadily beoomes smallor aa % moioasoa y.lns is not 
uooosaaiily tho ooao, aa is shown by the sequence 

1,1111 

— 2 ^2 ““ 1 ) ” 4 2 ^ 6 ^ ^0 g > 1 


that IS, in general for oven values l/?rt, for odd 

values n ^ 2m —• 1, — ^ 2 wi-i l/^m This soquonoo also has a limit, 

namely zoio for evoiy mterval about the origin, no mat lor liow 
small, will oontam all tho numbers from a certain value of n onward, 
but it IB not true that every number lies neaior to tho limit zero than tho 
preceding one 


3 


n 

^ + 1 


We consider the soquenoe 


ai = 


1 

2’ 



n 

w H 1* 


f 


where the mtogial mdox n takes all tho values 1, 2, 3 If we write 

, 1 

Ufl = 1- — wo see at once that as n moreoses tho number will 

n d' 1 ” 

appn^aoh closer and closer to the number 1, in the sense that if wo maik 
00 any interval abput the point 1 all the numbers following a certain 
ajf must fall m that mterval We write 


hm = 1 

fl^OD 


LIMIT OF A SEQUENCE 




3» 


Tho sequonco 


I 

- 1 - 71 - + 1 


bohavea in a Bimilar way. This sequonco also tends to a limit as n in¬ 
creases, to tho limit 1, in fact; in symbols, lim == 1. Wo aeo this 
most readily if wo write 


n^-\-n+l 


hero wo need only show that the mimbors tend to 0 ns w inoroascs. 
Now for all values of n greater than 2 wo have ?i -f- 2 < 2n and 
+ n + 1 > n^. Honoo for tho remainder "vvo have 

2tt 2 
71 “ 71 


from which wo see at onoo that 7*^ tends to 0 os 7i inoreasea. Our disoussion 
at tho same time gives an estimate of tho amount by which tho number 
(for n > 2) can at most differ from tho limit 1; this difference cer¬ 
tainly cannot exceed 2/7t. 

Tho example just oonsidered illustrates tho faob, which wo should 
naturally oxpeob, that for largo values of n tho terms vith the highest 
hidiooa in tho numorator and donominator of tho fraction for a,, pro- 
dominate and that tlioy dotormino the limit. 

Lot 'p bo any fixed positive number. Wo consider tho sequonoo ai, a^, 
* * •» whore 

We assort that lim s lim h 

w>->-co 


Wo can prove tins very onaily by using a lemma which wo shall find 
useful for otlior purposes also. 

If 1 h is a posUivje numher {(hat is, if h > —1), and n is an integer 
greater than 1, then 

(1 + h)"* >l + nn. ...... ( 1 ) 

Lob us suppose that tho inequality (1) is already proved for a certain 
value m > 1; wo multiply both sides by (1 + h) and obtain 

(1 >(14* w/0 (1 + h)^l + (m+l)h + mh\ 


If, on tho right, wo omit tlio positive term tho inequality remains 
valid. Wo thus obtain 

(l + hy^^>l + {m + l)h. 

This, however, is our inequality for tho indox m + lij follows theroforo 
that if tho inequality holds for tho indox m it holds for tho index m+\ 
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alBO Since it holds for w = 2, ifc holds also for m 3, henco foi w “ 4, 
and 80 on thercfoio it holds foi every index Tins is a simple example 
of a proof by mailmnakcal induction, a type of proof which is of toil useful 
Returning to our sequence we distinguish between the case 55 > 1 
and the case p < 1 (if 1 then is also equal to 1 for evoiy ??, 
and our statement becomes trivial) 

If p> 1, thony^p will also bo greater than 1, we put-^p =1 + 71 ^ 
whore is a positive quantity depending on n and by tlio inequality (1) 
wo have 

p ^ (1 + > 1 + nhri 

from which it at once follows that 

0 < 7 ^^ < 

Wo therefore see that as n increases the number must tend to 0 which 
proves that the numbers % converge to the limit 1 os stated At the 
same time we have a means for estimating how close any is to the limit 1, 
the difference between and 1 is certainly not greater than (p — l)/« 

If p < X then Vp will likewise bo less tlian 1 and iheroforo may bo 
taken equal to 1/(1 + \) whore 7t^ is a positive number Ifiom this it 
follows, using the inequality (1), that 

(By making the denominator smaller wo increase the fraction ) It follows 
that 

1 -I- ^ “ 

p 

and therefore - 

li^om this wo see that \ tends to 0 as 71 moreasoa As tho reciprocal 
of a quantity tending to 1, 's/'p itself tends to 1 

We consider the aequenco = ct”, whore a is fixed and n runs tliiough 
tho sequence of positive integers 

ITirst, let oc be a positive number less than 1 Wo may tlion put 
a 1/(1 + h)» where h is positive, and inequality (1) gives 

1 ^1^1 

“ (1 + A)” 1 + ufc jiA 

Smoe the number A, and consequently 1//^, depends only on a, and does 
not change as n increases we see that as n increases tends to 0 

hm a« = 0 (0 < « < 1) 

«—> <© 
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Tho same relationship holds when a is zero, or negative but greater than — 
Tliis is immediately obvious, since in any case lim | a = 0. 

If a :=! 1, then a” will obviously bo always equal to 1, and wo siiall 
Iiave to regard tlie nqmber 1 as tho limit of A 

If a > 1, wo put a = 1 -|- whoro li is positive, and at once see from 
our inequality that as n increases a" docs not tend to any definite limit, 
but increases beyond all bounds. Wo express this state of affairs by saying 
that lends to itifinil/y ns n increases, or that a” becomes infinite; in 
symbols, 

lim = 00 (a > 1). 

ti—>^ 


Novertholcss, os wo must oxplioitly omphasize, the symbol co does not 
denote a nu7nl)er with which we can calculate as with my other number; 
equations or statomonts which express that a quantity is or becomes 
infinite never have the same sense as an equation botwcon definite quantb 
tics, In spite of this, such modes of expression and tho use of the symbol 
GO are oxtromoly oonvoniont, oa wo shall often see in the following pages. 

If a =rs —1, tlie values of a” will not tend to any limit, but as n runs 
through tho aequonco of positive mtegors it ^viU take the values +1 and — 1 
alternately. Similarly, if a < — 1 tho value of a” will increase niimorioally 
beyond all bounds, but its sign will bo alternately positive and negative, 


6. Geometrical Illustration of 
the Limits of a” and 
If wo consider tho curves y^x^ 
and y == and rosfcriot 

ourselves for tho sake of con- 
vonlonco to non-negative values of 
Xj tho preceding limits are illus¬ 
trated by figs. 10 and 17 respeo- 
tivoly, In the ease of tho curves 
y csi x^ we see that in the interval 
from 0 to 1 they approach closer 
and closer to tho a;-axia as n in- 
oroosea, while outside that interval 
they climb more and more steeply 
and draw in closer and closer to a 
lino parallel to tho y-axis. All tho 
curves pass througli tlio x)oint with 
co-ordinates £c = 1, yt^l and 
through the origiin 



Fig, 16,—fts tt incrotifies 

In tho case of tho functions y ^ the curves approach 

closer and closer to tho lino parallel to tho aj-axis and at a distanoo 1 ahovo 
it, On tho other hand, all tho curves must pass through tho origin. Hence 
in tho limit tho curves approach the broken line consisting of the part of 
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the y axis botwcen the poiuta y ~Q and y — 1 and of tlio iinrallrl to 
the (C axis y = 1 Moioovor, it is clear tliat the two s aro 1 1 i«'r5s 
related aa one would oxpeofc from tho faofc that tho fmiotionM i/ \ ^ 
aro aotimll} the mvorso functions of the n tli powers from whu'li \vn 
that caoh figure la transfoimcd mto the other on roflcoiion m the 



7 The Gfeometno Series 

An example of a limit which is more or less familiar from 
mathcmatLoa is tho geometric senes 


tho number q is called tho common raho of the senes Tiio voluo ol 
sum may, as as well known be expressed in tho form 


lsi£ 


provided that <7 = 4 =^ 1 , we can derive this expression by multiplying 
sum )3n by q and subtracting the equation thus obtained fiom tho orilglMi 
equation, or we may verify tlie formula by division 

The question now arises what happens to tho sum whon n inerwisi 
indefinitely? The answer is this the sum has a definite limit B U 
q lies between —1 and +1 those end values being oxoluded, and It fel 
then true that 


8 


s Inn 8^^ 

||~>CO 1 


Tn order to vonfy this statement we write tho numbers in lliu form 

^ =, L—^ -5 -have already sliown ilml provided 

"1 — Qfl — gl — <7 
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I (/1 < 1 tbo quantity and with it ——tends to 0 ns Ti inoroEisefl; 
hence with the above assumption the number tends* as was stated, 
to the limit — as n increases, 


The passage to the limit lim (1 + {? + + * * • + ^- ia 

>00 ^ ^ 
usually expressed by saying that when | <? | < 1 the geomotrio scries can 
bo extended to infinity and that the sum of the infinite geometric aeries 

is the emression ——. 

1 — 3 

The sums of the finite geomotrio sorioa are also called the partial 
sums of the infinite geomotrio series 1 -h ♦ » (We must draw 

a sharp distinction between the sequence of numbors , jSf„, ,, . 

and tlio geomotrio sen'es.) 

The fact that the partial sums of tho geomotrio series tend to the 

limit 8 = I-as n inoroascs may also bo expressed by saying that the 

1 — 3 2 

infinite geomotrio series 1 3 -j- 3^ + • • • converges to the sum 8 — - - 

when I (71 < 1. l—q 


8 , 

We slmll show that tho aequonoo of numhors 

aj[ li ^2 — 2* cf p 5= 'y/3* • •«I • • • 

tends to 1 as inoroasos, i,o. that 

lim '>/»*=* L 


Hero wo make uao of a alight artilloo. Inateiwl of tho s oquen oo 

wo first ooneidor tho soquenoo — V — V^/n » VVn, Wlion n> I 
the toi'm is also greater than 1* Wo oan thoroforo put r= 1 + 
wlioro hf^ is positive and dopondfl on iu By iiioquallty (1), p» 31, wo 
thoroforo have 

. Vn — 1 ^ Vn 1 

BO that hfi S - - S — ==» nr"* 

” n n Vn 

Wo now have 

Tho right-hand aido of this inequality obviously tends to 1, and thoroforo 
so does 
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9 = ^/n + 1 — Vw 

Woassorfithat lim (Vw+l — V»)=0 

To prove tins we need only wiite the expression undoi discussion in th^ 
form 

VftTT Vit V’0(V«+i4-Vw) 1 

V« + 1 + Vn Vn. f-1 I Vm 

we Boe at once that this expression tends to 0 as jnoroases 


10 a..tt 

Let a bo a mimbor greater than 1 We assoit that as n moi eases the 
sequence of numbers ^ tends to the limit 0 

As in the ease of above we consider the sequonoo 

We put Va1 d- Hero A > 0 smco a and honoo Va is greater than 1 
By inequality (1) p 31 wo have 

(1 + hf >l^nh 

.Vn ^ 1 
hVn 


so that 


■\/T= - 

" (1 + 70 ” -• 1 + 


nh 


Hence 


. 1 
^n 7 t» 


Smoe a„ is positive and the right hand side of this equation tends to 0, 
we see that o„ must also tend to 0 


Examples 


1 Provo that lim ^ ^ i Emd an N suoh that for n > JY 

3n® + 1 3 

the difference between \ ^ 

(c) less than tjjtfJwu' 

2 Find the limits of the following expressions as n ->- « 
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(C) 
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71^^ + W -h 2 
6w» H- 2?^ + I 


( 6 ) 

(tl) 

Sffca 


n<‘ + W + 2 
6o«* + + ... + &»' 


3. Provo that lim -^n* = 1. 

71^ „3 * 

4, Provo that lim — =0. Pind an N Buoli that ^ whenever 

n>N. n^<o2^ 2*^ 1000 

64 Pind numhors JVg, i^3 such that; 

n > ^'i: 


0. Do tho samo thing for the seq^uence a„ =s Vn + 1 — Vn, 
7. Provo that lim (Vn + 1 “ (Vn = i* 


8» Provo that lim + 1 -* y'n) = 0, 

«-^«o 

ton 

9» Let ^—•. (^) To what limit does converge? (&} la tho 

wl 

scq_ncnco monotonio? (c) la it monotonio from a certain % onwards? 
(d) Qivo an ostimato of the dilTerenco between and the limit* (c) Prom 
what value of n onwards is this difference less than 1 ^? 

Tit 

10» Provo that lim 


rt^oo W’ 


11, Provo that lim (4 “1“ 4 • • • + “ 5* 

Vi® n^/ 2 

12, Provo that lim + 

M^co w 


1, 


(7t + 1)^ (2n)0 ' 


= 0, 


18, 


Provo that lim H- + , * * + ^ 


14.* Pi'ovo that 


(Vn® + 1 ^ Vw® 


^ g + * * • + Vto* d- 


’+») 


16. Provo that if a and 6 g a arc positive, the sequence 
oonvorgos to o. (Similarly, for any h fixed positive numbers O], a,,,.., aj, 
prove that + Oj" + . 77 + «/ converges, end find its limit. 
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]0 Piovo that tlia acqucnoo V2 '</2V2 '\/2 v'2V2, i oouvorgoa 


i’md its limit 

17 * If v(h) 13 tho niimboi of distmot pumo fnotora of piovo that 



n—^ « W 


6 FuRTHra DisaufaSioN or Tiir Concuit or Limij? 

1 First Definition of Convergence 

From tte cases discussed in the last section wo aro led to 
form tho following general concept of limit 

If an infinite sequence of numhors a^, ag, ag, , %s 

given and if there is a number I such that eveiy iniervaly no matter 
how smallf marled off about the point I cojitains all the points a^ 
except for a finite number at most^ we say that the number I is the 
hmit of the sequence ag, , or that the sequence a^, 
conve)ges to I, m symbols, hm a„=Z Here wo cxpicssly remark 

n —^ 00 

that this moludes the trivial case m which all tho numbers 
aiG equal to one another and hence also coincide with tho limit 
Instead of tho above we may use the following cqiuvalont 
statement 

If any positive number e be assigned-—no matter how small — 
a whole number N — !!(€) can be found such that from the index 
N onward (^ e for n> N(€)) it is always true that | i | 
< e Of course it is as a rule true that tho bound iV(e) will 
have to be chosen laigor and larger as smaller and smaller 
values of £ are chosen, m other words, iV^(e) will moioase 
beyond all bounds as e tends to 0 

It IS important to remember that every conveigent sequence 
IS hounded, that is, to every sequence cfg, foi which 

a limit I exists there corresponds a positive numbci M, inde 
pendent of n, such that for all tho terms of the soquonco tho 
inequality [ a„ [ < M is valid 

This theorem readily follows from our definition We choose 
€ equal to 1, then thcie is an index N such that iov N it is 
true that | — J | < 1 Amongst tho mimbers 

K-il, , |a^-i!| 

let A be tho largest We can then put M = 3 1 i | + 4 + 1 3?oi 
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by tlio definition of A tlie inequality | a„ — Z | < 4 + 1 cer¬ 
tainly liolds forn = 1, 2, .. ,, iV, while ioi n>N 

1 a„ ~ ZI < i ^ 4 + 1. 

A eequenoo which does not converge is said to be divergent. 
If as n increases the numbers a„ increase beyond all bounds 
we say that the- sequence diverges to -foo, and, as wo have 
already done occasionally, we write lim Similarly, we 

tt —^ CO 

write lim — — oo if as n increases the numbers increase 

beyond all bounds in tbo positive direction. But divergence 
may manifest itself in otlior ways, as, for example, in tbe case of 
the sequence = —1, +1, —1, , 

whose terms swing to and fro between two different values.♦ 

In all the examples given above it has happened that 
the limit of the sequence considered is a knoton number. If 
the concept of limit yielded nothing more than the recognition 
that certain known numbers can be approximated to as closely 
as we like by certain sequences of other known numbers, we 
should have gained very little from it. The fruitfulness of the 
concept of limit in analysis rests essentially on the fact that 
limits of sequences of known numbers provide a means of dealing 
with other numbers which are not directly Imown or expressible. 

The whole of higher analysis consists of a succession of ex¬ 
amples of this fact, which will become steadily clearer to us in the 
following chapters. The representation of the irrational numbers 
as limits of rational numbers may be regarded as a first example. 
In this section we shall become acquainted with further ex¬ 
amples* Before wo take up this subject, however, we shall 
make a few preliminary general remarks. 

2. Second (Intrinsic) Definition of Convergence. 

How can we toll that a given sequence of numbers 
ag,. . * , at,,. . . converges to a limit, even when we do not know 
beforohand what that limit is? This important question is an¬ 
swered for us by Cauchy*s convergence tesL^ 

* Ajiotlior iisotiil roinark: the bolmviour of a sequence aa regards conveor- 
goiice is tiiialtorod if wo omit a finite number of the terms <1^* In what follows 
wo shall frequently make use of this, Bpoaking of the convergence or diverpnee 
of BcrioB in which tlio term Un is undolinod for a finite number of values of n. 

'I Somotimos roforrod to as the ffeneral ^iiiciple of convergeTicc, 
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Wo say that a Be(juenoe of niimbora a^, , la 

tninnstcally convergoat if to evory arbitrarily small ijositivo 
number e theie coirospouds a number N — N{e)i usually de 
pending on e, such that | | < piovided that n and m 

are both at least equal to N(€) Cauchy’s convergence test can 
then bo expressed as follows 

Every vntnnsically convergent sequence of numbers fossebses 
a hrnit 

The importance of Cauchy’s tost lies in the fact that it allows 
us to speak of the limit of a sequence aftei considoiing the so 
quence itself> without any fiirthoi information about the limit 

The converse of Cauchy’s test is voiv easy to piovo 3?or 
if the sequence tends to the limit Z, then by the 

deflmtion of convergence we have 

I J-a«| <g and M-Wml <|. 

whore c is a positive quantity as small as wo please, provided 
only that m and n are both large enough, thoiefoie 

I I — 1 (Z — I ^ I Z ““ I + U <31,, I < € 

SmcG € can be chosen as small as we please, this inequality ox 
presses our statement 

Cauchy’s test itself becomes intuitively obvious if wo thinlc 
of the numbers as represented on the number axis It then states 
that a sequence certainly has a hmit if after a coitam point N 
all the torxQfl of the sequence are leatricted to an mtoival 
which can be made arbitrarily small by choosing N largo enough 

In the appendix we shall show how Oauoliy’s test can bo 
proved by purely analytical methods Foi the tune being wo 
accept it as a postulate 

3 Monotonlo flequenoes 

The question whether a given sequence converges to a limit 
IS parfcioiarly easy to answer when the sequence is a so called 
monoton%G sequence^ that is, if either every number of tho sequence 
IS larger than the preceding number (monotomo moroasmg so 
quence) or also every number is smaller than the prooeding 
number (monotomo deoreasmg sequence) We have the following 
theoiem 
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Every monotonio ina^eadng sequence whose terms are hounded 
above {that is, lie below a fixed number) jiossesses a limit; simi- 
larhjj evmj monoionic decreasing sequence whose terms never fall 
below a ce/i'tain fixed bound 'possesses a limit. For the present 
we shall regard these results as obvious, merely referring the 
student to the rigorous proof in the appendix (p. 61). A con¬ 
vergent monotonio increasing sequence must, of course, tend 
to a limit which is greater than any term of the sequence, while 
in the case of a convergent monotonio decreasing sequence the 
numbers tend to a limit whicli is smaller than any number of the 
sequence. Thus, for example, the numbers l/n form a mono¬ 
tonio decreasing sequence with the limit 0 , while the numbers 
1 — l/n toTva a monotonio increasing sequence with the limit 1 . 

In many cases it is convenient to replace the condition 
that a sequence shall increase monotonioally by the wealcer 
condition that the terms of the sequence shall never decrease; 
in other words, to allow successive terms of the sequence to 
be equal to one another. We then speak of a monotonio non¬ 
decreasing sequence, or of a monotonio increasing sequence m the 
wider sense. Our theorem on limits remains true for such 
sequences, and also for sequences which are monoton/io nm- 
increasing or monotonio decreasing in the wider sense. 

4. Operations with Limits. 

We conclude with a remark concerning calculations with 
limits. From the definition of limit it follows almost at once 
that wo can perform the elementary operations of addition, 
mnltiplioation, subtraction, and division according to the follow¬ 
ing rules: 

If ajj, . . . is a flcquonoo with the limit a and 6 i, 62 ) • . • is 
a sequence with the limit 6 , then the sequence of numbers 
^Iso has a limit, and 

lim ^ a + 6 * 

«->•« 

Tho sequonco of nnmbora o„= a„h„ lilcowieo convergea, and 

lira On — ab> 

Similarly, tlio aoquonco o„== a«~- b„ ooEvergoa, and 
lim c„ = a ~ 

rt—y » 
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Provided tlio limit h dillcis from 0, the nnmbpis c„ •= ~ also 
converge, and Live tho limit 


limc, = ? 

M^QO 0 

In wordi we can vaterchange tlio rational operations of calcu 
lation with the process of foinnng tlie hunt, that is, wo obtain 
the same result whether we first perform a passage to tho limit 
and then a lational operation or vice versa 

For the proof of these simple rules it is suffioiont to givo one 
example, using this for a model, tho reader can establish tho 
other statements for himself Wo consider og tho miiltiph 
cation of limits The relations —>• a and > 6 amount to 
tho following if we choose any positive number e, wo need 
only talce n greater than W, where N is a sufficiently 

largo number depending on €, in order to have both 

I a — 1 < c and | 6 — [ < € 

If wo write ah ^ a A ^ h{a ^ a„) + a,,{h - 6„) and recall that 

there le a positive bound M.^ mdepondont of w, eiioh that II < Mf 
we oblam 

Since tho quantity {\b\-\- M)^ oan be made arbitrarily small 
by choosing c small enough, we see that the diffoionco between 

ab and actually becomes as small as wo please for all suffl 

oiently large values of w, which is precisely tho statement made 
m tho equation 

ah ^ lim 

By ineanB of these rules many hmits can be ovalunlod very easily, 
tor example, we haye 


hm 


+ n 4-1 


hm 




i + -+i 

n »* 


= 1 , 


sinoe in the second expression the passages to the liimb In numerator and 
denominator oan be made directly 

Another simple and obvious rule is worth stating IJ 
Inn a^ = a and bm b„ =s b, ard %f ^n addition a„ > b„ for every n, 
then a ^ b However, we are by no means entitled to expect 
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that in general a will be greater than 6, as is shown by the 
case of the sequences = 1/w, 6„ ^ 1/2^^, for which a — 0 = 6. 

6. The Number e. 

As a first example of the generation of a number, which can¬ 
not be stated in advance, as the limit of a sequence of known 
numbers, wo consider the sums 

We assert that as n increases these numbers tend to a definite 
limit. 

In order to prove the existence of the limit we observe that 
as n increases the numbers increase monotonically, For all 

values of n we also have i 

1 — — 

S,Sl + l+l + i + ...+i=l + -^”<3. 

^ 2 

The numbers therefore have the upper bound 3 and, being 
a monotonic increasing sequence, they possess a limit, which wo 
denote by e: 

e = lim 

Further, we assert that the number e defined as the above 
limit is also the limit of the sequence 

/ 1 \^ 

r„=(n--). 

The proof is simple and at the same time an instructive 
example of operations with limits. According to the binomial 
blioorom, wliich wo shall hero assume, 

_1 I 1 , w(n--l) 1 . w(«,-l)(n-2)... l 1 

2! nl ' W 
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Fiojfli Uhs wo SCO at onco (1) that T„ ^ aud (2) that tho 
2 '„’b also foim a monotomo uioioasing soqiionco,* wlicnoo the 
oxistonoo of tho limit Iim l'„ — T follows In oiclor to piovo that 

n—> 00 

2’ = a, w<5 ohsoivo that 

I (l-—), 

21 \ m/ n\ \ m/ \ m / 

piovidcd that m>n If wo now hoop n fixed and lot m mcioaso 
boyond all bounds, wo obtain on tho left tho number T and on 
tho light the oxpiOBSion S„y so that T ^ S^^ Wo have thus ostab 
lisliod tho lolationship 2' ^ iSi„ ^ 2'„, foi ovoiy value of n Wo 
can now lot n inoioaso, so that T„ tends to T, horn tho double 
inequality it follows that 2' = lini S„=! e This was tho state 
mont to bo proved 

Wo shall lator (Ohaptor III, § 0, p 172) reach this numboi e 
agam fiom still anothoi point of view 


6 Tho Numher n as a Limit 

A limiting pioooss which in ossonco goes back to classioal 
antiquity (Arohimodos) is that by which tho number v le dofliiod 
Gooinotiioally tt moans tho area of tho ouolo of radius 1 Wo 
thorofoio accept tho oxistonoo of this number tt as intuitive, 
logaidmg it as obvious that this aroa can bo oxpiossod by a 
(rational or mational) numboi, which wo then simply denote 
by n Ilowovor, this dofimtion is not of much help to us if wo 
Avish to oaloulato tho number with any aoouraoy Wo have then 
no ohoioo but to roprosont tho numbor by moans of a limiting 
pioooss, namely, as tho limit of a soquonoo of known and 
easily oaloulatod numbors Arohimodos hnasolf used this inooosa 
in Ins mothod of exhaustions, whoro ho steadily approximated 
to the oiiolo by moans of logulai polygons with on moioasing 
number of sides fitting it moio and more closely If we donoto 
the area of tho logulor m gon (polygon of m sides) insonbod in 

* Wo obtain from Tn by roplaolng tho factors 1 ^ 2/n, 

by tho lorgor faotora 1 . I - —and finally adding a posIUvo 

t«rm ^ ^ ^ 
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tho oirolo the area of the inaoribed 2«i-goii is given by the 
Eormnla {proved by elementary geometry) 

Wo now lot m run, not tlrrough the sequence of all positive integers, 
but through the sequence of powers of 2, that is, m = 2"; in 
other words, wo form those regular polygons whoso vertices are 
obtained by repeated bisection of the circumference. The area 
of tho circle is then given by tho limit 

w=lim/2-.. 

This representation of tt as a limit aotimlly serves aa a basis for numeri¬ 
cal computations; for, starting with the value = 2, we can calculate 
in order tho terms of our sequonoo tending to tt. An estimate of the ac¬ 
curacy with which any term/a» ropresenta n can be obtained by construct- 
iiig tho lines touching tho circle and parallel to the sides of the insoribed 
2^-gon, Those lines form a oiroumsoribed polygon similar to the inscribed 

2»»-gon, and having dimensions greater in the ratio 1: cos Hence 

tho area of the oiroumsoribed polygon is given by 



Since tho area of the oiroumsoribed polygon is evidently greater than that 
of tho oirolo, wo have 

These are matters with which the reader will he more or less 
familiar. Wliat we wish to point out here is that the calculation 
of areas by moans of exhaustion by rectilinear figures whose 
areas can bo calculated easily forms the basis for the concept of 
integral, wMoh will ho introduced in the next chapter (p. 76). 


Examtlbs 

!.♦ (o) Eopkoo the statement " tho sequence a„ is not absolutely 
bounded” by an oauivalotifc statement not involving any fonn of the 

words "bounded” or “nnhounded”. , w «n 

(61 Roplaoo the statement “tho sequence a„ is diverpn y 

„ol Involving I«™ ol «"> 

or divergent 
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2 * I ojj and bo any two positive numbufl and lot < bj Lot a% 


and &3 1)0 ciefinid by tho equations 

“I 1 h 

2 

Suiulaily, lob 

ag 5= V ajb^ 

, at + 63 

h = 2 ’ 

and in general 

= Van-iVl 

Oft- 2 


Prove (a) that the seqiienoo % cfjj* oonvergos, (Z>) that the sGqnonoo 
bn bn 9 oonvorgos (c) that the two soquenocs have tho same limit 
(ibis limit 16 called the anlkmeUc geonietno mean of and ) 

3 * Prove that if lim ? thon Inn cr„ = 5, whoie is tlio arith 

n-^co '—>«> 

motio mean (% + 

i If lun ^ show that tho anthmetio moans of tUo arithmotio 

M -><0 

means tond towards 5 

6 ITincl the error involved m using = 1 + ^ d + _ os an 

II ni 

approximation to e Calculate e accurately to 6 decimal places 


7 The Concept op Limit where the Variable 
IS Continuous 

Hitherto we have considered limits of sequonoos, thali is, of 
functions of an integral variable n Tho notion of limit, Jiowovoi, 
frequently ocottrs m connexion with the concepts of a continuous 
vaiiable x and of a function/(a?) 

Wo say that tho value of the function /(a?) tends to a limit 
I asi X tends to or m symbols 

bm/(ir) = I, 

if all values of tho function f{x) foi wluch x Iios near enough to 
^ differ arbitianly little fiom I Expressed more piociaoly, tho 
condition is as follows 

If an arbitrarily small positive quantity e is assigned^ we can 
marie off about i an interval | x — 11 < S 50 small that foi every 
point X in this interval different ftom i itself the inequality 
I f(x) — i I < ^ holds 

Hero we expressly exclude the equality of x and ^ This 10 
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doiio purely for reasons of expediency, so as to have the definition 
in a form more convenient for application, e*g. in the case where 
the fxtaotion/(a;) is nndefined at the point although it is defined 
for all other points in a neighbourhood (p, 169) of 

If our fun ction is defined or considered in a given interval 
only, e.g. Vl — in — 1 ^ aj ^ 1 , wo shall restrict the 
values of x to this interval. Thus if f denotes an end-point 
of the interval, x is made to approach ^ by values on one side 
of ^ only (limit from the interior of the interval or one-sided 
limit)» 

As an immediate consequence of this definition, we have the 
following fact: if lim f{x) = Z, and 0 ^ 3 ,, oj^,... is a 

af—>■ f 

sequence of numbers all difieront from ^ but approaching ^ 
as a limit, thou lim /(®„) = 

/I—^<0 

For lot 6 bo any positive numbor; wo wist to show that for 
all values of n greater than a cortain Wq tbo inequality 


holds. J3y definition, tboro exists a S > 0 suob that wbonovet 
I » — ^ 1 < 8 the inequality 


is true. Since a!„ ->■ tbo relation | 11 < 8 is satisfied 

for all Bufflciontly largo values of w, and for suet values it follows 
that |/(a!n) — i I < e, as was to bo proved. 


Wo shall now attempt to clarify this abstract definition by means of 
simple examples, Lot us first consider the function 


. smas 
/(»)=—► 


doflncMl for x ^1= 0. Wo stato that 


„ sin a: 

lim 1 —i s 


h 


Wo cannot prove this statomont simply by carrying out the passage to 
tho limit in numerator and donominator separately, for the numerator 
and denominator vanish when and tho symbol 0/0 has no moaning. 
Wo arrive at tl;o proof in tho following way. 
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From fig 18 wo find by oompaiing tlio ftroaa of the triangloa OAB and 
OAG and the seotor OAB that if 0 <: a < 7r/2 

Bin A5 < a; < tan a? 


I?rom this it follows that if 0 < \x \ < 7 r /2 



. a? 1 

1 <- < - 

Bin X COB X 


Honco the quotient 


hoB hotwoon the 


From the result just proved it follows that 
tana? 


numbord 1 and cos a Wo Icnow that oosaj 
tondB to 1 as aj 0, and from this it follows 

that the quotient can differ only orbit 

ranly httle from 1, provided that a is near 
enough to 0 This is exaotly what is meant by 
the equation wluoh was to bo piovcd 


and alflo 


, 8m» - 1 

hm -— lim - lam -* 

$^>^0 ^ a? oosa? 

1 — OOS aj 


lim 

->0 




h 


TT 


This laab follows from the formula^ valid for 0 < I Oi | ^ 

A 

1 — oosa? (1 —oosa?)(lH cos a?) 1 -- oos^ x 

» a?(l + ooaaj) " a?(I h ooso) 

smai I 

Css — ' —— 

X I h 008 jr 


Binx 


As {tt -*> 0 the first factor on the right tends to 1, the second to i and tho 
thud to 0, the produob therefore tends to 0, as was stated 
EVom the same formula dividing by x wo obtain 

1 — COB a i /am x Y 1 
a® *^ \ {« / 1 4* ooa a?^ 

, 1 — oos 1? 1 

whonoo lim -- - — - 

X^ 2 

Finally lot us oonsider the function Vdefined for all values of a 
This fimotion fs never negative, it is equal to aj for a? 0 and to —a; foj 
« <1 0 In other words Va;^ ==s | a? | Consequently tlie function V 
which la defined for all nonzero values of », has the value 4-1 whot 
x > 0 and — I when a? < 0 It is therefore imppsBiblo for the limii 


I 
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lim ViuV® to oxisii, sinoe oiWttarily near to 0 we eau find values of » 

lor whioh tho quotient ia and other Yalues tor whioh it ia --1. 

In concluding this diflouBSion on limits in oonnoxion with ooutmuona 
variahloa wo romark that it is ot course possible to consider limiting pro- 
ooaaos in whioh tho continuous vnriahlo x increases heyond all bounds. 
I?or oxample, tho meaning of the equation 


Hm 


14-i 

=« lim -r 


is oloax without further disousslon. It signifies that the function on the 
loft dinora arbitravily llttlo from 1, provided only that x ia sufficiently large. 

In tliosfi oxamplos wo have proceeded as ii operations witii 
limits obeyed tho samo laws in the case of contJinno'QS variables 
as in tho case of soquonoes. That this is actually true the reader 
can verify for liiroBolfl tho proofs are essentially tho same as for 
limits of sequonoos^ 


Bxampms 

1, ITind tho following limits, giving at each step the theorem on limits 
wliioh justifies itj 

(a) 


(6) Urn 4aj + 3^ 

js—^ 8 


2* Provo that 
— 

(a) Urn ——: 


(d) lim V6+ ^2»“, 

«-»■* 

sin* , , ^ 

-= 1} (c) lim 0, 


(6) lim 


3, find whether or not tho following Umita exist, and if they do exist 
find thoir voluosi __ __ 

JTZr^ , , Vl+» Vl + x-Vl-ai 

(«) (i) Urn—r-5 W 








8. Thbi Conobfc op ConTiiiroiTy 

i, Definitions. . -x • c o 

Wo lavo already illnstiatod the notion of oontmnrty in § ^ 
(p, 19) hy moans of examples. Now, with the help of the id^ 
,of a limit! we are in a position to make the concept of contmmty 
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The pi oof that such a limiii exists li /(aj, y) m (onLiuuoiiH 
can bo earned out as in tlio appendix to CJiap II (p 1 U et seq ) 
Wo shall, howovor, assiiino without piool an oven stiongoi sluto 
raent, namely, the lollowing 

If tlio function f(x, y) ts contvnuoiis except along a fimtc numh j 
of smooth * ewims y = f(x) or x ^ f/(y) along which I(x, y) has 
jump disconhnmtiesy then the double iniegial 

eonsls 

TJio pioof of this wo leavo foi Vol II It clopondH osRoutially 
on tlio fact that aa tho inirahor of rcctaiigloa iiuioaBis tlio total 
area of tlio rootanglos having pomla m ooiumon with tho cm via 
of discontinuity tonda to /oro Thus oven though and mj 
may diftoi conaidoiahly fox such leotanglis, they give xiao to 
little difloronco botwcon tho auina and 

With this asauinption wo can find tho area imdoi aiiifada 
y) for which (®, y) xangca ovoi qnito c omplu ul( d regions 
R Fox BuppOBO that Iho region R la bounded by a fiiiito ntunbi i 
of curves so = ^)(y) or y = i//{a;) ivith continuous doiivativi s, and 
thnt/(!r, y) is contmuoua in R Wo oncloao R in a lootiiiiglo R', 
and at tho points of R' which do not holong to R wo uHHign to 

/(as, y) tho valiio 0 Then wo talco tho mtcgial Jj /(a, y)ih, 

taken ovoi tho logion R', as tho voliimo undoi iho surface 
u—f{x, y), wlioio (a, y) is in 12 This mtogial la usually 

denoted by J Jfino, y)dr 

Cortam aimplo but important theorems relating to thnao 
double integrals follow directly fioni iho dofinihon Ihro wo 
simply Btato tho thcoioms, iho roadoi will bo able to piovo them 
without any tioiiblo 

//f(x, y) and g(x, y) are tiUegrable over a reclmqh, then so ate 
f i gj of, tvhore a is a constant 

J X ^ “ f f/i^> y)^^ i 1 

/X y) 0 y'jT /(ai, y) dr 


♦ By Hmooth ourvoa wo monn, aa lioforo, oarvoa wUli ooiiUnuoua dorivativuii 
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poaitivo numbor 8, doponding as a.nilo on e and on x, snob that 
[/(») ~f(x) I < e if I » - »j < 8, 
and a; lios in tho interval 

Closely related to tliis is another concept, that of uniform 
continuity. The function f{x) is uniformly coutiimous in the 
interval a ^ a; ^ 6 if for every positive number e there is a 
corresponding positive number S such that for every pair of 
points (c^y in the interval whoso distance apart, | |> is 

less than 8 the inequality |/(»i) ^f{^ 2 ) \ ^ holds. This differs 

from the definition stated above in that the 8 in the definition 
of uniform continuity does not depend on x, but is equally oileo'* 
tivo for all values of hence the name uniform continuity^ 

It is quite obvious that a uniformly continuous function is 
necessarily continuous* Conversely, it can be shown that every 
funotion/(a5) which is continuous in a closed interval a ^x^b 
is also uniformly continuous* The proof of this wo leave for the 
appendix (p. 64), Even though the reader may not desire to road 
the proof at present he will find it helpful to study the examples 
given at the beginning of Appendix I, § 2, No. 2 (p. 66). But 
until the student has worked through this proof ho may assiuno 
that whenever a funotion is said to bo continuous in a closed 
interval uniform continuity is meant. 


2. Points of Bisoontinuity. 

We can understand the concept of continuity bettor if wo 
study its opposite, the concept of disooutimiity, The simplest 
typo of discontinuity ocours at those points at which the funotion 
malcos a jump; that is, at which the function has a doluiito 
limit as x tends to the point from the right and a definite limit 
as X tends to the point from the left, but those two limits are 
dilloront* Whetlror or how the funotion is defined at the point 
of discontiniuty itself does not matter. 

Per example, the funotion/(ir) doflnod by tlio equations 

f{x )0 for > 1, f{x) = 1 for < 1, f(x) =? J for « 1 

has dlaoontimUtios at the points 1 and — 1. The limits on 
approaolnng thofio points from tlio riglit and from the loft dilfor by 1, and 
the values of the funotion at those points agreo with noitlior limit, but 
are equal to the arlthmotlo moan of the two limits. 
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We thought of the graph of a function which is continuous in an 
interval as a curve consisting of one unbiohen piece, wo also staled 
that the change m the function y must remain aihitrarily small 
provided only that the ohango of the independent variable so 
18 restricted to a suflioiontly small mtoival This slate of 
affaus IS usually formulated as follows, with greater prolixity 
but increased precision A function/(a:) is said to bo continuous 
at the pomt $ if it possesses the following properly at the point 
$ the value of the function/(^) is approximated to within an 
arbitrary pre assigned degree of accuracy e by all functional 

values/(») for winch a is 

-1-1 near enough to ^ In oihoi 

\ words, f{x) IS continuous 

f(^) -' at ^ if foi every positive 

! number e, no matter how 

---j— small, there can bo do 

I I I teimined another positive 

* 1 \ numbox S — S(e) such 

-ftW -^ that I f{x) ~ sm I < e 

Hg ,, (of fig 19) for all points 

X for which j ® — ^ | < 8 
Or again the condition of oontminty xoqruios that for the 
pomt I the limrt equation 

fira/(») ==/(^) 

*->£ 


rie 19 


shall be true The value of the function at the point ^ is the 
tome as the limit of the functional values/(®„) for any arbitiary 
Boquenoe of numbers converging to f 

It 18 important to observe that our condition involves two 
difiPerent things (1) the esmtence of the limit lim /(®), and 

(2) the comotdence of this limit with /(^), the value of the 
function at the pomt i 

Having now defined continuity of a function/(a?) at a pomt 
we proceed to state what we mean by the conhnmty of a 
fmGt%orw f(x) %n an interval This may be defined simply 
m the following way the function f(x) is continuous in an 
interval if it is continuous at each pomt of that mtoxyal 
Stated fully, this requires that if a positive number c bo 
assigned, then for each pomt w of the mtoival thoie is a 
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It may bo noted in paasing tliat onr fimoDioii cian bo ropioflOMloil, iiHiiiH 
tho idoa of a limit, by tho expression 


f{x)^ lim 


1 

i H' oi®”' 


For, if < li that is, if X lies in the interval —1 < x <1, the ninnherfl 
will have tho limit 0, and tho function will have tlio value 1. Jfi imw. 


'J 

1 

0 

1 ^ 

0 

. . 

0 



Vis* ao 


ove 05* > 1, as n inoroases will inoroaso beyond all bouncla; our fimotlon 
will then have tho value 0, Finally for iv*« J> tliat is, for (U and 

ajsar — 1, tho value of the funotiou ia plainly ^ (of. fig* 20)» 

Other curves with jumps are sketoliod in figs. 21a and 216j t)my 
represent functions having obvious disoontimiitics. 

In tlio COSO of disoontinuitics of this hind tJio limit from the right and 
tho limit from tho loft both exist. Wo now pass on to tlio oonsldomtion 
of disoontinuities in which this is not tho onso. Tlio most important of 
such discontiniiitios aro tho infinite disconUmtities or v\/lnUmi XJioso 


y- 



0 

. 

}c 



Figt 9ta 



ate disDoniinulbles such as ai'o exhibited by tho funotiona l/;u or nl 
the point £ = O; as a* ? tho absolute value |/(aj) ( of tho fimotion in- 
oroascs boyond all bounds. In tho onao of l/x tho funotlon Inoroascfl 
nuraerioaJly boyond all bounds through positive and throiigli nogo^ 
tive values respectively as « approaches tho origin from tho right and 
from the left, On the other hand, tho function I/®* has for aj wa 0 an 
infinite discontinuity at which tho value of tho fimotion booomos posi- 
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tivoly mfimfce fiom both Bidoa (of fig 6, p 18 and fig 12, p 22) llio 

function y = ^ shown m fig 22, has infimto diBoontauntics both at 

— 1 , 

«?=: 1 and at a: = —1 

Ihnally we shall illustiato by au example anofchoi typo of disoon 
fcinuity m whioli no limit fxom the light or from tho loft exists Wo oon 
sidor the function I 

j^= sin-, 


defined for all non zero values of x 'Ihla function talcco all values 



between --1 and |-1 when tho number Ifx runs through the values Xiom 
(2w — i)7r to (2w -f i)7r, no mattor what value tho intogor n hoe At the 
2 

pomta the function will have the value —1, at tho polula 

2 

»== (4^ + 1)^ I ^ 

tion swings baokwards and forwards inoio and more rapidly between tho 
values +1 and — 1 as approaohoa iioaier and nearer to tho point 0, 
and that in the immediate neighbourhood of tlio point 0 nn infinlto 
number of auoh oscillations occur {of fig 23) 

It is interesting to obaervo that in ooutiast to tho above oxamplo tho 
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JJ f (x, y) ^ g (x, y) in R, then 


IJ^is the sum of two regions Rj 

f f /(®, y)^ = ff /{*. + ff /(». 2 /)*-. 


2 . Bednotion of Doublo Integrals to Repeated Simple Integrals. 

We now have a definition of the doufilo integral, witli its 
interpretation as a volume and with the many possibilities of 
usefulness which our experience with the single integral suggests; 
but as yet wo do not possess a method for evaluating such 
integrals. In this section wo shall see how the calculation of a 
double integral can bo reduced to that of two single integrals. 

We suppose that w—/(», y) is a function wliioh is defined 
and continuous in a rectangle li, a c^y^d. If wo 

fix upon any value Xg in the interval a ^x^b, the function 
/(®o» y) “ continuous function of the remaining variable y. 
Ilenoo the integral 

/ 


exists, and can bo evaluated by the snothods of earlier chapters. 
This integral has a definite value for each value of aio that wo may 
choose; in other words, the integral is a funotiou (/i(xo) of the 
quantity »(,; 

3 ?or example, suppose that u —/(x, y) — xh/, 0 ^ ai ^ 1 , 
0 ^ ^ 3 . Ror each fixed x in tho interval 0 ^ ^ 1 the 

integral / x^ dy can bo evaluated, and is, in fact, -- a:®; that 
»'0 i 

is, it is a function, of x. Or if /(», y) = ew, I ^ ^ 3, 
1 ^ 1 / ^ 4, wo have f e®'' % = - (e^®— e®). 

''1 X 

Having thus found tho function ^{x), wo can prove that it is 
continuous; this is a simple consequeneo of the uniform con- 
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funotioni/= asm i/a (of flg 21) romwiis oontmuoiia at tlio point a!=> 0 it 
we assign to it tho value 0 at that point This oontiiunty I8 (iuo to Uio 
fact that os the oiigin is appioaohed the factor a damps tho osoillalions ol 
the sme Yet in the neighbourhood of tho origin tho f unotion y - -ii sin 1 /a 
does not chango from monotonio moieasing to monotonio (hoicasing a 
finite number of times On tho contrary, it oaoillatos baokwaicls and 
forwards an infinito numbu of times, tho magnitudo of those osoillalions 
becoming as small ns wo please os tho ougin is approached This oxainplo 
shows ns that ovon tho simple idea of continuity poimits of all anils ol 

lomatkablo possibilities foreign lo 
our nalvo mtuitiona 

Tlioro 18 ono jmpoilaiit Iftot 
wlucli inast bo lakou into 
couBidoratiofl. if wo fiio to givo 
our ideas greater piocision 
It may happen that at a coi Lam 
point a function is not defined 
by tho oijginal laffi as loi 
example at tho point a; 0 iii 
the last two examples dm 
oussed Wo have thou tho light 
to extend tho definition of tlio 
function by assigning to it any 
dosuod value at suoh a point 
In tho lost example, however, 
wo can extend tho definition 
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in siioli a way that tho funolion renmns conhnuom at tliat 
point also> namely^ by putting when a? — 0 This oan 

be done wlionover tho limits from tho loft and fiom tlio light 
both exist and aio equal to ono anotlior, thon wo nood only 
make the valuo of tho function at tho point m question equal to 
these limits in order to malco tho funotion continuous thozo In 
the case of tho funotion y = sml/a? this is not possible 


3 Theorems on Continuous Functions 

In conclusion we quote the following impozfcant gouoral 
theorems, whoso proofs follow immediately fzom tho lomailcs on 
operations with limits (p 41) 

The mm, dnfference, and product of two conhnuous fimchons are 
themehes contmuous The quotient of two contmuous functions %s 
contmuous at every pomt at which the denominator does not vanish 
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lu partioiilar^ it follows that all poIyiioiTiials ancl all rational 
functions aro continuoua except at the points wlioio the (loiiomi- 
nator vanishes. The fact that the other olcmoutary fiiuotion8> 
such as the trigonomotric functions, aro contimioiiB will follow 
naturally from later considerations (of. pp. 69, 97}^ 


Examples 


1, Provo that 


liin 

«_>.o sin a; 


2, Provo that 

ain (aj > 


{a) 


lim 
ae—>-® 


«) 


** — I 


1 

'2a' 




lim 


ft? COS X 

aj H- 1 


(c) lim- oosl/ft:«= 1* 

»—>"00 

3 . (o) Lot/(! 8 ) bo defined by fcho equation y = Oj?. Pind a 8 , depend¬ 
ing on 5 , 80 small thot ] Jix) - /(?) | < e wlicnovot |» ~ 5 } < 8 , •whore 
( 1 ) e =• fffi ( 2 ) e = tJoJ ( 3 ) e T^- 


Do the same for (6) /(*) = a;* -- 2®} 

(e) /(®)=3#<-|-a* - 7j 
{^) /(®) “ ® S 1^5 

(e) /(*) = Vx\ 


4, (a) Lot f{x) — 0® in the interval 0 ^ i® ^ 10. Find ft 8 so small 
that I/(*i) —/(« 2 ) I < e whenever |», — ®b|< 8, whore (1) 6»=<iihj} 
(2) s is arbitrary, >0. 

Do the same for (6) /(«) = ®* — 2®, — 1 S » ^ Ij 

(o) f{x) = S®'* + *“ — 7, 2 g ® g 4} 

{d)/(®)= y®,0g®g4; 

(e) /(®) = Vaio, -2 g ® g 2. 


6. Dotorraino which of the following funotions are oontimions. For 
those which axe diaoontinuous, find the points of dlsoontinulty. 


(a) sino;. 

(^6) 

. . ®»-1- 8® -h 7 
' ^ ®«- 6® + 8' 

W 

alna? 

. 4- 8® -t- 7 

'''v®*-0® + 0‘ 

(j) oot«. 

1 

(c) -. sin»i 

W -i-. 

X 

a^-t.8®+7 
- 0® + 10* 

oosaJ 

... flinoi 

(2) ftTQOtft?, 

(A) tana?. 

(«i) (k — «?) fcanaJa 
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Appendix I to Cliaptei I 

Pbuliminahy Ebmabks 

In Greek mathomatica we find an extensive worlang out of 
tlio principle that all theorems are to be proved m a logically 
coherent way by reducing them to a system of axioms, as few 
m number as possible and not themselves to be proved This 
axiomatic method of presentation, which at the same time served 
as a teat for the accuracy of the investigation, was at the bo 
ginning of the modem era regarded as a model for other branches 
of Imowlodgo For example, in philosophy such men as Descartes 
and Spinoza behoved that they had made their mvestigations 
more convincing by prescutmg them axiomatioally, or, as they 
called it, “ geometnoally ” 

But it was a dilleiont matter with modern mathematics, 
which began to develop at about the same time as the now philo 
aophy In mathematics the prmciple of reduction of the material 
to axioms was frequently abandoned Intuitive evidence in 
each sopaiato ease became a favomito method of proof Evon 
m the oaso of soiontists of the first rank wo find operations with 
the new concepts based chiefly on a feeling for the right result 
and not always free from mystical assooiations—-particularly 
m the ease of the ominous “ infinitely small quantities ” or 
" infinitesimals ” Blind faith m the ommpotonoe of the now 
methods carried the mvoatigator away along paths which ho 
could never have travelled if subject to the limitations of complete 
rigour It IS no wonder that only the sure instmot of a great 
master could guard against gross errors 

It IS fortunate that this was so, and that the critical counter 
currents which sprang up m the eighteenth century and rose 
to their full strength m the nineteenth century did not come 
in tune to oheok the development of modern mathematics, but 
only in tune to establish and extend its results But the need 
for oritioal mvestigation and consolidation of the advances 
made gradually inoroased to such ail extent that its satisfaction 
18 rightly regarded as one of the most important mathematical 
achievements of the mneteenth oentury 
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In tho diilGrential and integral calculus the critical work of 
Cauchy is particularly important. By formulating tho funda¬ 
mental concepts in a clear and satisfactory way, Cauchy in many 
directions rounded of£ the work, begun in tho eighteenth centuiy, 
of presenting higher analysis in an intelligible manner, free from 
the vagueness duo to the use of infinitesimals. 

The principal thing which remained to be done was to re¬ 
place intuitive considerations in proofs and discussions by con¬ 
siderations of pure analysis, depending only on numbers and on 
the operations which can bo performed with numbers-^as we 
say, to arithmctize ” analysis. As a matter of fact, tho oriti- 
oally-trained mind feels there is something unsatisfactory about 
appeals to intuition in proofs in analysis. We need not go 
into tho question of the accuracy or inaccuracy of intuition or 
of tho existence of a pure a fnori intuition in Kant’s sense 
in order to recognize that naive intuitive thinking includes much 
vagueness whiohhindeis tho approach to completely rigorous proofs 
in analysis. In the following chapters this will strilce us more 
and more clearly. Even here wo may mention, for example, that 
tho concept of a continuous curve is very difficult to grasp in¬ 
tuitively. A continuous curve need not by any means possess a 
definite direction at every point. In fact, there actually exist 
continuous curves wbioh at no point possess a direction, and 
continuous curves to which no length can bo assigned. In 
tho faco of such facts, even tho beginner will admit the need for 
arithmotizing analysis.* 

Yet wo must not allow ourselves to forget that a century 
of brilliant and fruitful development of mathomatics was possible 
before these reqmrements were fulfilled. In spite of all its 
dofoots intuition still remains tho most important driving force 
for mathematical discovery, and intuition alone can bridge the 
gap between theory and application. 

Wo shall now follow Bolzano and Weiorstrass in developing 
those lines of thought wlxioh yield tho rigorous and complete 
proofs of tho theorems which we formulated by intuitive means 
in tho fliut chapter. 


♦ Rigoroufl inatliomatloal ooncopts are always very highly idealized forma 
of tho iaoaa which arlso intultlvoly. Houco it is ahsolutoly impossible to dispose 
of prohloma relating to tho ulblmato foundations of mathematios by appealing 
fco nalvo intuition, 

CH70B) 3* 
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1 Tiil PRiNOiPir 01 am I’oiNf oi A(cumoiaiion akd us 
Aipiioaiions 

1 The Principle of tlie Point of Aoouimilation 

lutlio ijgorouB duciisHion of llio fundanu utiils of iinalysm Llwi 
lending pail; is played by W( lusti ass’s p tnci'ple of the point of 
aceumulatzon I’lom Iho mtmtivo point of view Lius priiuiplo is 
merely tho statement of a triviality, but just bmuue it 
suTnmaii/'oa a state of nfians which ocoius fuqiumtly it is ns 
useful as small ohango is in daily life Tho piinciplo is as follows 
If wfimldy many numhets are given in a fmle inlaval, th sr 
numheis possess at least one point of aeeumulation that is, lk<)( ts 
at least me point i sueli that in cveuj interval, no matte) how sniall, 
about the point | there lie infinitely many of the givin nimiboi 
Tn ordoi to piovo tho principle of tho point of aooumulalion 
aiitlimotically, wo assumo to begin with that tho given mti ival is 
tho niloi val fiom 0 to 1 Wo now divide this into ton < qunl paits 
by moans of tho points 01, 02 ,09 At least one of lluso 

sub mtorvals must contain infimtoly many points Lot im sup 
poso tlvat tho intoival beginning with tho mimb( i 0 is that 
mtorval (oi ono of those inteivals if tlioio aio soveial) Wo now 
subdivide this mtoival into ton paits by means of tho jioints of 
division 0 a_il, 0 %2, , 0 Again, it is tiuo that at h ast one 

of theso sub intoivals must contain mrmitely many points, let 
it be tho sub nitoiwal bogmnmg with tho number 0 Wo 
again subdivido into ton paits—no!loo that ono of tluse iiuils 
must contain infinitely many points—and c ontmno tho piooi ss 
Wo thus auivo at a soqnoiiGo of digits, ai, a^, a„ , (aeli liaviiig 
ono of tho voluoB 0, 1, 2, ,9 Wo now eonsidoi tho doi nnal 


It 18 clear that this is a point of accumulation of our b( t of luim 
bois Por ovory mtoival, no matter how small, m whoso lutoiior 
tho point ^ lies, contains tho suh intoivals of oui system of sub 
division from a ccitain dcgico of finouesa onwaid, and these 
sub intoivals contain infimtoly many numboia of tho si t 

If Uio intoml under ooiiBideioUoii umtenfl of being Iho luleivnl from 
0 to 1, 18 , aay, the mtoival horn «to a + A, noUimg osaoiitiul in tlio above 
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ai'giimont is clinngctl, 'J'lio point of nooiiimilation in tlsnii rcpiononi f-il 
Biinply by a iuiinb(?r of tlio form 

a H - h X 0*ajir?art3»•. % 


2, Liniits of Soquoxices* 

The Goiisidcrations above throw now light xipou tlin <!onnopt 
of tlio limit of an infimto scqiumco of nninborB \ * 

. . . . Wo first (5011 aider tlio oxooptional cu.ho in wliic^h 
infinitely many mimbcra of tho scqvteiKio arc) oqnal to ono 
anotlioTj nud extend onr definition by apidying tlio nurno 
‘‘point of acoumnlatioiito this point (or tlioao points) also, 
If there arc infinitely many diilcrciit nuinbors in tlu^ HC(pi(ni(ns, 
and if wo assume that tho numbers a„ of this Boqucuioo am 
“ bounded i»o. that there is a number M sncli that th(^ in¬ 
equality \a^\<M holds for all values of tho nninbem of 
tho soquonco form an infinite set of numbers in a finite int(n*vah 
since they all lie between —ilf and M. They must, tluu'ofoi'O, 
possess at least one point of aceumulation (f). If there is only 
one point of accumulation, it is easy to show that tho Hoquonce 
oonvorges, and that its limit is the mimbcu: l^'or hit ii« mark 

off any small interval about the point If infuiitoly majiy 
points of tho sequence wore outBidc this interval, tlioy would 
have a limit point other than contiwy to liypothosis. llGneo 
only a finite number of tho numbers of the soqnouoo exterior 
to the interval, and thus by dofiuitiou tlio sequoneo apx^i'oa(»liOH 
//, on the other handy ihm are several jyoinis of accwmtlation, the 
sequence approaches no limit The oxistonco of a limit luul blio 
uniqueness of the point of acoumulation of a bounded soqummo 
of numbors are thoroforo eqiiivalont ideas, 

'Tho oaso of tho non-oxistonoo of a limit is to bo regarded us the riilo 
rather timn the oxcoptioin For example, tlio secpioiioo ivith the tenuH 
^ 2 «~i ^ 1 1/?^ (n := 1, 2,,,») has tho two pomj;s of aeoiinui- 

lafciou 0 and 1, 

Tho aggregate of tho positivo rational uiiinborH may Im rc^* 
gardod as a soquonco of numbers, in which tho ordering 1 ly miigiu- 
tilde is, of course, oomplotoly destroyed. Wo urrivo most (umily 
at such an arrangomout in a soquonco if wo firat write down tho 
rational numbers as shown on p. 00 and tlion rim through this 
array as sliown by tho arrows, dierogardiug bhoao numbers which 
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Jiavo alioady been encountered (bucIi as 2/4) The system of 
saiioual niimbus obviously has all lational and niational 
points as points of acoumidaiion It tlicrofoie foims a simple 
example of a S((iucnce with an lufinito niimbor of points of 
accumulation 

By moans of tlio concept of convcigencc wo can state tlio 
principle of the point of acomnuhtion in a remarkable form 


1 ,_ 1 _ 1 i_ 

l yZ >3 /7 

2 / L/ 2 / 2 / 2 / Z/ 

ZV 3/ 3/ Z/ 

1 /Z /3 /I y 5 

±/ ±/ l/ lx 

i/I/ 

i I 

5. y Eniimcmtlon of the rntlonal 

^ numbers 


wliicli 19 often convenient 
for applications 

lf}om eienj hounded 
vnfmite sd, of numbets U 
ts possible to choose an 
infinite sequence a^, aj, 
a 3 , which converges to 
a definite Urmt i I'oi 
tins purpose wo have 
only to take a point of 


accumulation ^ oi tlio 


given set of numbers, then to select a number of tho set 
whoso distance from C is less than 1/10, then a second numboi 
of tho set whose distance fiom ^ is loss than 1/100, then a 
third number a^ whoso distance fiom ^ is less than 1/1000, 
and so on Wo sec at oiico tint this soguonco actually con 
vcigcs to the limit ^ 


3 Pi oof of Cauoliy’s Convergence Test 

Lot us now lelurn to convoigout sequences, i o to boundod 
sequences with only one point of acoumulation Cauchy’s con 
vorgonoo tost, stated in § 6 (p 40), now loduccs ahnost to a 
triviality For let us assume that [ a„ — a„ | is arbitiaiily small 
when m and n aro suflioiontly luigo Tlion tho numbeis «„ all 
ho m a finite mtoival, and thciefoio possess at least one point 
of acoumulation ^ If now thcio wore a second point of acoiimu 
lation 7], tho distance of this point fiom ^ would be |^ — ■)j| = a, 
a positive quantity Within an aibitraiily small distance fiom i, 
say within a distance less than a/3 fiom thoio must bo mfinitoly 
many numbers a^, and honco, m particular, mfimtoly many 
numbers a„ for which w > W, liowovor laigc N is chosen Sirai 
larly, withm an aibitiarily small distance from tho point ij, say 
within a distance less than a/S tom ij, there aro mfimtoly many 
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numbers of the sequence; in particular, infinitely many 
numbers for which m > iV^. For these values and a^J^ 
it is true that | a„^ [ > a/ 3 , and this relation is incom'' 

patible with the hypothesis that for sufficiently large values 
of N the difierenoo | | is arbitrarily small provided that 

n and ^ are both greater than N, Consequently there are not 
two distinct points of accumulation, and Cauchy's test is 
proved. 

L The Existence of Limits of Bounded Monotouie Sequences. 

It is equally easy to see that a hounded monotonic inoimsing 
or monotonio decreasing sequence of numbers must possess a limit 
For suppose that the sequence is monotonic increasing, and let 
^ be a point of accumulation of the sequence; such a point 
of accumulation must certainly exist. Then ^ must bo greater 
than any number of the sequence. For if a number of the 
sequence wore equal to or greater than every number 
for which ^^ > I + 1 would satisfy the inequality > aj+i 
> aj ^ Hence all numbers of the sequence, except the fli’st 

(I -h 1) most, would lie outside the interval of length 

i whoso mid-point is at the point Tliis, however, 
contradicts the assumption that ^ is a point of accumulation. 
Hence no numbers of the sequence, and a fortiori no points of 
accumulation, lie above So if another point of accumulation 
7 j exists we must have 'q < But if we repeat the above 
argument with tj in place of ^ wo obtain ^ <rj, which is a 
contradiction. Hence only one point of accumulation can exist, 
and the convergence is proved. An argument exactly analogous 
to this of course applies to monotonio decreasing sequences. 

Ab on p. 41, wo oan oxtond our Btatomonts about monotonio flequonces 
by iiioludiiig tbo limiting oaso in which Bucccssivo numbers of the sequenco 
are equal to one another. It is in tliis oaso bottor to spoak of monotonio 
non-deoroasing and monotonio non-inorcasing Bcquonoca rcapootivoly. 
Tho theorem about tho oxistoiioo of a limit romaina valid for suoh 
Boquonooa. 

5, Upper and Lower Points of Accumulation; Upper and Lower 
Bounds of a Set of Numbers. 

In tho construction on p. 68 which led us to a point of 
accumulation f wo had at each step to make the choice of a sub- 
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6 MuirrpiiL and Hi i laud iNiiaiiAig 
1 multiiilo Integrals 

"Wo considci ft XuiiLtion «—/{s’, y) 'wliioli is d<fmrcl and 
contmuoua in a loctanglo Ii{a ^x^b, o^y ^d), and whuli 
iftkes posikvo values only Wo wish to uBMign a volume to 
tlie portion ol three dimensional space houiulocl by the icolftiiglo 
It, the suilaco u—f{x, y), and the £oin planes x-- a, x~b, 
y=c, y—d poipoiulioulai to tho xy plane Mok ovoi, tlio 
volume should bo defined so ns to satisly coiiam olomontniy 
conditions ( 1 ) if the tliico dimensional logion is a piisin— 
1 e i£ the function « is a constant I —^tho volume should bo 
tho product of tho base by tho altitude, 7 =* (i ~ a) (d ~ o)K, 



( 2 ) if "WO divide tho icctanglo It into smaller roctangh s and 
by drawing stiaight lines, then tho volume ovoi It slioiild bo 
equal to tho volume over plus tho volume ovoi ( 8 ) if tho 
thico dimensional logion 2 ?i completely inoludcs tho vohimo 
of should bo at least as groat as that of li^ 

Tlioso considerations lead us to a method of dclinmg V wlueh 
18 an immcclinto oxtonsion of tho method of defining area m 
Chap II (p 77 et seq) By constiucting linos paiallol to tho sides 
wo subdivide tho icetanglo R into smalloi leotanglos It^, It^, , 
R„, whoso areas wo denote by LRy, LR , , A 2 i!„ In cadi 

icctanglo Rj tho function lias a h ast vahio W/ and a gioatcst 
valuo M) Tliorcfoio a jaism whoso base is Rj and whoso hoiglit 
IS completely includes the poiUoii of oui logion over Rf, 
while this portion of tho region contains tho piism witli base Itj 
and height ntj (cf fig 7 ) Wo soo, tlioiofoio, that tho volumo of 
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interval containing infinitely many points of tlio sot. Had wo 
always chosen tho last siib-intorval which contained an indnitn 
number of points, we should have boon led to a certain (hsiinite 
point of accumulation This point of wccuinulation /i is (jailed 
tho foint of accimulalion or ujyjjcr limit of tlio set of nuni- 
bors, and is designated by tho abbreviation lim. It is that point 
of accumulation,of tlie sequence which lies fartlicst to tlie right; 
i.o. it is quite possible that an infinite number of points of tho 
sequence lie above but no matter how small the iiositive 
number e may be, there are not an infinite numlier above P • | - e. 

If, in the construction on p. C8, wo had always chosen the 
first of the intervals containing an infinite number of points of tlie 
sot, wo should again have arrived at a certain definite jioint of 
accumulation a. This point a is called tlio lotvcr point of 
accumulation or lowei' limit of tho sot, and is denoted by lim. 
There may bo infinitely many numbers of tho sot below a, but 
no matter how small the positive number e may bo there are 
only a finite number below a — e. Tho proofs of these facts 
can bo loft to tho reader. 

Neither tho upper limit p nor the lower limit a need belong 
to tho sot. For example, for the sot of numbers (u„ <■■:■■■ 1/n, 
“ 2 »-i = 2 — l/n these limits are respectively a 0 and P 2, 
but the numbers 0 and 2 do not thomsolves occur in the set. 

In this example there is no number of tho sot above p ■• • • 2. 
In this ca8(3 wo say that p=2k also the upper bound M of the 
set, according to tho following definition: M is called the leant 
yper bound, or simply the upper bound, of a set of mnubeis 
if (1) there is no number of tho sot greater than M, bub (2) 
for every positive number e there is a number of tho set greater 
than M~e. Tho upper bound may coincide with the upper 
limit, as tho above example shows. Eut tho set u„ 1 -| • ]/« 

(w = 1, 2,. . .) shows that this is not necessarily tlio case. Hero 
M=2and^=l. 

Every bounded sot of numbers lias a least upper bound. For 
let p be tho upper limit of tho set. lOithor there are no uumbors 
of the sot greater than p, or there are such numbeis. In the first 
case p is tho least upper bound, since no numbers are above P 
and there are numbers arbitrarily close to p below it. In tho 
second case let a bo a immbor of tho sob gnsator than p. Thero 
ate only a finite number of numbom of the sot (jqual to or greater 
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til an a, smco otherwise there would bo an accumuhtion point 
above ^ which is impossible Wc thucforc need only choose 
the gicfttest of those numbers, it will be the uppei bound of 
the set 

We see that in any case and we recognize the 

following fact 

If the i((ppcr bound of the set does not coincide with the upper 
limit, it must belong to the set, and is an ** isolated point of the 
set 

Cone sponding statements hold for the lower bound m, it is 
always equal to 01 less than a, and if m and a do not coincide, m 
belongs to the set and is an isolated point of the set 

2 Tni onnus on Continuous Functions 

1 Greatest anti Least Values of Continuous Functions 

A bounded infinite set of numbcis must possess a least upper 
bound M and a gieatcst lowoi bound m But, as wo have seen, 
these numbeis M and m do not ncccssaiily belong to the set, 
as wo say, the set docs not necessarily have a greatest or a 
least value 

In view of this fact the following theoiem on continuons 
functions is by no means so obvious as it appeal s to simple 
intuition 

Emy function f(x) wlmh is eontmiious m a closed interval 
a ^ X ^ b assumes a greatest value at least once and a least value 
at least once, or, as wo say, it possesses a greatest and a least value 

This may easily bo piovod m the following way Tho values 
assumed by tho continuous fiinotion f{x) m tho mterval 
a ^ T ^ i foim a bounded set of numboxa and thexefore possesa 
a least uppoi bound M For othoiwiso a sequence of mimbora 
^i> i mtoival would exist for winch /(fn) 

moroasos beyond all bounds This sequence would have at 
least one point of accumulation C m tho mterval Then aibi 
traiily near to ^ thoio would always bo mimbois of our 
sequence for winch tho oxpiession |/(^)-~/(^n) | exceeds 1 
(and m fact is aibitiaiily laigo) that is, tho function would bo 
discontmiious at tlie point ^ Thus a least upper bound M 
exists and hence either thoio is a point C such that /(^) 
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wliich would prove tlio statement, or there is a sequence oi 
numbers Xj^, ajg, in the interval for whioli 

lim/(«„) = M. 

fj—>00 

According to tlio principle of the point of accumulation aB fonnu- 
lated on p. 60 wo can select a sub-sequonco of tlio numbers 
which converges to a limit Lot us call this sub-scquonco 
• * * > j BO that 

lim 

tt—>00 

It is then certain that 

«—> 00 

On the other hand, the function has boon assumed continuous 
in the interval, and hence, in particular, at so that 

lim/(^„)=/(0. 

00 

Hence f{^) — M. The value M is therefore assumed b 7 the 
function at a definite point $ in tbo interior or on tlio boundary 
of the interval, as was stated. An exactly similar disoussion 
applies to the least value. 

The theorem about tho greatest and least values of con¬ 
tinuous functions does not remain true in general unless wo 
expressly assume tho interval to bo closed, that is, unless wo 
malco the hypothesis of continuity refer to tho end-points also. 
For oxamiilo, tho function y — Ijx is continuous in the open 
interval 0<a!<a>, It has, however, no greatest value, but 
lias arbitrarily largo values near »= 0. Similarly, it has no 
least value, but becomes arbitrarily near 0 for suflioiontly large 
values of x, without over assuming tho value 0. 

2. The Uniformity of Continuity. 

As we have already soon (of. p. 64), and as wo shall further 
see, tho continuity of a function /(*) in a closed interval 
loaves room for a variety of possibilities wliioli do 
not suggest themselves intuitively. For this reason wo shall 
give logically rigorous proofs of certain consequoncos of tho idea 
of continuity which from a naive point of view seem quite 
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obvious The definition of contmiuty simply states that from the 
relation tbe lelation lim/(a:„) =/(^) follows We 

can aho expioss tliis in tlic following way foi each point ^ 
there coiicsponds to every e > 0 a numboi 8 > 0 such that 
|/(^) ^fii) I < ^ whenever | aj — ^ | < 8, provided that all the 
numbers x considered lie in the interval a ^ a? ^ 6 

For example in the onso of the function y^cx (whore o =1= 0) suoh a 
number S is given by the relation S = e/| c | For the function y^x^vfO 
can find such a niimhor m the following way Wo a^aiimo that a — 0 
and 6 == 1 and ask ouiaolvcs how ncai to ? tho number a must lie in 01 dor 
that the expression \x^ ^ | may bo loss than e For this purpose wo 

write I — 5® t *= I a — 5 11 a? 4- ^ I ^ I 5 I (1 h 5) If> therofoio, 
wo choose S ^ e/(l 4- 5) wo can bo sure that | | < e We soo in 

this example that tho number S found m this way depends not only on e, 
but also on the point of tho interval at which wo are investigating tho 
continuity of tho function But if wo give up the attempt to make tho 
boat possible choice of 8 for each ^ wo can ohminato this depondoneo of 
8 on 5 For wo need only replace 5 on tho right by the numhor 1 thus 
obtaining for 8 the expression e/2 which la smaller than tho previous 
expression foi 8 hut soivos equally well for all points ^ 

Tho question now arises whether something similar does not 
hold for oveiy function which is continuous m a closed interval 
That IS, we inquire whether it may not bo possible to dot 01 mine 
for eaoh e a 8 — 8(e) depending on e 07ily and not on suoh that 
tho inequality 

18 tniQ, piovidod I» — ^ I < S, for all values of ^ at tho aamo 
limo (or, better oxproaacd, imifoimly with leapeot to Aa a 
matter of fact, this is possible merely as a oonsequonoo of tho 
general definition of continuity, without any additional hypo 
theses This fact, which first attracted attention late m tho 
mnotoonth contuiy, is called the theorem of the untfmm conknmty 
of continuous functions 

Wo shall prove tho theorem ludircotly That is, wo shall 
show that tho assumption that a function /(a) exists which in n 
closed interval is continuous and yet not uniformly 

eontmuoua leads us to a oontiadiotion Umfoim contmiuty 
means that if wo wish to malco the difioronco j/(M) —/(?)) | loss 
than an aibitiarily chosen positive number 6, tho numbers u 
and V being chosen in tho closed mtoival a ^ a) ^ i>, wo need 
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only clioosG and v near enough to one anotlujr, namely, Ht a 
distance apaii; less than S ^ 8 (e); it is immaterial where in the 
interval the pair of numbers Uy v is oliosen. Now, if/(a;) w(n’o not 
uniformly contimioiis, there would exist a positive (perliaps very 
small) number a with the following propoii;y; to every number 
of an arbitrary sequence 8 j, 83 , . . . of positive numbers tending 
to zero there corresponds a pair of values of the interval 

for which j | < 8 „ and |/(wn) I > Accord¬ 

ing to the principle of the point of accumulation the numbers Ufi 
must have a point of accumulation and so the numbers Vn 
must have the same point of accumulation, If wo marie oH: an 
arbitrarily small interval | a; ^ | < 8 about this point 
an infinite nmnber of the pairs will lie in this interval. 

But this contradicts the assumed continuity of f{x) at the point 
for that requires, by Cauchy’s convergence tost, that for 
points and near enough to f 

l/(«i)-M) I < «• 

The uniformity of the continuity is thus proved, 

In our proof we have made essential use of the fact that the 
interval is closed.^ In fact, the theorem of tlm imifoiunity of 
continuity does not hold for intervals which are not closed, 

ITor example, Uio function 1/a; is continuous in the lialf-opon interval 
0 < a; ^ 1, but it is not uniformly continuous. For no matter how small 
the length 8 (< 1) of an interval is chosen, the fimotion will take values 
differing by any fixed niiinbor, say 1, in the interval, if only the interval 
lies near enough to the origin, say 8/2 ^ a;^ 38/2, The non-uniformity 
of continuity is of course duo to tho fact that in tho closed interval 
0 ^ I the function possesses a disoontinuity at tho origin, If 
wo had considered tho example in tho whole (open) interval 

— <0 < a; < 00 instead of in a closed interval, it would not have boon 
uniformly continuous. 

3. The Intermediate Value Theorem, 

Another theorem which constantly recurs in analysis is tho 
following: 

A function f(x), contimous in a closed interval a ^ x ^ b, 
which is negative for x ==== a and 'positive forx^hy {or convc/rsely)^ 
assumes the value 0 at least once in the intewah 

Obhorwiso tho point of acotimulation ^ need not belong to tho iotexvoh 
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Geometrically this theoiem is tiivial, since it merely states 
that a curve which begins below the x axis and ends above it 
must out the axis somewhoio in between Analytically the 
theoiem is very easily proved In the interval there aio an 
infinite number of points for which f{x) < 0, on account of the 
continuity of the function, in fact, this is tiue foi a whole interval 
beginning at the point a The set consisting of those points x 
foL which /(a;) < 0 has a least upper bound ^ which is greater 
than a Since m evciy neighbourhood of ^ there aio points x 
foi which/(a?) < 0, wo must have/(f) ^ 0 (wlicnce m paiticiilar 
^ =j=: h) It IS impossible, howovei, that/(^) < 0, foi then f{x) 
would bo negative m a sufficiently small neighbourhood of f, 
including values x greatei than f, m contradiotion to the hypo 
tliesis that f is the upper bound of the values x for which f(x) < 0 
Theioloxo /(f) = 0, and our assertion is pioved 
A slight generalization of our theoiem is 
If we assume that f(a) == a and f(b) — and if fx is any value 
between a and /3, the continuous function f(x) assumes the value (x 
at least once in the intoval 1 01 the continuous function 

will have clifleroiit signs at the two ends of the interval, and will 
thoioforo assume the value 0 somewhero m the lutoival 

i The Inverse of a Continuous Monotonio Funotion 

If the continuous function y^f{x) is monoiomo in the 
interval a ^ a ^ 6, it will assume each value [x botwcoii/(a) and 
f{b) once and only 01100 , hence if y dcsoiibes the closed inioival 
bctwooix the values a“ f{a) and —/(6), to each valiio of y 
thoio will coixGspond exactly one value of x Wo can tlieiofoio 
thmlc of 'r as a single valued function of y in this interval, that 
18 , the function y --f(x) has a unique invciso Wo assoit that 
this mvoxse funotion a? === <^(y) is also a continuous monotonio 
function of y, as y vaiios witliin the intoxval between a and p 
The monoiomo (liaiaotor of the mvoiso function x = (l}{y) 
IS obvious In oidoi to piovo its contimuty wo obsoivo that 
tiom the monotonio ohaxactoi olf{x) it follows that 

l/K) 1 = b - yi 1 > 0, 
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provided that and % distinct mimbers of the interval* 
If h is a positive number less than b — a, the function 

[/(» + /«)-/(a:) I 

is GOutinuouB in the closed interval a^x^b — At a point ^ 
it therefore has a least value h) — /{£) | — a(A), which 

by oiu‘ preceding remark is not zero,* From this wo conclude that 
if and are two points in the interval for which \x^ — 

then |M)-/(iP 2 )| ^ a(A). But this implies the continuity of 
the ill verso function. For if \yi — yz \ fobs below the positive 
number a(7i), then wo must have | | < h; and henco if 

a positive number e is given, wo need only choose S equal to 
a(c) in order to ensure that for all values y for which 12/i ““ 2/1 < ^ 
it is also true that | ^{y-^ — ^y) \ < e. 

Wo have therefore established the following theorem: If the 
function y = f(x) is continuous and monotonio in the interval 
a ^ X ^ b, and f(a) — a, f(b) = jS, timi it has a single-valued 
invei'SG function x = ^(y), a ^ y ^ /8, and this inverse function 
is also contmious and monoionic. 

6, Further Theorems on Continuous Fimotlons. 

Wo leave it to the reader to prove the following almost trivial 
fact: a continuous function of a continuous function is itself 
continuous. That is, if ^(a?) is a function continuous in the interval 
a^X’^hi and its functional values lie in tlie interval 
a ^ ^ j3, and if in addition f{<})) is a continuous function of 

^ in this last interval, then f{(l>{x)) is a continuous function of 
X in the interval a ^ a; ^ 6, (Theorem of the continuity of 
functions of continuous functions.) 

It has already been mentioned on p, 64 that the sum, differ¬ 
ence, and product of continuous functions are themselves continuoii^s, 
and that the quotient of continuous functions is contmuous, pro¬ 
vided that the denominator remains different from zero, 

3, Some RBMAiiKS on toe Elementary Funotions 

In Chapter I wo tacitly assumed that the oloraontary func¬ 
tions are oontiuiious. The proof of this is very simple, I'mst, 

♦ On account of tUo continuity of f{x), a{h) iteolf of course tends to 0 ns A 
dooB, 
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tho function f{ 0 j) = oj is continuous, tlioioforc x x is 
continuous, being the product of two continuous functions, and 
every power of x is likewise continuous Thus every polynomial 
IS continuous, being the sum of continuous functions Every 
rational fractional function, being a quotient of continuous 
functions, is likewise continuous in every interval in which the 
denominator does not vanish 

The function is continuous and mouotonic Hence the 
n th root, being the inverse function of the n th power is con 
tinuous By the theoiem of the continuity of functions of con 
tinuous functions, the th lOot of a rational fimotion is con 
tinuous (except where the denominator vamshos) 

The continuity of the trigonomotno functions, with which 
the reader is familiar fiom elementary mathematics, could now 
loadily bo proved, using the concepts developed above The 
discussion IS not given hcio, since m Chapter II, § 3 (p 97), 
this continuity will be seen to follow naturally as a consequence 
of differentiability 

Wo sliall meioly make a few lomarka about the defimtion 
and continuity of the exponential function a®, the general power 
function and the logarithm We assume, as in § 3, pp 25-26, 
that a IS a positive number, say greater than 1, and if 
18 a positive rational number (j? and q being integers) wo take 

^ apf^ as meaning the positive numboi whoso q th power is 
If a is any irrational number and la a 

soqiionco of rational numbers approaching a, wo assort that 
lim exists, wo then call this limit 

00 

In order to prove the oxistonco of this limit, by Cauchy’s 
test wo iiood only show that | a*"" — «''«• [ is arbitrarily small, 
provided that n and m are siilBciontly laigo Wo suppose for 
example that ^‘n > Vj ' o = S, where 8 > 0 Then 

(jrn a’'m = a*'*» (a* — 1) 

Since a'fn lomams bounded, wo need only show that 
I - 11 = a* - 1 

18 arbitiarily small when the values of n and m are sufficiently 
laxgo But S 18 a lational number, and certainly may be made 
as small as wo please provided the values of n and m are suffi 
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cicntly largo. Hence if I is an arbitrarily largo 2iOKitivo integer, 
S < Ijl if n and m are largo onovigli. Now the rolatioiiH 
S < 1/1 and 0 > 1 give 

1 < fl® < 

and siiico tends to 1 as 1 increases (of. p. 31) onr assertion 
followB immediately. 

It may bo left to the reader to sliow that tlio fiiiKJtion a* 
extended to irrational values in this way is also contimious 
every whore, and, moreover, that it is a raonotonio function. Ifor 
negative values of a: this function is naturally dofinod by tlio 
equation 



As ® runs from — co to -l-oo, a* takes all values between 0 atid 
Consequently it possesses a continuous and monotonio 
inverse function, which wo call tho logariilm io the base a. In 
like manner wo can i>rovo that tho general i^owcr is a con¬ 
tinuous function of x, where a is any fixed rational or irrational 
number and x varies over tho interval 0 < ®< ooj also that 
af is monotonio if a =|= 0. 

Tho “elomontnry” discussion of tho exponential funotion, 
tho logarithm, and tho power aJ* outlined hero will later (Chiq)ter 
in, § 6, p. 167) bo roi)laoed by another discussion which is iti 
prinoiplo much simpler. 


ExAMPr.KS 

1,, Give U(o upper and lower bounds and upper find lower limits for tlio 
following sequences, and state wliioh belong to tlio soqiionoo: 


ftn 

(n) —, a - 1, 2,.,.. 


(t) 0, L 1^!, M 1, 2. 

nl 




. 


(e) 


■’I" 2^ * * , 




* Tills statomont folloivs from tlio faot that wlion a> I tho power h 
Rcoator than 1 if ia poaltivo. T)ila Is oloarly truo, .l^or if worn tjiaii 
1, thou would bo a product of n factors all loss than L and wmiltl 

ha loss than 1. On tho contrary, a« is tho product of m factors all irroator timn 
ancl so IS greater than 1. ® 
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2 * Prove that if /(a) la continuous for a g a; ^ then for every c > 0 
there exists a polygonal function <p(a;) (that is a continuous fuiiotioii wiioso 
graph consists of a fimto number of xeotilmcar segments meeting at coiners) 
such that I /(a) -- q>(a) | < e for everj v m the interval 

3 Provo that every polygonal fiinotion 9 ( 31 ) can ho represented by a 

sum 9 (a) =r a + &a H Sc, | a — | wlieio the a/s are the absoisaoe of 

the corners 

Fmd a formula of this kind for the funotion /(a) dofmed by the cq^uabions 

f(%) = 2a - 1 (0 g a g 2) 

/(a) ^ 6 - a (2 g a g 3) 

/(a)==a-l(3gag6) 

/(a) = 4 (6 g a g 7) 

4 Tor the following funotions /(a) find as in J 1 No 2, p 65 a 
S(e) such that |/(ai) — /(ag) | < e whenever | aj — j < S(e) 

{a)f{%)^2rP -Igagl 
(&) /(a) = a^ —a ^ a g a 

*{c) /(a)= 

6* ilio function y=5sml/a hna no disoontinuitioa ui tiio interval 
0 < a < 1 Piovo that it is not uniformly continuous in that open interval 

6 A funotion /(a) is defined for all vnliios of a m the following manner 

/(a) — 0 for all irrational values of a, 
f{y) == !/(/ for lational a = p/(jf 

where p/q is a fiaotion m its lowest terms (thus for a = 

Piovo that /(a) is continuous for all iiiational values of a and dis 
continuous foi all lational values of a 


Appendix II to Cliaptei I 

1 POLAB. Co OBBlNATEe 

In Giaptei I we liavo sot the concept of funotion in tlio foro 
ground and have lepiesentcd funotions geometrically by means 
of curves It is, however, useful to recall ^ that analytical gto 
metry follows the reverse procedure, hegmmng with a curve given 


♦ 800 also p 16 
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by some geometrical property and representing tliis curve by 
a function, for example, by a function which expresses one of tho 

co-ordinates of u point of tho curve 
in terms of tho otlior co-ordiiuito. 
This point of view naturiilly loads 
us to consider, apart from tho 
rectangular co-ordinates to wliicli 
wo restricted ourselves in C]iapt(U’ I, 
otlicr systems of co-ordinates wliich 
may bo better suited for the ropro- 
sontation of curves given geoinotri-* 
cally, Tho most important example 
is that of polar co-m^dinaies r, 0, which are connected with tlui 
rectangular co-ordinates a?, y of a point P by the equations 

ajs=:rcosd, y —rsind, tand=^, 

X 

and whoso geomotrioal interpretation is made clear in fig, 25. 

y\ 



PJg. 26.—Lcmnlscato 


Let HB oonaidor for oxamplo Umniacaic, This in gcomotrically de¬ 
fined ns tho loons of all points P for wJiioh tho pmduob of tho diHtivnooH 
and hoai tho fixed points Pj and with tho rcotangulur co-onlijmtcs 
x—a, y—0 and x — —a, y — 0 rospcotivoly has tho oanstanfc value a* 
(of, fig, 26). Since 

=»(«?—* a)2 + y®, =*» («? + a)^ -h y\ 

a simple oaloulation gives tia tho equation of tlio lomnisoato in tho form 
+ y®)® - 2a^x^ y«) =.: 0, 

If wo now introdiioo polar oo-ordinatea, wo obtain 
2aV (cos® 0 nm^ 0) 0; 
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and if wo divide by r® and iibo a Bimplo tugonomotncal formula tins 


become'? 


r® 2a^ 008 20 


Thus wo SCO that tho equation of tho lommsoato is simplei in polar co 
ordinates than in reotangular 


2 Remarks on Complex Numbers 

Our studies will bo b'lscd chiefly on the class of real numbers 
Nevertholesa with a view to tho discussions m Chaptois VIII, 
IX, and XI wo would remind the reader that the problems of 
algebn. have led to a still wider extension of tho concept of 
numbei, namely, to tho mtioduction of complex numbers Tho 
advance fiom the natuial numbers to tho class of all real mimbeis 
arose fiom tho desire to eliminate exceptional phenomena and 
to mahe certain operations, such as subtiaction, division, and 
correspondence between points and numbers, always possible 
Similarly, wo azo compelled, by the requirement that every 
quadratic equation and in fact every algebraic equation shall 
have a solution, to mtroduce tho complex numbers If, for 
example, we wish tho equation 

to have roots, wo are obliged to intioduco now symbols % and — 
as tho roots of this equation (As is shown in algebra, this is 
siifliciont to onsiiio that every algebraic equation shall have a 
solution *) 

If a and 6 are ordinary real numbers, the complex number 
0 ^ a-\‘%b denotes a pair of numbers (a, 6), calculations with 
such pans of munbers being perfoimed according to tho follow 
ing genoial rule wo add, multiply, and dmde complex numbers 
(among winch tho ical numbers are included as the special case 
h == 0), treating tho symbol % as an undetermined quantity, and 
then simplify all expressions by using tho equation ^*^5= — l to 
remove all powers of % highei than the fiist, thus leaving only an 
oxpiossion of tho foim a + 

Wo may assume that tho leader already has a ceitain degree 
of familiaiity witli those complex numbers Wo shall novorthe 

*TIiat ovory algobraio equation possosgea real or oomplox roota is tlip 
Btalomonb of llio fundamental tliooiom * oi algobra 
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leas omphasize a particularly important rclationalnp whioii wo 
shall explain in connexion with the geometrical or trigonoinotrical 
representation of the complex mimbers. If c~ a:-|- iy is such 
a number, wo represent it in a rectangular co-brflinato system 
by the point P with co-ordinates x and y. By means of the equa¬ 
tions » —rcosO, j/ —rsind, wo now introduce the polar co¬ 
ordinates r and 0 (cf. p. 72) instead of tho rectangular oo-ordinates 
X and y. Then r — is tho distance of tlio point P from 

tho origin, and 0 is tho angle between tho positive a-axis and 
tho segment OP. Tho complex number c is now roprosonted in 
tho form 

<t— r(cosd -I- i sin (7). 

Tho angle 6 is called tho amplitude of tho complex mimbor o, 
tho quantity r its absolute value or modulus, for whioii wo also 
writo I o|. To tho “conjugate” complex number o= a;— iy 
thoro obviously corresponds tho same absolute vahio, but (oxcopt 
in tho case of negative real values of o) tho angle —0. Clearly 

fS s= I 0 = CO t= a;® -|- y\ 

If wo nso this trigonometrical representation tho multipli¬ 
cation of complex numbers takes a partioularly simple form. 
For then 

0 . o' == r (cos 0-\-i sin 0) . r' (cos O' + i sin O') 

= r/(cos 0 cos 0'— sin d sin O') 

ri- i (cos 0 sin O' -|- sin 0 cos O'). 

If wo recall tho addition theorems for tho trigonomotrio fimotions 
this becomes 

0 . o' = >t'(oos (0 -I- O') -f- i sin (0 -[- 0') )• 

Wo therefore multiply complex numbers by multiplying their 
absolute values and adding their amplitudes. Tho romarkablo 
formula 

(oos0 -I- i Bind) (cosd' -f- i sind') = cos(0 + O') -|- i sin(5 ~|- O') 

is usually called J)e Moivre’s iheoretn. It leads us at onoo to tho 
relation 

(cosd -|- i Bind)" = cosnd -I- i sin«d, 
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which 0 g at onco enables us to solve the equation a,” 1 for 

positive integers n, the roots (the so called roots of unity) l)cmg 

27 r , 2 tt „ itr . i. 7 r 

€ — cos — + % sin —, cn — cos — d e sin —, , 

n n n n 


f 1. 

^n-l — ^ 


cos 


(n^ 


l)7r , (n — l)7r 
—^ ^ sin^^- 


1 


n 


Moioovoi, if wo imagine the cxpicssion on the left hand 
side of the equation (cosd % sinO)” — oo^nO -f ^ minO ex¬ 
panded by the binomial theoiom, we need only scpaiato loal 
and imaginaiy paits m Older to obtain oxpicssions for cosnO 
and sinnO in terms of poweia and piodiicts of powois of sini? 
and cos 0 

Examines 


1 Plot bho ^lapliB of tho following funotionfl 


^ sm <p 

9 

r — sm O9 


r s= cos {>9 

r sa —^-- a coiifltiuit 

COS (9 — a) 


2 I'lnd tho polai equation of 

(rt) tho ciiolo of ladiua a with ita centre at tho oiigmi 
(6) tho onolo of ladiiiB a with oontio («, 90) 

(c) tlio goneial stiaight lino 


8 Uao J)o Momoa ihcoiom to oxpiosB oo820 and flm20 in loiinB 01 
sin 0 and cos0 bnniUuly foroosSO BinJO coafiO hiuSO 

PioYO that coB?iO ifl a polynomial In cosO, and also that if n la odd 
flin?tO is a polynomial in emO 

4 Woik out tho following oxpioasionB and atato tlio moduIiiB and 


amphtudo of each of tho numboia 
((t) —3 2 % 

(6) (A I 

( 0 ) (1 I »){!-.) 

(d) (V3- t)« 

W 1'" 

6 * Piovo tlmli i( 6 ■= 009 1 

than 1, 

E" 1 eO' I e”" I I e"’’ 


Involved and of tho aiiBwors 

(») (1 I O’'’ 

(A) (J-30*^ 

(h) l''» 

(1) (100‘'‘ 

2tc 

t Bin whoro n is an fiitogor gioatot 

( 0 if n IB not a faoloi of Vy 
n if n IB a faotoi of v 



CHAPTER n 


The Fundamental Ideas of the Integral 
and Differential Calculus 

Among lilio limiting in-ocoasos of luialyBiH tlioio two 
which play an espcoiiilly important part, not only iKitniimn they 
ariso in many difioront connoxions, but chiclly ItccauHc of liho 
voiy close reciprocal relation botwcofi them. laolatcil cxani[)lcH 
of those two limiting procossoa, diffcrcnlialion and inicijriition, 
were oonsidored oven in classical times; but it is tlm 
recognition of tlioir complementary nature and the rcsidl.iiig 
development of a now and methodical mathcmatnsal prociidure 
that marlcs tho beginning of the real systematic dilterential and 
integral calculus. The credit of initiating this dovelopiiumt 
belongs equally to tho two groat goniiises of the Hev(!nt(!entli 
century, Newton and MbnitK, who, as wo Icnow t(j-day, nmde 
their discoveries independently of ouo another. While Newton 
in his investigations may have succeeded in stating his conceptH 
more clearly, Leibnitz’s notation and methods of oaleulatiori are 
more highly dovolopod; even to-day these formal portions of 
Loibnite’e work form an indisponsablo element in tho theory. 


1. Tm Dkfinitm Intjouhaij 

Wo first onconntor tho integral in tho problem of ineaHitriiig the 
area of a plane region bounded by curved lines. More riflined 
considerations then permit us to separate the notion of integral 
from the naive intuitive idea of area, and to expr(‘Ms it analyti" 
cally in terms of tho notion of uiimbor only, 'I'hiH analytical 
definition of tho integral wo shall find to bo of groat Hignilicancc, 
not only because it alone oimblcs us to attain complete clarity 

78 
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the portioa in question lies between nifU, and Mjltj Thus the 
total volume F should bo such tliat 

S ^ F ^ S Mi^E, 

Suppose now that the mimbor n of rectangles mcreases 
beyond all bounds m such a way tint tho length of the longest 
diagcmal tends to /oio Intuition leads us to expect that tho two 
suiBB and wall both convexge and will tend to 

the same limit This limit wo tlioxefoio call tlio voltime V 

The reader will havo observed that wo have earned out an 
immediate genet aIii$ation of tho discuBsion m Chap 11 (p 78) 
As m Chap II, wo call tho common limit of tho sums Sm^AB^ 
and Ai2^ the integral of the function u f(x, y) over the reel 
angle R, and wo denote it by the symbol 

/ y)<^ 

It is at once clear that if m each icctanglo E) wo choose a point 
{if, 7],) and find tho ooirospoudmg valuo of tho function/(^j, ij,) 
then tho hiniting relation 

lim S fiif, 'qf)^Rf = f f f{x, y)dr 

must hold, foi the sum L/(C> 1’^® bctwodi 'Z/m.fl^Rj and 

'LMfbJlj, both of which appioaoli tho integral as a hunt 

As a particular method of suhclmding R into smaller rect¬ 
angles, wo may divide tlio side a g a; g 6 into w intervals of length 
A® == (6 — a)jn and tho side c^y^d into m mtoivals of 
length Aj/ = (d — c)/m, and then draw paiallols to tho axes 
through tho points of division thus marked Tho area of each 
rectangle Rf is then AZ?^ — AaAy Choosing a point {if, tj/) 
arbitraiily m each lootanglo Rf, wo foim tho sum 

^ffiif, 7tfWif^:Zff{i„ 7,f)AxAy 

As n and m both mcicaso without limit, this sum appioaohcs tho 
integial as a limit This tjqio of subdivision suggests a scoond 
notation for tho integral, wlucli has boon m common uso suice 
tho timo of Loibnit/, namely, 

/ y)(^dy 
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in our concopts, Tbut also because its applications extend far 
beyond tlio calculation of areas. 

Wo (Dcgin by considering the matter intuitively, 


1. The Integral as an Area. 

Let us suppose that wo are given a function f(x) which is 
continuous and positive in an interval, and that a and b (a <b) 
are two values in that interval. We think of the function as re- 
prcflontod by a curve, and consider the area of the region which 
is bounded above by the curve, at the sides by the straight lines 
x = a and x^b, and below by the portion of the aj-axis be¬ 
tween tliG points a and b (fig. 1). 

That there is a dolinito moaning in speaking of the area 
of this region is an assumption inspired by intuition, which wo 


y 



FIb.i 



here state expressly as a liypothcsis. Wo call tliis area JV the 
(hftniie integral of the ftmeiion f(x) between the limits a and b. 
Wliou wo actually sock to assign a numerical value to this area, 
wo find that wo are in gonoral unable to measure areas with 
curved boundaries; but wo can measure polygons with straiglit 
sides by dividing tliom into rectangles and triangles. Such a 
subdivision of our area is usually ijnpossible. It is, however, 
only a Blioirfc step to oonooive of the area as the limiting value 
of a sum of areas of rectangles, in the following manner. Wo 
subdiviclo the part of the a?-axis between a and b into n equal 
parts, and at each point of division we orcot the ordinate up to 
the curve; the area is thus divided into n strips. Wo can no 
more calculate the ar(ia of snoli strips tlian we could tliat of the 
original aurface; but if, as shown in fig. 2, wo find first the least 
and tlion the greatest value of the function f{x) in oaoli sub- 
interval, and then roi)la(m tlio corresponding strip (1) by a rectangle 
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wlum lioighii ifl (qiul to iho lotist viiim of Wn finn lion and {1) 
by u ]u i tn^lo whim luiglii ih (quul 1o Uu it( si vuliM^ of llin 
fimciion, wo obiiim two Htop shaped hgui( 4 (hi (i^ * 1h<^ ins! 
ol ilioHO IS diawn witli a solid Imo, tlio B<(on<i Ixnn^ sliown l)y 
dotted lines) Tlio fnsL stop ftliapcd fif'iiio obvioimly lias an 
aioa which is at most equal to iho aiia wliuli wo aio I lynip 
to dotcimme, tlio m cond lias an ai(a wha li is at h asb a i laigtni i 
i'V If wo douoio tho sum of tlio aKas o( the lust mi nC i( (( 
angles by {lowo sum)y and tho sum ol tho anas ol tho 

second sot by swn), wo have tho idatuiu 

If wo now make tho subdivision finor and finoi, i o lot 
n^icaso without lunit, intuition tolls us tliat Lho (puinlitKS 
F^i and appioaoh closoi and olosoi to oath othoi and tiuul 
to tho samo limit Wo may thoiofoio considoi our mbigial 
as tho limiting valuo 

/// =: hm Fn == lim F^^ 

tt—>-o0 «->-«> 

Inlmtioii ftlso bIiows us tlio possibility of an nuiiudinto 
gonoiah/ation It is by no moans luccHsaiy that tho n sub 
intoivals should all bo of tho same length They may, on the 
contmry, have diiloiont lengths, piovidcd only that as n inoiouHi a 
tho length of tho longest sub intoival tends to 0 

2 The Anolstioal Doflnition of tho Intogtal 

In tho above section wo have considoiod tho dofiint o lutogral 
os a numboi given by on aica, and lionco to a cm lam o\tont 
inoviously Imown, and have subsequently loprisonkil it as a 
limiting valuo Wo shall now lovctso tho pioicdmo Wo no 
longoi take tho point of view that wo Imow by nituition how an 
aioa can bo assigned to tho region uiidoi a contmuoiiH (uivo, 
or, iiidood, that this is possible, wo shall, on Iho (ontiaiy, hi giu 
with sums foimod m a puioly analytical way, liUo tho nppot 
and lower sums dofiiiod pioviously, and shall thmi piovo that 
thoBo sums tond to a dofinito hnut Wo tako Ibis limiting value 
as tho defimlton of tho mtogial and of tho ai oa Wo ai o natmally 
led to adopt tho foimal symbols which have been iisud m tho 
integral oaloulus since LoibniU’s time 
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Lot f{x) bo a fiinotion wliicli is positive and continuous in 
tho interval a ^ a? ^ 6 (of length 6 — a). Wo think of the in¬ 
terval as divided by (n — 1) points a?i, a? 2 ) * ‘ ^ equal 

or unequal sub-intervals, and in addition we put Xq — a, x^i — 6. 
In each interval wo choose a perfectly arbitrary point, which 
may be within the interval or at either end; suppose that in tho 
first interval wo choose tho point in tho second the point 
fjj, . . . , in tho n-th the point Instead of the continuous 
function f{x) we now consider a discontinuous function (stop- 
function) which has tho constant value /(fi) in tho first sub- 
interval, tho constant vaIiio/(l 2 ) in the second sub-interval. 



Fig, 3.—To illustrntc the nnniytical ttcfinltioa of integral 


tho coiistaub valuo /(^„) in tho «-th sub-intorval. As is shown in 
fig. 3j tho graph of this stop-function defines a series of rectangles, 
tho sum of whoso areas is given by tho expression 

F„ ~ (a!i —• H" {^2 ' ®l)/(^a) "I" • • • "f" (®n ®n-l)/(^n)' 

This expression is usually shortened by using tho siunmation 
sign Jj: 

by introduoing tho symbol 

Aa!p — x„— 

wo can abbreviate it still further: 
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(Here the symbol A is not a factor, but denotes ‘dilfojonce ” 
The whole msopaiablo symbol by definition, moans the 
length of the p th sub interval) Oui basic assoition may now 
be stated as follows 

If we let the number of points of chmsion tnoca^e toiihout limit 
and at the same time let the length of the longtst sub inlu val lend 
to 0, then the above mm tends to a limit This limit is independent 
of the partiGular manner in which the points of division \a, , 

and the intermediate points chosen 

This lumtmg value we shall call the definite inUgial ot tlio 
fimotion/(aj),tho integrand^ between the limits a and 6, as wo luivo 
already mentioned, wo shall consider it as the definition of tlie 
area under the curve y=/(aj), lor a^x-^b Our buHio 
assertion may then bo reworded thus Tf f{x) is continuons 
in a ^ aj ^ 6 its defimto integral botwoon the limits a and h omhIs 

This theorem on the existence of the dofimto intogial of a 
continuous function can bo proved by purely analytical luotliodH, 
without appealing to intuition Wo shall never thchHS pass it 
over for the present and return to it m tlio Appendix to tlim 
chapter (p 131), after the use of the concept of int(^guil h\H 
stimulated the readerinterest in constructing a fnin foundation 
for it For the moment wo shall content ourselves with the fac t 
that the intuitive considerations on pp 77-78 have made the 
theorem appear extremely plausible 

3 Extensions, Notation, Eundamontal Rules 

The above definition of the mtogial as the limit of a sum If d 
Leibmtz to express the integral by tlio following symbol 

Tlio integral sign is a modifioation of a fliiinmation Bigu wlnoli 
had the shape of a long 8 The passage to the liinilj fioni u Hub 
division of the mtoival into finite poitions Aaj^ la suggostod by 
the use of the letter d in place of A Wo must, howevei, giiaitl 
ourselves against thinking of da- as an “ infinitely snuill qiian 
tity ” or “ infinitesimal ”, or of the mtogial as the “ sum of 

♦ Oi oouwo wo may also doflno tho notion of area In a iHUoly Rooiuuliliinl 
way and then provo tliafc such a definition la ooiuviilonb to tho al>o\o J jin It 
definition (of Chap V § 2, No 1 (p 208)) 
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an iuflnito number of infinitely small quantities Siicli a con- 
Goptiou would bo devoid of any clear meaning; it is only a muve 
befogging of wliat wo have previously carried out with precision. 
In the above figures wo have assumed (1) that tho lunction 
f{x) is positive throughout the intorvab and (2) that & > a. The 
formula which dofinos tlio integral as tho limit of a sum is, how¬ 
ever, independent of any sucli assmuptions. For if f(x) is negative 
in all or part of our interval, tho only efioct is to make the corro- 
spoiidmg factors /(^,,) in our sum nogativo instead of positive. 
To tlio region bounded by tho part of tho curve below tlio a;-axia 
wo shall naturally assign a negative area, which is in agreomont 
with the familiar convention of sign in analytical goomotiy* 
Tho total area bouiidod by a 
curve will thus in general bo the 
sum of positive and nogativo 
terms, corrospoiiding respectively 
to tho portions of tho curve above 
and below tho a:-axis.'^ 

If wo also omit tho condition q 
a<b and assume that a> b, 
wo can still retain our arithmetical 
definition of integral; the only cliango is that wlion wo travorso 
tho interval from a to 6 tho diflbronoos arc nogativo. Wo 
arc thus led to tho relation 

£f{x)dx=—£f(x)(l<0, 

whioli holds for all values of a and b {a 4= b). In conformity with 

ra 

this wo define / f{x)dx as equal to zero. 

Our definition immediatoly gives tlio basic relation (bqo fig. 4): 

£f{x)dx J°f{^)dx — f{x)dx 

for a <0 < 0 , By moans of tho preceding relations wo at 
once find that this equation is also triio for any position of tho 
points a, b, o relative to ono another. 

Wo obtain a Kimi)lo but important fundamental rule by 

* for tho tvtoa of rogioua bounded by orbltrory olosoS oiu’tos boo Cliei), V, 

} 2, p. 200. 

(»W) * 




B 3 


FUNDAMENTAL IDEAS 


[Chap 

Iiom 


considering tlio function cf{x), ■whore o is a constant 
the definition of the integral we immediately obtain 

f 6f{x)dx=o f f{x)da, 

Ja •'a 

Ihirther, we asseit the following addition rule If 
then 

f f(x)dx— f ^{x)dic-\- f ih{x)dx 

•fa Ja Ja 

Tlio proof IS quite simple 

We add a final remark ’whioh perfectly obvious but very impoilaiit 
m applications, about the * variable of integration ” Wo have wiilton 

our integral m the form J f{^)dx For evaluating the integral it does not 

matter whether wo use the letter x or any otlior loiter to donolo tlio 
absoissoe of the oo ordinate system i o the mdopoudonfc vaunblo I ho 
particular symbol wo uso foi the voriablo of integration is ilicroforo a matter 

wo could equally well wiilo 




of complete mcbfforonco instead of 

a 

J j{t}dt or J f{u)du or any similar expression 
2 Exampies 

We arc now m a position to caiiy out the limiting pioocss 
presented by our definition of tbo mtegial, and tluia actually 
to calculate the area in question m a number of special cases, this 
we shall do in a series of examples, whcio (except in No B, p 80) 
we shall make use of the uppoi or lower sum alono ^ 

1 Integration of a Linear Function 

Wo fiist consider the funotion/(a;) ^ a”, whoio n is an intogor gioator 
than or equal to 0 Foi n = 0, i o for/(a) =; 1, tho losiilt is so obvious 
that wo simply write it down 


f\dx^ 

da da 


For the function /(a) = a the integration is again a tiiviality fioin tlio 
geometrioal pomt of view Tho integial of tho function /(a) «= a, 

fh 

xdx 

'a 

* Wo leave it as a useful oxoroiso for tho icadoi to provo that in tho foilow 
mg examples wo actually do anivo at tho samo ic&ult wliothor wo umo the 
upper sum or Uie lower 


f: 
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Is simply tlio area of tho irapozokl shown iu fig. 5, wJiiuli by an clouicii- 
tnry formula has tlio valuo 

U^-a){b^\- ft)- 

Wo sliall now verify thafc our limiting process loads to exactly the samo 
result. In oalculating the limit wo can restrict ourselves to tho discussion 
of upper sums or lower sums. Wo subdivide tho interval from ft to i into 
equal parts by moans of tho points of division 

a+h, a+ 2ht ...» a 4* (« — l)/i, 

whore {h-- a)ln, Tho integral must thon bo tho limit of the follow* 
ing sum, wliioli is an upper sum if 6 < ft and a lower sum if > a: 

h{a + (ft -[- h) + (ft + 2h) + . *. + (ft + — Ih)} 

- h{7ia -h 'h 2ft H- ... + (w - l)ft}. 



Fig. S Flff* 6 


By an olomeutary formula wo havo 

1 -h 2 + ... + [n 

and our expression may thoroforo bo written in tho form 



As n inoroasos tho right-hand side obviously tends to tho limit 
(ftft){ft 

which was to bo proved. 

2 , Integration of x\ 

A problem not qtiifco so simple is that of integrating tho ftmotion 
f[x) — or, in gcomotrioal language, of determining tho area of tho regioii 
bounded by a segment of a parabola, a segment of tho aj-axis and two 
ordinates. Wo consider o.g. tho integral 



whore fi^ 0 (SCO flg, 0), and divide tho interval 0^ ft into n equal 
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parts of length h — hjn the area, which iio wish to find is then Iho limit 
of the following o'spiossion (iippoi sum) 

7»(Aa + 2%a H -f + »%«) = 7i^(l“ | 2M + «“) 

= 63(12 + 23-1 H n3)/ii» 


The sum cnolosod in brackets however has ahendy been found (aeo 
p 27, footnote) 

1» + 23 + + = \n.{n h 1) (2n + 1) 


If we substitute this expression and rewrite the result in a slightly 
different form our sum becomes 




As n increases beyond all bounds tins tends to the limit and wo obtain 
the required mtegral formula 



ITrom this using the general relationships given above wo immediately 
derive the general formula 


f f x^dx^ ^ a^) 

da dn Jn 


3 Integration of where a is any Positive Integer 

As a tlurd example wo consider the integration of the fimotion 

y — f{^) — a!"' 

where cf is any positive integer ITor the computation of the integral 



(where we assume 0 < a < 6), it would be mconvonionfc to divide tlio 
interval into n equal parts * The passage to the hunt may, howovei, bo 
accomplished very easily if wo eflccfc a subdivision m geomotrio pio 

gression ** in the following manner We put ^bja^q and eubdivido iho 
mterval by the points 

a, aq aq^ , h 

* Wo should then bo obliged to base tho evaluation of tho integral upon iho 
calculation of tho himt of ^ (1« + 2“ + + »“) n« woo, tho loader 

may work this out for himself aa mdioatod in tho footnote on p !^7 
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Tho required integral ig thou the limit of the following sum: 

(aq — a) H- {aqf((iq^ <tq) + — aq^) . 


The torma in tho last hraokot form a gcomotrio progression with com¬ 
mon ratio 4^ 1. If wo sum this progroasion, wo obtain for tho whole 
expression tho value 


^ 1 ) 


g,a-M_X 


Wo now roplaoo q by its value our sum thou takes fclio form 


If WO now lob n inoroaso witliout limit, tho first faotor retains its value. 
Sinco q 1 wo can uso tho formula for tlio sum of a goomotrio progroasion 
and write tho second faotor in tho form 

_ I 

+ . ,. + 1 * 

and as tho equation q — shows that q tends to 1 ns -v oo, the 

second faotor will havo tho limit l/(oc + 1). Thus finally tho valuo of our 
integral is given by tho formula 

/ 

Ja < 5^+1 

Tiio above oaloulation is simple in priiioiplo, but eomowhat compli¬ 
cated in (lotaih Wo shall later find that it can ho entirely avoided, onoo 
wo aro hotter acquainted with integration theory. 


4. lutogratipn of x\ wlioro a is any Rational Kuinbor othor than —1. 


Tho result obtained abovo may bo gonoralized considerably without 
essentially oomplioating tho method. Lot oc => r/a bo a positive rational 
numbor, r and a being positive intogors; then in tho ovaluation of tho 
integral given abovo no thing is changed oxoopt tho ovaluation of tho limit 


g -1 


aa q approaohos 1* 


This oxproasion is now simply 



Lot us put 1)! then os q bonds to 1, t will also tend 

to 1, Wo have thoroforo to find tlio limiting value of -r os 'i 




approaches L If wo divide both luimorator and denominator by t — I 
and transform thorn as boforo tho limit simply booomes 


lim 


T**^! 4* -j- • * » d"* 1 

a?r+*-i ^77;:|: 1* 
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Since both numerator and donommalor arc continuouB m t this limit la 
at oiiGO detormined if wo substitute t = 1 Wo thus arrivo at the hunt 

—?— ^ —L— nn(i so for Qvorv positive lational value of a wo obtain 
r ^ 5 « u 1 


tho integial formula 


f X dv~ - 4 ^ ■ 

a «H 1 


'This formula romama valid for negative rational valutas of ff pio'vidcd 
wo oxoludo tho value a — —1 for which tho formula used above for the 
sum of tho gcomotrio progression loses its meaning Wo have to 

mvcstigato the limit of tho expression ^ ^ •[ negative values of a 

Bay a ^ — r/j Xo do this wo put wo obtain 

q ^ q =s: 


Wo accoidingly seek to dotormmo tho limiting value of 



We leave it to tho reader to prove that tbis limit is again eq[ual to 
that IS that wo have tho integral foimula 

a + 1 

«It! — 4 ”, — a“ '■*) 

Ja aH 1 

for the general case of rational values of a either positive of negative 
with the ovooptioii of «==! — 1 

Iho form of tho right hand side of this equation shows that tlio ox 
pression is not valid for ot 1 since botli numerator and donominatoi 
would, then bo zero 

It 13 natural to suppose that the lango of validity of oiii last formula 
extends also to irrational values of a We shall actually establish this in 
§ 7 (p 120) by a simple passage to the limit 


5 Integration of sin;v and cos a; 

As a last example wo oonsidor tho funotion /(u) smo? Hua too uo 
shall ticat by means of a special device Wo express the integial 

I 

da 

as the limit of the following sum 

8^^ A {sin (a + U) h am (a h 2/0 + + sin (a h wA)}* 

wlioro h — Wo nmltiply tlio rifcht hand bmokofc by 2 sin J and 

71 ^ 
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recall the woll-Ic^o^yn trigonomotrical formula 


2 sinw &\nv = co9(« — t>) — cog(?i + ^)f 
provided h ia not a m\dtiplo of 27t:, wo thus obtain tho formula 



Sinco a + n7h^ h, tho integral beoomos tho limit of 



Now wo know from Chapter I (p. 47) that as h tends to 0, tho expres¬ 
sion -/sin- approaches tho limit h Tho desired limit is thou airaply 
2 2 

eos a — 00 a 6, and wo thus arrive at tlio integral formula 

pb 

I —.(oos& — cosa). 


In tho aamo way, as tho reader may verify for himself, wo obtain tho 
formula 

pb 

I COS ii? (fa?—sin & —sin a. 


Almost ovory ono of those oxamplea has been attacked by means of 
some special method or ])artioular device, Tho casontial point of tho 
eystomatio integral and difTorontial caloiilus is tlio very fact that instead 
of Buoh special devices wo utilize considcrationB of a general charaotor 
which lend us directly to tho desired result, In order to arrive at thoso 
methods wo must now turn our attention to tho other fundamental con» 
oopt of liigher analysis, tho dorivativo. 


Exatoues 

L Pind tho area hounded by tho parabola j/ = 2a;* + 1, tho 

ordinatoa a; — JL and a; == 3, and tho a;-axis. 

2, Piiid tho area bounded by tho parabola y — ia;* -k 1 straight 

lino ^ 3 -k a?* 
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3 Find the nren* hounded by the parabola =- nnd tho nlraif^lifc 
lino y = I d iu 

4 Find tho area hounded by tho parabola and tho stiai^ht 

line y = oaj -} 6 

6 Usin^ tho mothodfl m tho text evaluate the mto^rala 


(a) [V 


h xydx 



a^n(y^d^l? 



coa aa. 


where a la an arbitrary integer 

6 Use tho formulae obtained m Ex G, along with tho idontiiio^ 
sm^o; = i i co32a; cos^'c — J + 4 cos2^ to prove that 


I C03®^d'C — 
da 

I Bm^xdx^ 
da 


6 — a 

a 

*T^ 


+ 


sin2& — Bin 2a 

4 ’ 

am 26 — sin 2ix 
4 


7 By use of Ex I, p 28 evaluate / %^dx, UBing division into equal 

da 

Buh intervals 

8 Evaluate f (1 — x^dx (where n is an integer) by expanding tho 

^0 


bracket 


3 Thb DuRivAnvu 

Tlie concept of tho dorivativo, liko that of tho iiitcgial, is of 
intuitive origin Its sources are h) the problem of constuioting 
the tangent to a given curve at a given point and (2) tho problem 
of finding a precise definition for tho velooity in an aibitraiy 
motion 

1 The Derivative and the Tangent 

We shill first take up the tangent problem If P is a point 
on a given curve (see fig 7 ), wo shall, in conformity with naive 
intuition, define the tangent to the curve at tho point P by moans 
of tho following geometrical limiting process In addition to tlio 
point P, we consider a second point P^ on tho omvo Thiough 
the two pomts P, P^vre draw a straight line, a secant of tho 
curve If we now let the point P^ move along tho omvo towards 
the point P, this secant will tend to a limiting position which is 
independent of the side from which P^ approaches P This 
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limiting position, of tho secant is the tangent, and the statomont 
that such a limiting position of tho secant exists is equivalent 
to the assumiDtioii that tho cuivo has a definite tangent or a 
definite dkcction at tho point P. (Wo have used the word as¬ 
sumption bccauso wo have actually made one. Tho hypothesis 
that tho tangont oxiats is valid for most simple curvesj but is by 
no means truo for all ourvos, or even for all continuous curves,) 
OiiGo WO liavo ropresentod our oimvo by means of a function 
y^f(x) tho problem arises of ropreaonting our geometrical 
limiting process analytically, 
using tho function f{x). Wo 
take tho anglo which a straight 
lino I makes with the x-nxk as 
being tho anglo through which 
tho positivo ai-axis must bo 
turned in tho positive direction'*' 
in order to become for tho first 
time parallel to tho lino t Lot 
bo tlio anglo which tho 





Fifi. 7.—Chord tind Tnngcnt 


secant Pl\ forms with tho 
positive aj-axis (cf. fig. 7) and a the angle which tho tangont 
forms with tho positive oj-axis, Thou if wo disL*egard tho case of 
a porpondioular tangont wo obviously havo 


lim ai ‘ 

Pi->P 


a, 


whoro tho moaning of tlio symbols is perfectly clear. If a;, 2/{=/{»)) 
and a?jL, aro the co-ordiuatos of tho points P and P^ 

rcspoctivoly, wo immediately liavof 

- X 


tariai 


Hi: 

Xr 


Xi — X 


and thus our Jiraitiiig process is represented by tho equation 

,/W-iW 


lim" 


* Tlmb ia, in fluoli a dlroflUoii that a rotation of 7r/2 brings It into coinoidonoo 
with tho pofllUvo y-axia; in othoi* words, connlor-olookwiBO. 

f In order that tliift equation may Imvo a moaning, wo miiat aBsiimo that 
0 < I jc aJi I < 8, S holng ohoHon auSlciontly smail. In what follows, ooiro- 
Bpoiiding nflsumptlona will of ton ho made tacitly in tlio atopa leading up to 
limiting procosaoB, 

mm) ^ 



go 

Tlie expression 
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Ay 

a)jL — 0? a^i — X hx 


W6 call tho difference quotient of the function /(ic), fiineo the 
syinbola Ay and Ait denote the diUcicuoos of tlio fuiuiion 
tj^f{x) and of the independent vaiiablo x (Ileio, iiB on p 79 , 
the symbol A is an abbreviation foi diftcicnco, and is not a fat toi) 
The tangent of a, the direction angle of the ciuvo,’^ is tlunofoie 
equal to the limit to which the diAoronoo quotient of oui function 
tends when tends to a> 

We call this limit the denvative | of the funotion y- J{%) 
at the point x and, as Lagiange did, use the symbol y' —/'(a) to 

denote ifc, or, as Leibnitz did, the symbol \ oi or ^fix) 

ax dx (h 

On p 100 we shall discuss the meaning of Leibnit/^s notation m 
more detail, heie wo would point out that the not ition f{x) 
expresses the iact that the derivative is itself a Jimclion of a;, 
since it has a definite value for each value of x in the iut( ival 
which we aie considering Tins fact is sometimes empliasi/cd by 
the use of the terms derived funciiony derived curve (sec p 90 j 
We again quote the definition of tlio doiivativo 


or 


/' (a!) = hm /fa) 

Xi —>• X X^ X 




X^ '— X 


~ Iim 
A»->oA!B 


A-^0 h * 


where m tho last expicssiou wo havo replaced by v j- h 
It IS impossible to find the donvativo mcioJy by putting 
% — is m the expression for Iho dilToionoo quotient, for thou tho 
numerator and donommatoi would both bo equal to 0 and wo 


eradiont of Iho curve w {,ivon by tuna aiul lioiuo liio '('im 
tXm dorivaUvo of Urn fuiiolion loinosonUul by 


bool 


t riio term differential coefficient m also usotl pmUouIaily m tho oliior text 


i Cauohy s notation Z)f(x) is also oocaaionnlly found In tho litoratuio 
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bIiouIcI bo led to tlio inoiiniiiglcss expression 0/0. On tlio con¬ 
trary, tbo actual performance of the pa.ssiigo to the limit in each 
individual case depends upon certain preliminary steps (trans¬ 
formation of the difloronco quotient). 

For example, for tlio function/(a) = wo Iiavo* 


/(%)—/(«) 

% — a! 



Xi -|- X. 


This fimotion *1 »is not tlio stuno function as ^for the function 


a?! + is dofiiicd afc ono point whoro tho qiiotionfc 




is undefined, 


Xi X 

namely, tho point Xi a;. D'or all other values of a?i tho two limetions 
arc equal to ono another^ hence in the above pnsBago to tlio limit, in 
which wo spcoiiically required that a‘| #: a*, wo obtain the same value 

for lim ‘-^ as for lim ((Tj + «*)• Bub einoo tho function Xt -|- x is do- 

fl'i— 0! a;,— 

fined and continuous at tho point ^ a?, wo can do with it wliat wo could 
not do with tho quotient, namely, pass to tho limit by simply putting =t a?, 
Tor tho dorivativo wo then obtain tho expression 


m-f^. 


2 x. 


Tho carrying out of such a process, i,o. tlio actual formation of 
the derivative, is callod the differentiation of tho funotion/(»). 
Wo shall see later how tliis process of diftcrontiation can 
aotually be carried out in all important cases. 

Now tho fact that tho problem of difercutiating a given 
function lias a definite meaning apart from tho geometrical 
intuition of tho tangent is of great significanco. Tho reader 
will recall that in tho case of tho integral wo freed ourselves 
from tho goomotrioal intuition of area, and on tho contrary based 
tho notion of area on tho definition of tho integral, Now, iiido- 
pendently of the geometrical representation of a funotiou 
y—/(oj) by moans of a curve, wo shall define tho dorivativo of 
tho function y — /(a;) as being tho now function y' given 

by tho equation above, provided always that tho limit of tho 
diftcroncG quotient exists. If this limit exists wo say that tho 
function/(a;) is diffm enliable, ]?rom now on we shall assume that 
every funotion dealt with is dillcrentiablo unless spooifio mcn- 


♦ Cf. p. 80, accoiid footnote, 
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fcioa IS made to tixe contrary '• It should be obsorved that if tlio 
function f{x) la to be dillerentiablo “it tho point » tlio binit as 

h-^0 oi the quotient ^ 1. —ili must exist indcponilcnlly 

h 

of the manner m wheh h. tends to 0, wheilior it bo tliiougli positivo 
values or thxougli negative valms or without icsiiicUoii as to 
sign 

Once we have found the douvativo/'(aj), wo take tho cliiorfcion 
which malces an angle a with tho positive a; axis given by tho 
equation tma=f{x) as tho diiection of tho taugout to tho 
curve at the point (a;, y) We thus avoid tho diflioiiltios wJiu ]i 
arise out of the indefimteness of iho geomotiical view, siuto wo 



Fig 8 —Tangent$ to graphs of Increasing and decreasing functions 


base the geometrical definition on the analytical and not vipu 
versa 

Nevertheless, tho visualization of tho douvaiivo as the iangont 
to the curve is an important aid to imdoistandnig, ovon in purely 
analytical discussions Accordingly wo shall at once accept tho 
following statement based on geometrical intuition 

If i{s) is positive and the ouive is Wavers^ in the dneclion of 
inoreasinff x, then the tangent slants upwards^ and therefore at the 
point m question the curve rises as x mneases^ if^ on the olJiet hand, 
i{x) is negative, the tangent slants downwards and the cm ve falls 
as X increases (see fig 8) Analytically ihis follows fiom tho 

«m.tl ftrt the hnutd 

unless tho function is increasing at tho point », by which wo 

laterfsce iwsumpnon w not flalisdod will 1» given 
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mean that for all values of h suflicieutly close to 0 tho value of 
/(a; + h) is greater or smaller than/(a?) according as 1 i is positive 
or negative. Wo can, of course, make a correspouding stiltomont 
for the case where/'(a?) is negative. 

% The Derivative as a Velocity. 

Just as naive intuition led us to tho notion of tho direction 
of the tangent to a curve, so it causes us to assign a 'Velocily to a 
motion. The definition of velocity loads us onco again to exactly 
the same limiting process as wo have already called dififoroutia- 
tion. 

Let us considor, for example, the motion of a point on a 
straight line, tho position of tho point being dotormiaod by a 
single oo-ordinato y. This co-ordinate y is the distance, with its 
proper sign, of oiu‘ moving point from a fixed point on tho lino, 
Tho motion is given if wo know y as a function of tlio time 
y =/(^). If this funotioii is a linear fimetion/(^) = ct + b, we call 
tile motion a unifomn motion with the velocity c, and for every pair 
of values t and which are not equal to one another wo can write 

,- /(<x)-/(0 

The velocity is therefore tlio difforonco quotiont of tho function 
ct + 6, and this difioronoo quotiont is complotoly independent 
of tho paiticular pair of instants which wo fix upon, But what 
arc wo to undorstand by tlio volooity of motion at an instant t 
if tho motion is no longer uniform? 

In order to arrivo at this definition wo considor tho diflorenoo 

fU )_ fU) 

quotient —ihii, which wo shall call tho avorago volooity in 

h ^ 

tho time interval botwoon and U If now this average velocity 
tends to a dofinito limit wlioix wo lot tho instant como closer 
and closer to ty wo shall naturally define this limit as tho velocity 
at tlio time U In other words: (he velocity at the time t is the den- 
ixitive 

Ifrom this now moaning of tho dorivativo, wliich in itsoll lias 
nothing to do with tho tangent problem, wo soo that it really is 
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appropiiate to defino tlio limiimg pioces of diflcienkatjion as ft 
pmely analytical operation independent of goometiical intuition *3 
Hero again tlio diftciciitnbility of tlie position function is an 
assumption wliicli wo sliall always tacitly make, and wliicli, in 
fact, is absolutely necessaiy if tlie notion of velocity is to Jnvvo 
any meanmg 

As a simple e’^amplo of the oomioMort boliwceii motion and volooity 
wo consider tiio oflso of a fiooly faUmf, body We begin ’Witli tlio oxpeii 
mentally established law that the distance travelled in time i by a fi< tly 
falling body is proportional to and tlioiofoio can bo ropicsoiitcd by a 
function of the foim 

y = /(O 

As on p 91, wo find immediately that tho velocity is given by tlio ov 
pression / (/) = 2ai whicli shows us that the velocity of a Xicoly falling 
body increases in propoition to the time 


3 Examples 

We now proceed to work out a mimbor of oxamples of the actual chf 
ferontiation of functions Wo bCg^in with tho function ^ = /(^) » o, whoio 
c 18 a constant It is then always tiuo that /(^ y h) J{a,) ^ c C ^ 0 

so that lim ra 0 that is ilia do ivahve of a constant is arc/ o 

A~ 4 -o n 

For a lineai function ij ^ f(x) ^ cx + h wo find that 


Iim 

A ->>0 


f{X + Jl)-f{%) 
h 


lini 

A —>0 


eh 

h 


c 


Fuithor, wo shall diffoientiato tho function 


y = f{^) ^ > 


at first assuming that ocis a positive integer Piovided I wo have 

SM - /(^) _ ^ 

Xi — a; a;i — a? ^ 

tho light hand side of this equation is equal to a?! + \ 

as wo see cither by direct division or by using tho formula for tho sum of 
a geometric progression Tho now expiossion for tho riglit liand flido of 
tlio equation is a continuous function and so wo can cany out tho passage 
to tho limit a) simply leplaoing o\eiywhoio by a? Eaoli loin) 
13 then ai<*“b and since the number of toims is exactly a, wo obtain 

d{x ) 
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Wo arrive at tho aaino result if a is a iiogativo integer — P; wo muatj 
lioAvovor, afisumo that a? is not zero. Wo then (iiul that 


1-1 

^ f (^) _ a;jL^ 1 

a?! — a; — x a; — 


aj^-i -h 


Onoo again wo can carry out tlio passago to tho limit simply hy roplaoing 
a?! everywhoro by x* Then juat aa above wo obtain for tho limit tho 
expression 




— par/’^ 


PIouco for negative integral values of a the dorivativo is again given by 


Tonally, wo shall prove tho same formula whoro x is positive and a any 
rational nuinbor. Wo suppose that a = plq^ whoro p and q aro both in¬ 
tegers and, moreover, positive. (If ono of thorn wore negative no oasontial 
ohaiiges in tho proof would bo needed; for a =« 0 tho rasulb is already 
known, sinoo is then constant.) Wo now havo 

- — - ^ 

Xj^ *r iu 

If wo now put « 5 and wo obtain 

-Si^) ^ ^ - H- 

a'l ~ H- ^ 

After this last transforjnation wo can iinmcdiatoly perform tho passago 
to tho limit (ftjj x or, what amounts to the same tiling, 5i —>• 5)i ^ud thus 
obtain for tho limiting valiio tho oxpreasion 

y' =:a I? ^1- r=; 

Q (?(?<? 

or finally 

J'{x) 

which is formally tho aamo result as hoforo, Wo leavo it for tho reader to 
prove for liimsolf bliat tho samo diiTorontiation formula holds for negative 
rational indices also, Wo shall oomo back (p, 130) to tho difTorontiatlon of 
powers onoo wo have dovolopcd tlio theory in a moro oonnooted form. 

Aa a further oxamplo wo finally consider tho clifforontiatiou of tho 
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brjgonomotno funoiione Binr and coao? Wo iibcj tho elementary in^nno 
metrical formula 

+ h) — sma _ sina ;cosh \ co4^ sink — smx 
A h 

coB/i—l , Bin A 
« flinaj —;- 4 

h h 

Now from Chapter I, § 7 (pp 1:7-48), wo Icnow that 

, Bin A t 1 ooflA 1 ^ 

hm -1, Jim ---0 

h^o h A^o h 

For the required derivative wo tluia immediately obtain 

fZ(8ma) 

y ooaaj 

ax 

Tho fimoiion y — coat; can bo diffoientiatcd m oxaotly tho aanio way 
Starting with 

cos(x h)---ooax coaA—1 , Bin A 

h h h 

and taking tho limit as A -> 0, wo at onoo obtain tho doiivatlvo 

, ^(0080;) 
y' “ ' s= —sina? 

dx 


4 Some Fundamental Rules for Difforontiation 

Just as in the case of the integial, coiiam simple but funda 
mental rules for forming tho dorivativo follow immediately fi om 
the defimtion If (fj (x) r= /(a,) ^ g (a,)^ then 0 ' (i;) =2 f (a?) -| 
again, if ^(aj) = cf{x) (where 0 is a constant), then i//(a.) •— o/'(\) 
For we have 

^(a?+ A) — ^{x) _ /(a? + h) —/(a?) ^ g{x + /i) (a) 
h A A 

and 

1(4 {» H- h) - il>(x) _ f{% h U) - f(%) 
h " h -’ 

and our etatoments follow directly by passage to tlio limit 
According to these rules, foi example, tlio derivative of tho 
fimotion ^(a?) =f{x) ax-^-b (whole a and h are constants) is 
given by tho equation 

(») + « 
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\ 

w 

\ -W; 


Fiff. 


6, Differontiability and Coutimiity of Functions, 

It is useful to note that if wc know that a function can 
bo differentiated wo need not give any fii)ooial proof of its 
continuity. 

If a function is differentiable^ then it is necessarily contimioits^ 

For if the differonoo quotient ^— ^approaches n 

dofmifco limit as h tends to zero, tiio numerator of ilio fraction, 
that is, /(» H- h) —/(«), must tend to zero with A; and this fact 
oxpresBcs the continuity of 
the functioir /(a:) at the 
point X. 

T]io converse of tliis, 
however, is absolutely false; 
it is not true that every con¬ 
tinuous function has a de¬ 
rivative at every point. Tho 
simplest example di.sprov- 
ing this assumption is tho 
function /{a:) “ |»|j i.o. f{x) = —a! for a; ^ 0 and /(*) = a; for 
a: ^ 0 ; its grapth is shown in fig, 9 . At tlio point ro = 0 this 
function is continuous, but has no derivative. Tho limit of 

~/fa) ja equal to 1 if h tends to 0 through positive 

values, and is equal to —1 if h tends to zero through negative 
values; if avo do not restrict tho sign of h , no limit exists. Wo 
say that our function has difioront rigid-hand and left-hand 
derivatives at tho point », Avhoro by right-hand dci'ivativo and 
left-hand derivative wo mean respectively the limiting values of 

as It appwonchos 0 tlirougli positive values only 

and negative values only, Tho differentiability of a function thus 
requires not merely that tho riglit-liand and left-hand derivatives 
exist, hut that they arc equal. Qcomotrically tho inequality 
of the two derivatives moans that tho ourvo lins a sharp 
corner. 

As further oxamjdcB of points wlioro a continuous function is 
not diilorcntiablo wo consider tho points whore the dorivativo 
becomes infinite, i.o. tho points at which there exists neither a 
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light hand nor a loft hand dciivativc, tlio dilTncuro quotidit 

^ jncxeasing beyond all bonmh as bor 

oxamplo, the fuaction y = f{x) ~ = !>•* is dofiucd and con 

tmiious foi all values of x For all non /oro values of x its don 
native m given (p 96 ) by the foimula y' = ^ Ai tho poiu). 

«! = 0 we have =^!L= h and wo see at om o 

n h 

that na h -^0 tbo oxpiossion bas no limilmg value, but, on the 
contrary, tends to «o This state of allaiis is often biiofly do 
soiibed by saying that the function possesses an infiiuto doii 



vative, or the derivative oo, at the point in question, wo should 
remember, however, that tlus merely moans that as h tends to 0 
the dillerouoo quotient incicases beyond all bounds, and that tlio 
derivative in the sense m which wo have dofinod it loally does 
not exist The geometrical moaning of an influito doiivalivo is 
that tho tangent to the ciuvo is veitical (cf fig 10) 

The function i/==/(a!) = V». which is dofmod and con 
tmuouB for » ^ 0, is also non difloiontiablo at tho point u 0 
Since y is undefined foi negative values of x, wo hoio consider 

tho right hand derivative only Tho equation ~/(Q) ,,,, 

11 *\/ 
shows us that this doiivativo is infinite, tho curve touolies the 

y axis at tho origin (fig 11) 

Finally, in the function y—'^x^^x^ wo have a case in 
which tho right hand derivative at tho point » = 0 is positive 
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and infinito, while the loft-hand derivative is negative and 
infinite, as follows from the relation 

1 

h i/Jt 

As a matter of fact, the 
continuous curve y = 
tho so-callod semi-ciibical 
parabola or NeiVs para¬ 
bola, lias at the origin a 
cusp perpondicxilar to tho 
X-axis (of, Bg. 12). 

0. Higher Derivatives and thoir Sigiiiflcanco, 

Tho derivative f{x) of a function is itself a function of x, 
the graph of which wo call tho derived ctme of the given curve. 
For oxainplo tho derived curve of tho parabola is a 



straight lino, roprosonted by the function y — ix. Tho derived 
ourve of tho sine ouxvo y — sin a; is tho cosine curve y = cosa?; 
similarly, the derived curve of tho curve = eosa? is tho curve 
y ==: --sina;, (Any of those latter oiuvcs can bo obtained from 
tho others by translation in the direction of the SJ^axis, as is 
shown in fig. 13.) 
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It 18 now quite a natuial stop to foim tlio derived oiuves 
of the derived cmves, i o to form the dciivativo of the function 
/'(«) = ^(ai) This derivative 

f(*)_ ta,£fe+fi:=£W, 

provided that it really exists, we shall call the second doivaUve 
of the function /(a?), and wo shall denote it by 

Similarly, wo may attempt to foim tho donvativo of f"(x), 
the so called tJmd denvahve of f{a), which wo then denote by 
/"'(x) In the caso of most functions of importance there is noth 
mg to hmdor us from unagimng this process lepeatod as many 
tunes as we like, and from thus defimng an n th de)i%at%ve 
Occasionally it will be convoment to call the function J{x) its 
own 0 th deiivativo * 

If the independent variable is interpreted as the time t and 
the motion of a point is lopreaented by means of the function 
f{t)t tho fhjsxcal meaning of tho second derivative is found to 
be the velocity with which the velocity/(i) changes, or, as it is 
usually called, the accelmaiton Later (pp 168-159) wo sliall 
discuss the geometrical interpretation of the second derivative in 
detail Hoie, however, we may note the following facts at a 
pomt where f\x) is positive, f{x) increases as a? increases, if, on 
the othei hand, f\x) is negative, /'(a?) decreases as x moi oases 

7 The Derivative and the Difference Quotient 

The fact that m tie limiting process which dofinos tho doii 
vative the differcnco Aai tends to 0 is sometimes expressed by 
saying that the quantity Aa? hecomes infinitely small This expies 
Sion indicates that the passage to tho limit is regarded as a pi o 
cess during which the quantity Aa? is novel zeio, yet appioaohes 
;'ero as closely as we please In Leibnitz’s notation tho passage 
to tho limit in tho piocess of difteiontiation is symbolically ox 
pressed by roplacmg tho symbol A by the symbol cl, so that wo 
can define Loibmtz’s symbol for tho donvativo by tho equation 

A*-»-oA!B 

* Tlie terms eecoitd Ourd , « Ih dtfferenhal coe^ctml are also uflod of 
aecond footnote p 00 
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Ifj however, wo wisli to obtain a clear grasp of the moaning of 
the differential calculus wo must beware of regarding the riori- 
vativo as the quotient of two quantities which are actually 

infinitely small The dijfomce quotient ^ absolutely must 

A® 

bo formed witli difforenocs Ax which arc not equal to 0* After 
tho forming of this difference quotient wo must imagine the 
passage to the limit carried out by means of a transformation or 
some other device. Wo have no right to suppose that first Ax 
goes tlu’oiigh something like a limiting process and reaohoa a 
value whicli is infmitosimally small but still not 0, so tliat Ax 
and Ay are replaced by “ infinitely small quantities or in- 
linitcsimals dx and dy^ and that the quotient of those quanti¬ 
ties is then formed, Such a conception of tho dorivativo is in¬ 
compatible with the clarity of ideas demanded in mathomatics; 
in fact, it is entirely meauingloss. For a great many simple- 
minded people it undoubtedly has a certain charm, tho cliarm of 
mystery wliich is always associated with tho word iiifinito 
and in the early days of tho differential calculus oven Leibnitz 
himself was capable of combining those vague mystical ideas 
with a thoroughly clear understanding of tho limiting process, 
It is true tliat this fog wliich hung round tho foundations of tho 
now science did not prevent Leibnitz or his great sncccssors 
from finding tho riglit path. But this docs not roloaso us from 
tho duty of avoiding ovory such hazy idea in our building-up 
of the differential and integral calculus, , 

The notation of Leibnitz, however, is not merely attractive 
in itself, but is actually of groat flexibility and tlio utmost 
usofulness. Tho reason is that in many calculations and formal 
transformations wo can deal with the symbols dy and dx 
in exactly the same way as if they were ordinary numbers. They 
enable us to give neater expression to many calculations wliich 
can be carried out without their use, In tho following pages 
wo shall SCO this fact voririod over and over again, and shall 
find ourselves justified in making free and roiieatcd iiso of it, 
provided we do not lose sight of tho symbolical oharactor of 
the signs dy and dx. 

For tlio second and higher derivatives also Leibnitz has 
(lovisod a notation of groat suggostivonoss and practical utility, 
Ho thinlcs of tho second derivative as tho limit of tho ” Bcoond 
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clifinaico quoiiont*^ m ilu followiii|^ nuinnoi tii iul<liiiou io 
llio vauablo x wo consiclci O/j =- rc | h and x \ Ih W(^ 
iheix tako the soooml diAacnco cinotioiil is riKaiiuig ilio (usb 
dificroncc quotionlj of tlio fust difloionco quotient, i o tlxo ox 
pies»ion 




wlioro y—f{x), and 2/a=/(®2) 

li = A® and y ~ yi — y^ — y~ Ay, wo may npiuopiiaioly 
call tlic oxpio Sion in tlio last braokot llio dilloxeuco of ilio ililToi 
ouoo of y or ibo second dtjfetenee of y and wrilo aymbohoally 

2/2 - 22/1 -I- 2/ = % — Ay == A(Ay) = Ahj 

In fihia symbolic notation tlio accond diftoionco quotient la tlion 

Ahi 

written r;^. wboro tbo denominator is ically tlio aquaio of Aa, 
[iSx) 

winlo in llio mimoiaior tlio numbci 2 symbolioally donotos tlio 
ropctilion of tho difloiciico pioccss This symbolism for tlio 
difloionoo quotiont | led Loibnitz to lutioduco the notation 

y'=rw-g, r=rw=g, 


for the second and higher derivatives, and vo shall find that tins 
notation also stands the teat of iiao 


8 The Mean Value Theorem 

Botweon tho doiivativo ^ —f{x) and tho dilloronco quotient 

thoro exists a simple relation wluoh la impoitant for many 
piupoBOB This relation is known as tho mean valm llieorm, 


* Iloro AA - A* ia not n squaio but moioly a Bymbol for “ difloronoo of 
diflorouco * or bocoucI dilToionoo 

I Wo must ortiphasi/o tlml tlio stalomoiit that tlio aooontl doiivativo may bo 
roprosenlod aa tho limit of Iho soooiul diffoionoo quotiont loqulios pioof 3’or 
wo provioiisly doflnod tho soaond doiivativo not in thia way, but as tho limit 
of tlio first difforonoo quotiont of tho fiiflt doiivativo In actual fact, tho 
two definitions aio oqiilvalont, providod tho aoooiul doiivativo is ooutimiouB, tho 
pioof, Jiowovor is not ^iven as wo havo no partloiilar need of it horo 
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timiity of/ (x, y). It Ib tlicroforo possible to integrate </> (») bofcAvcon 
tlio limits a and h, tluis obtaining the “ repeated integral ” 

^ ^ (a:) (fe! /(», y) dy) dx. 


By reversing tlio order of tlic process, first calculating the func¬ 
tion of y defined by f /{x, y) dx and then integrating from o to 
d, wo obtain the other repeated integral 

J^{fj{<B,y)dx)dy. 


Those integrals, as we have seen, are obtained by a double 
application of the ordinary simple integration which wo have 
studied in previous chapters. Their importance lios in the 
following fact: 

For coniimious functions f(x, y), and for fundions f(x, y) 
having at most jump discontinuities on a finite number of smooth 
curves, the repeated integrals are equal to the double integral: 


y) dr {J'fix, y) dy) dx 


Wo shall content ourselves witli an intuitive discussion of 
the caso wlioro/{», y) is continuous. In our original discussion of 
the double integral regarded as the volume lying above the rcct- 
anglo a ^x^b, o^y^d and below the surface u^f{x, y), 
wo obtained this volume hy subdividing the solid into vortical 
columns and then letting the diagonals of the bases of those 
columns approach zero. Instead of this wo can divide tlio solid 
into slices of breadth 7c == (d — o)/» by drawing the lines 
y = c -|- p7c (v = 0, 1,.. ., w) parallel to the as-axis and then 
oonstruoting a plane perpondioular to the jry-plano tlirough each 
lino (of. fig. 8). These idanes out tlio solid into n slices which 
grow thinner as n inoroascs, and whoso total volume is equal to 
the doiihlo integral. Wo noiv see that the volume of each slice 
is approximately (but of course not as a rule exactly) equal to 
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and 18 obtamed m tlio following way Wo consider the diflciemco 
quolionb 

M)-/(«?) , A/ 

— Xq Aaj 


of a function /(®), and assume that tiio doiivativo exists every 
wlioiG in tlio mtoival ^ a? ^ graph of tho cm ve 


has a tangent ovoiywlioio llio 
dilloieuco quotient will bo le 
picsontod by tlio dii( ctiou of tho 
secant (see lig 11), it is, in fact, 
tho tangent of tho angle a shown 
111 tlio figiuo Lot us inmgmo 
this secant sliiftod paialld to 
itself At least once it will leach 
a position in winch it is a tangent 
to tho curve at a point between 
x^ and 0 * 2 , namely, at tho point 
ot tho cm VO which is at tho 
gioatest distance fioin tlio secant 
moclialo valuo f sucli that 



riff 14 —T 0 illustnto the mean VrthJe 
theorem 


Ilonco llioio will bo an intor 


/W-/(ig2) „ 


rm 


This slatemont is oallocl the mean value iheo)em of the differenHal 
(kihuhis Wo can also express it somc\\hat diAorontly by noticing 
Uiat tho mimboi ^ may bo wiitton in tlio form 


wlioro 0 IB a coitain nnmboi botwcon 0 and 1 In applications of 
Uio moan value thcoxim wo sliall often find tliat 0 cannot bo 
moio acouiatoly dotonninocl tluin this, but it will usually turn 
out tliat a moio aocuiato value js not noodod WJion acouiatoly 
foimnlatod, then, tho moan valuo thooiom xiuia as follows 
If f(x) is conlinnous w the closed inlejval x-x ^ x ^ ctnd 
diffaenUable at emy point of the open ^nte7val Xx < x < Xg, then 
lhae ^s at lea^l one valiu /), wkete 0 < 0 < 1, such that 

^ + 0{X2, ~ aO} 

itx 


I 
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fundamentai- idjcas 


fC'HAP, 


If wo replace Xj, by x luwl x.^ by a! -]- h, wo cun oxitrohoi |.lio 
mean value theorem by tlio hu'iinila 


/(a; + /t)-/W ..|. Oh), x 

h 


fl 


L 



Pig. IS*—To illuatrnto Oio mean 
value theorem 


Wo wish to cmpluiflizo that while it ifi (tHfionl iitl that /(a-) 
should bo continuous for all points of the interval, iiielmlini; t he 
end-points, wo need not assume that the (lei'iviil.ive exiidn nfc 
the end-points. This apparently trivial roniarlc i.H iiolsially ii;i«»ful 
in many applications. 

If at any j)oint in tho intorior of the iutcuwal tlio (h-i ivufiva 
fails to exist, tho mean value thoorein Is net ntmcosacily (rtm. 

This is shown by fdie (*xatiipl« 
/(»)«.(«(, p. 07. 

Wo can eoinplele oiir intititivn 
argument by the follt>wiii^» eon- 
Hideratioim. Il’Jiere is nt leust omi 
point 1’ on tlie enrvo wliioii Joik 
tho groato.st po.sHil(le iliHliain'o from 
tho chord joining the iminia mi the 
ovirvo whoso alweiasm ure nmi 
»8 (see lig. Ifi). At tliin |ioiiit tlm 
curve by hypothesis has a dofiuito tangent, W(» shnfl now 
prove that this tangent must bo parallel to tho oJiunl. Ily 
definition tho tangent is tho limiting imsillon of the Moran't 
and is obtained by joining P to a point Q on the eiirvci 
and letting tho point Q move towards R 8iiuie by liypoUnrsia 
Q is not farther from tho chord than P, the line PQ jirodimed 
in the direction P to ^ must either out tlio chord or min pnrnlhd 
to it; and this must bo tho oaso, no matter on wJiioli side of I* 
the point Q lies. This, howovor, is only po-wiblo if liiuitiug 
position is parallel to tho chord. It wo douote the u!iH«?iHHii of tho 
point P by tho letter tho slope /'{() of tho tangent at./' i« fchtm 

equal to tho slope of tho chord, honco for f Jm immlier 

, 

* “Lf*® t|ieor 0 m wo may simply take the abseissa of l\ 

The ng<ffom proof of tho moan value theorem in iitmalfy 
developed m tho following way. Wo first estiiblirdi Jfoll/g 
ifeorm, which 18 a spooial case of tho mean value thmnvm: 

If a function ^(x) ts ooniinuous in the dosci iiUcmtl x ^ x. 
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anH diffttenhabli in th( ofxn ivttmil Vj " x \ , find ^ 
addition (l>{\j)= 0 and </.(\ ) 0, t/nn ffioi ni'^fi at Itatf onn 

'point C uiUiiot oj tin intiHul at inhii/i i/>^{ ) 0 

In faci, thoio inust bo at 1« i I oao iK>nit iiiLoiioi fo tito 
mtorvol, at wliidi tlio IiiinLtctn <^(i) 1nb<iH on i1« {'khIihIi oi its 
loiflt valno (cf C’ha]) T, Appotnliv I, ^ li, p (»i), to bo Hpooifio, 
wo assume that 4 is a poiiil svlioio </)(^) n a iiniMiuiiin, ao that 
for ovory a; m <lio inloival </i(i) ^i(f) 'Phon foi ovoiy niinilior 

h whoso absoluto valuo | A | ih mnali onmif'li il m (oitainly tmn 
that A) - 0 l£ A iH poutivo, 

<Hc I A) m 0 

A 

wo now lot h toad to /oro nirout'h pontivo valiios luul 
obtain If, on tlio otlioi bund, A ih ih^jiiHvo, 

<l>{^ \ 0^ and lhnH by loKinp A toad to /oro 

A 

thiongli mgativo valu< i svo obliiiii <//(^) 0, lomiiaung lliiH 

with the piece (Img me quality, wo hoo lhat *//{{,) 0, wliieih 

ostnbliBlioB out thooiom 

Wo now apply liollo’ii iJieoiom to tlm fniiolioii * 

7 {/(>,) /(^,)} 

u 

This function obviouHly Hatmliis tlio eouddiou (/({rj) ■'> 0, 

anelisofthofoxmf/i(s) /(») | «» | AwitheoiiHtanteoolUcJimitfl 

ar=. —and A Ily p '((», wo Know that 

<m fV) I «, 

and tlms by IIoHo’k lliooioni wo have 

0 r//(0 /'(O I rt 

foi a mutably elieison mtoiinediafo valim {, hitiuo 

/'(O -« 

■A *^1 

and tho moan valuo tin oKun m ])U)vo<l 

* Ihlfl function apait fioiu h kotin jiiikpimtU iit. u{ x l« tlio dlHtanro of the 
point (x f{%)) of tlio oiirvo from tim Humnt ihn rp'uihr mu wmlly verify iliijii 
for lilmBolf 
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A 9 tlm first of many ax)X)lications of tho mean value tlicorcm wo shall 
prove the following. Lei the function f(x) be conlimioua in the closed interval 
b and have a derivative f'(x) at every point of the 02}e7i intei^val 
a < X < b. Then if f'(x) is positive evcryivliere wi a < x < b, the func(io7i 
f(x) IS mo7iotoniG mcreasmg in the interval and likewise ij 

f'(x) is negative w a < x < b, ihe7i £(x) is monoionic decreasing* 

We shall prove tho first statomont; tlio second Oan bo proved in 
a similar way. Suppose that /'(rc) > 0, and let iCi and > Xi bo any two 
values of x in tho closed interval. Then by tho mean value theorem 

/(®8) - iCl)/'(^), 

wliero «! < 5 < Since both factors on tho right aro positive, this 
proves that f{x^) > f{Xi); honoo f{x) is monotonio increasing. 

9. The Approximate Representation of Arbitrary Functions by 
Linear Functions. Differentials. 

Tho equation lim defining the dorp 

/i-»o A 

vativo is equivalent to the equations 

f{x+h)-^f{x)^hf{x)i^eh 

or y + Ay=/(aj + Aa?) = f{x) -f f{x) kx+e Aa?, 

where e is a quantity which tends to zero with h = Aaj. U 
for the moment we think of the point x as fixed and tho incro- 
ment Aa? as variable, then by this formula the inoromont of tho 
function, that is, the quantity Ay, consists of two terms, namely, 
a part hf{x) which is proportional to and an error which 
can bo made as small as we please relative to h by making h 
itself small enough. Thus the smaller the interval abotit tho 
point X which wo consider, the more accurately is the function 
/'(aj-f- h) (which is a function of Ji) represented by its linear part 
f{x) + hf{x). This approximate representation of tho function 
f {x -f h) by a linear function of h is expressed geometrically by 
the substitution for the curve of its tangent at the point x. Later, 
in Chapter VII, wo shall consider the practical application of 
these ideas to the performance of approximate calculations. 

Hero we merely remark in passing that it is possible to uso 
this approximate representation of tho increment Aj/ by tlio 
linear expression hf{x) to construct a logically satisfactory 
dofirdtion of the notion of a differential as was done by 
Cauchy in particular. 
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While the idea o£ the diileiciitial as an mfimtcly Bmall ejuan 
bity has no me anmg, and it is accoidiugly lutilo to define the 
derivative as the quotient ol two suck quautitica, we may still 
try to assign a sense to the equitioii/^(a;) = dij(dx m such a way 
that the expits^ion dyjdx need not bo thouglii of as purely 
symbolic, but as the ictual quotient of two quantities dij and dx 
T?or this puipose wo fiist delmo the dciivativo f{o) by oiix limit 
mg process, then think of x aa fixed and (onsidci tlio moicmont 
&.X an the indcpondtnt vaiiable This quantity h wo call 
the d^jferGnt^al of x, and wiito k ^ dx Wo now dofuio the ox 
presaion dy — y*dx ^ hf{x) m the dijfuenltal of the function y, 
dy 18 therefore a niimbci which has nothing to do with infimtoly 
small quanlitios So the doiivativo i/j 
^f{x) m now ically the quotient 
of the dijfoentials dy and cL, but 
m this statement thoio is nothing 
remarkable, it is, in fact, inoioly 
a tautology, a restatement of the 
verbal definition The difloiontial 
dy 18 accordingly the linear pai*t of 

tlio moromont Ay (aeo fig 16) ^^^^ 

^0 sliall not mako any im rig .6-ri,.di{rcKntWrfj, 
mediate use of those diJIorontials 

Noverbholosa, it may bo pointed out for the sake of compleioness 
that wo may also form second and higher dillorontials lor if 
we thmlr of h as clioson in any manner, but always tlio same 
for every value of a?, then dy — hf\x) is a function of of which 
wo oan again form the dilleroiitial The result will be called 
the second diffouitial of j/, and will bo denoted by the symbol 
dhj ~ d^f[x) The mcromont of hf'[x) being h{f*{x + h) —/(x)}, 
the second dificxcntial is obtained by loplacmg the quantity m 
braokots by its linear part hf*\x)y so that dhj — hY"{x) Wo 
may naturally proceed fuithor along the same lines, obiaimng 
third, louith, didorontiah of ?/, &o, winch can bo dofmod 
by the expressions and so on 

10 Remarks on AppUoatlons lo the Natural Soloncos 

In the appluationa of mathematics to natiual plionomona 
we never have to deal with shaiply dofuucl quantities Whether 
a length is exactly a metro is a question which cannot bo decided 




FUNDAMENTAL IDEAS 


[Chap, 


to8 

by auy exporimoixt and which conaequently has no physical 
moaning Again, there is no immediate physical meaning in say¬ 
ing that the length of a material rod is rational or irrational; wo 
can always measHro it with any desired dogreo of accuracy in 
rational numbers, and the real matter of interest is whether or 
not we can manage to perform such a measuromont using rational 
numbers with relatively small denominators. Just as the ques¬ 
tion of rationality or irrationality in the rigorous senso of ‘‘ oxact 
mathematics has no physical meaning, so the- actual carrying 
out of limiting processes in applications will usually bo nothing 
moro than a mathematical idealization. 

The practical significance of such idealizations lies chiefly 
in the fact that if they are used all analytical expressions 
become essentially simpler and more manageable. For example, 
it is vastly simi)ler and moro conveniout to work with the 
notion of instantaneous velocity, which is a function of only 
one dofinito time-instant, than with the notion of avorago 
velocity between two difierent instants. Without such idealiza¬ 
tion every rational investigation of natino would be condemned 
to hopeless complications and would break down at the very 
outset. 

We do not intend, however, to enter into a discussion of tho 
relationship of mathematics to reality. We merely wish to 
emphasize, for the sake of our better understanding of the theory, 
that in applications wo have tho right to replace a derivative 
by a diflerenco quotient and vice versa, provided only that tho 
differences are small enough to guarantee a suflioioiitly close 
approximation. The physicist, the biologist, the engineer, or 
anyone else who has to deal with those ideas in practice,, will 
therefore have the right to identify the difference quotient 
with tho derivative within his limits of accuracy. Tho smaller 
tho inoroment A = dte of tho independent variable, tho moro 
aeourately can he represent the increment Ay ^f{x + h) --fix) 
by the differential dy — hf{x). So long as ho keeps within tho 
limits of accuracy required by tho problem, ho is accustomed 
to speak of the quantities dx^ h and dy ^ hf\x) as infinitesi¬ 
mals These physically infinitesimal quantities have a 
precise moaning. They are finite quantities, not equal to zero, 
which arc chosen small enough for tho given investigation, 
e.g, smaller than a fractional pailJ of a wave-length or smaller 
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ilnn tlio dislanpo between two (lection i m an atom, m gonoml, 
smaller tliin the degiecj of accmacy ncjumd 


h\ VMPF Hg 

1 * Roplaco tho statement At tlio pomb 73 —^ tho function J{x) la 
not dilTcionliablo by an cqinvalont statomoiit not using miy form of 
fcho word differentiable 

2 Dillorontiato tho following, fiinotiona directly 
finition of tho derivative 

(0) (6) (c) 

(e) Bin 3^ (/) 00 saa? (j/) mn^'i 

3 I’lnd tho luioimodiato vnliio ^ of tho mean value thoorom for Uio 
following functions and illusbiaio giaphically 

(a) 2x (h) ( 0 ) 5r3 d {d) l/(aj3 d 1) (e) 

i Show that tho mean valuo theorem fails for tho following fimolloni 
wlien tho two points aio taken with opposito signs eg ajj — 1, 1 

(rt) 1/a (&) I ajj ( 0 ) 

Illnatrato giaphioally and oomparo with tho provious oxamplo 


by using tho do 

{d) ^ 
emx) 

{/») cos^a- 


4: Tin iNHiiiNiTn lurroRAi, iin PniMnivr Fonotion, and 

liiu i>UNDAM1NI\I Till OKI MS 01 illU Dll 11 RUN HAT AND 
Inilgrai OALOunia 

As we liavo ah< idy moiitionocl above, the eonnexion between 
tbo jnoblpm o£ miogration and tho pioblom ol iliflorontiation is 
tho coinei stone o£ tho difloiontial and intoguil caloidus Tba 
connexion wo will now study 

1 Tho Integral as a Funotion of tho Upper Limit 

Tho value ol tho dofinilo integral of n fiin(tion/(®) doponcls on 
tho choice of tho two Inmts of miogration a and b It la a func 
tion of tho lower limit a as well as of tho uppoi limit b In order 
to study tins dopomUnoo inoio closely we imagine tho lower 
lunit fl to bo a delimle fixed number, doiioto tho vanablo of m 
togiation no longoi by x but by u (tf p 82), and denote tlio upper 
limit by X instead of b in oiiloi lo suggoal that wo sluill lot the 



no 


FUNDAMENTAL IDEAS 


[Chap. 

iip2icr limit vary and that wo wish to invostigato the value of 
fcho iiitogral as u function of tlic upper limit. Accordingly, wo 
write 

f f{u)du= 

Wo call this fiinotioii 0(aj) an indefinite integral of tlio function 

/(a;). When wo speak of an and 
not of the indefinite integral, wo 
suggest that instead of the lower 
limit a any other could be chosen, 
in which case wo should ordi¬ 
narily obtain a different value 
for the integral. Geometrically 
the indefinite integral for eaoli 
value of OJ will be given by the 
area (shown by shading in fig. 17) 
Fiff. 17 Under the ciu've Q-nd 

bounded by the ordinates a 
and the sign being determined by rules given earlier 

(p.81). 

If we choose another lower limit a in place of the lower limit 
a, we obtain the indefinite integral 

^a. 

The difierenee — ®(aj) will obviously be given by 

J^f(u)du, 

whicli is a constant, since a and a are each taken as fixed given 
numbers. Therefore 

'F (x) == O (aj) + const.; 

Different indefinite integrals of the same function differ only 
by an additive constant. 

We may lilcewise regard the integral as a function of the lower 
limit, and introduce the fimction 

^(x)-^ff{u)du, 

m wiiieh h is a fixed number. Here again two such in- 
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fcograh with diilucnt upptvi limits b and ^ dilloi only by an 
rfi 

additivo constant / f{^()du 

2 Tbo Deuvativo of the Iiiilofinito Integral 

Wo will now diftoienti lie tbo indcfimto mtogial 0(aj) with 
respect to tlio vail iblo x Tlio lesuli is tbo following tbcoiom 
The i7idcfi7Ute %i[itegial 

0 (0.) =: f f{7l)dtb 
‘'<1 

of a conliTiiious function f(x) always j)osspsses a doivative <I>'(x), 
and, 7no) covery 

<!)'(!«) =/(4 

that IS, diffeieniiation of the %7idefimte %nk(pal of a given con 
tmiious Junction always gives us bad that same function 



Vis i8 —DiircrLiUiniion of tho indcOnito Intcflral 

Thts ts the toot idea of the whole of the diffuenttal and tnlepal 
calculus Tho pi oof follows ovkomoly simply fiom tho lutor 
protation of tho mtcgial ns an aica Wo foim tho diftoionco 
quotient 

4) (a, I 7i) —0{a) 
h 

and obsoivo that tho mum uvtor 

(a: + h) “ <I> (»)“/' f{u)du~ ( f{u) du~ f * / (m) du 

IS tho aipa botwi on tho oidmato coiiospondiiig to x and tho 
oidmato coiusponding to a | /t 

Now lot !(, bo a poinl in tho intoival botwcon » and » + A at 
winch tho funotion/(a) takes its giealost value, and a point 
at which it takes its least value m that mtcival (of fig 18) 



tiz 


FUNDAMENTAL IDEAS 


[Chap 


Then the area in question will lie between the values A/(a?o) 
A/(iKi), wkicli represent the areas of rectangles with the interval 
from a; to a + as base and /{xq) and /{x^) rcs23ectively as alti' 
tudes. Expressed analytically, 




^/K). 


This can also be proved directly from the definition of the in¬ 
tegral without appealing to the geometrical interpretation,* 
To do this we write 

r +A n 

f{u)du — \m S/(mJAu,, 

» «—>-00 ir«=l 

where Uq ~ x, Wg,,. ,, = a; + h are points of division of 

the interval from x to x-\- h, and the greatest of tlio absoluto 
values of the differences tends to zero as n 

increases, Then Au^/h is certainly positive, no mattor whothor 
h is positive or negative. Since we know that/(a^o) ^ 

and since the sum of the quantities Au^, is equal to A,^it follows 
that 


and thus if wo lot n tend to infinity we obtain tlio inoqualities 
stated above for 

7 r^"f{u)du or 

If h now tends to zero, ])oth/(a!o) ancl/(a;|) must tend to tlio 
limit/( e), owing to the continuity of tlio function. Wo thoroforo 
see at once that 

0' (e) = lim ^ 

h-^0 h 

as stated by om theorem. 

Owing to the differentiability of 4) (a?), wo have the following 
theorem, by § 3, No, 6, p. 97 : 

The integral of a continnous function f(x) is itself a contmuous 
function of the uppo* limiL 


♦ Compare also the later disousdon on p. 127. 
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I'm tho sake of complotoncsa we would point out that if we 
regard tho definite integral not as a function of its upper limit 
but as a function of its lower limit, the derivative is not equal 
bo f{x), but IS instead equal to —f(%) In symbols if we put 


then 


'^(®) = / f{u)du, 

‘'V 

f (>«)= -/(») 


Tho pioof follows inmacdi'xtoly fiom tlio rcmaik that 


f(u)du = —j^J{u)(lu 


3 The Primitive Puaohon, General Definition of the Indefinite 
Integial 

Tho thooiem which wo have just proved shows us that the 
mdofinito intcgial 0(a.) at onco gives tho solution of tho follow 
ing problem given a fmiclton f(x), to ddeimine afunctto7v ]r(x) 
such that 

F'(x)=f(x) 

This problem requires us to reverse the piocm of differentiation 
It 18 a typical invoiso pioblom such as occurs in many parts of 
mathomaties and such as wo have already found to be a fruitful 
mathematical method foi gonoiiting now funotious (For ex 
ample, tho fiist extension of the idea of natural iiumbois was 
made undei tho piossuio of the necessity foi reversing certain 
olomontaiy pioeessis of ealoulition The foimation of inveiso 
functions has led and will had us to now kinds of functions) 

A. frmetion J‘Xx) such that F'{s)—f(x) is called a primitive 
funUion of /(a-), 01 simply a pnimtive of f{x), this terminology 
suggests that the function J{x)) arises from I (a:) by dxfleientiation 

This x>ioWom of the mvoision of difioiontiation or of the 
finding of a xnimitivo function is at first sight of quite a diffoiont 
oharactoi from tho xiioblom of mlogration From p 111, howovei, 
wo know that 

’Every indefinite integral (I>(x) of the function f(x) is a pnmilm 
of f(x) 

Yet this result docs not completely solve tho problem of find 
ing primitive functions 3*‘oi wo do not yet know if wo have 
found all tho solutions of tho problem Tho question about tho 

(b798) ® 
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group of all primitivo funcfciona is answered by the following 
theorem, sometimes referred to as the fundamental theorem of 
the differential and integral calculus: 

The difference of two primitives Fi(x) and ^^(x) of (ho samefww- 
tion f(x) is always a eonstanf. 

Fi{x) — FJix) ^ 0 . 

Thus from any one primitive function F(a;) we can obtain all the 
others in the form 

F{x) 0 

by suitable choice of the constant c. Conversely, for every value of 
the constant 0 the expression Fi(a!) = F(x) + c represents a primi¬ 
tive function ofi(x). 

It is clear that for any value of the constant 0 the function 
-F(a;) -|- c is a primitive, provided that F{x) itself is one. For 
{of, p. 96) we liavo 

{F(x + h) H- c} - {F(a!) -I- c] _ F(x h) - F(x) 
h h 

and since by hypothesis the right-hand side tends to f(x) as ?t -> 0, 
BO docs the loft-hand side, and thorofore 

+ =/(«!) = F'(a;). 

Tlum to oomploto tho i)rooJ: of our tliooroni it only roniains 
to show that tho difforonco of two primitivo fimctionB and 
F^i^) is always a constant* I^or this purpose wo coneidor tho 
dinoronao 

0(0)) 

and form tho dorivativo 

« liin "I’' ^ g(^ ^ 

Both tho GxproBsions on tho right-hand eido, by hypothesis, have 
tliG aamo limib/(a;) as h 0; thus for ovory valuo of x wo Imvo 
G'{x) 0. But a function whoso dorivativo is ovorywhoro zero 

must have a graph whoso tangent is evorywhote parallel to tho 
cr-axis, i*o. must bo a constant; and thoreforo wo have 0{x) ^ c, 
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^3 wo ot liod abovo Wo can piovo tbin lisb fact without iclying 
upon intuition, by ubing tho mean value thcoLcui Applying tho 
mean laluo thtoiun to fr(a), wo have 

~ 0{xi) = (a,2 - Xi)G (^), < ^ < sca 

But we have soon that the derivative Q\x) is equal to 0 for every 
value of 0 /, and hence m paitieulai foi tho value hence it follows 
immediately that = G{x ) Since and are arbitiaiy 
values of x in tho given interval, G(x) must bo a constant 

Combining tho theoiom pist proved with tho result of No 2 
(p 111), wo can now make the following statement 

Every primitive function l(x) of a given function f(x) can be 
repiesenied the foun 

F{x) =5 c -| ® (flj) = 0 + f f{u)du, 

where 0 and %aiG comtants^ and come) sehjy for any conUant values 
of a and c chosen aibitianly this expiession aluays rcpiesents a 
primitive function 

It may readily bo guessed tliat tho couBtant c can as a rule 
be omitted, smeo by onanging tho lower limit a wo change tho 
piimitivo function by an additive constant In many oases, 
however, wo should not obtain all tlio piimitivo functions if 
we omitted tho o, as tho example f{x)=: 0 shows Bor this 
function the mdoflmto mtogial of No 1 (p 110) is always 0, inde 
pondontly of tho lower limit, yet any arbitiary constant is a 
piimitivo funotion of f{x) 0 A second example is tho fimc 
tion f{x) = -s/x, winch is dolincd for non negative values of x 
only Tho mdcfimto intigial is 

and wo see that no matter how wo choose tho lower limit a tlio 
mdelimto intogial <I>(a;) is always obtained fiom § {xf^^ by addition 
of a constant which is less tlian or equal to zeio, namely, the con 
stant —yet such a function as + 1 is also a primi 
tive funotion for y^x Thus in tho gonoral expression for tho 
primitive function wo cannot dispcn lo with tho additive constant 
Tho lolationslup which wo havo found suggests an extension 
of tho idea of tho indefinite integral Wo shall henceforth call 

every expression of tho form 0 O («;) = c -[- J f{u) du an mdo 
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finito intogral of/(a;). In otliar wonls, wc shall no hmjcr nm/rr 
dislinciion bdwccn the frimilive fiinrfmi ami the mlefhiife in 
tcgral. NavorliluiloHS, if tlid midor in to Iiiivo a propiT niitlm-- 
Btaiuliiig of tlio intoiToIationH ()f tliosio (ton(io[»tM it in niinoltit-Mly 
necessary tliat iic should (dearly Ixnir in mind tiiat in tlio iimf- 
instfmeo integration and inversion of dilfenmtiiddon nro tv/o 
entirely dift'oront things, and that it in only the Icnowdedgo of 
blio rolationship between them that giv(!S ns i:h(i riglili to npply 
tlio terra “indefinite inte/p'al ” to tlm primitive fmifd'ifm also. 

It is onstomary to represent the imhdinito iiitegrnl by a 
notation whioli in itself is perhai)S not j)(U’feetly (dear. We write 

F{x) ” 0 -I- £f(u)du- ■■ f S{x)dx\ 

that is, wo omit tho upper limit x and the low(>r limit n and nlmi 
the additive constant c and use tho letter x f(n‘ the variuliht ol 
integration. It wotdd KMilly l»o more eonsistent to avoid thin 
last change, in order to prevent eonfiaiion with the np]n>r lindtis 
which is tho inebponrtent variable in h'iie). Tii using tli« notation 

Jf (os) dsi wo must never lose sight of the indetormiminy (•ou» 

jicctcd with it, i.o. tho fact that that symbol always (hmotea itn 
inclofmito integral only, 

i; TIio Use of tho Priinltlvo Funolioa in tho Evnliiatlon of 
Doflnito IntoRrnls. 

Suppose that wo know any one primitive fniuition /<’(;>') ? i 
Jj[x)dx for tho fimetion/(a;) and that we wish to evahiato tho 
dofinito integral / f{u)dti. We know that tiui indcilniti^ integrni 

being also a primitive otf{x), can only diHer from ./'’(a:) by inj 
additive constant. CoiiH(i(|uoutly 

<I)(9!) : 2 ^'(a!) - (- 0 , 

and tho additive constant o is at oneo (l(it(U’niinn(l if wo ro(!olli!(!t 
that tho indofmito integral <!>((«): - f f{n)dn imist talm tli (3 
value 0 when (8.-=^ a. Wo thus obtain 0^ 'I>(a) r - F{(i) 1 <?, 
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whence o = — F{a) and 0 (a:) = ^{x) ~ i {a) In particular, 
foi the value a: — 6 wo have 

f'’f(u)du = F{b)-F{a), 

winch gives ns the important rulo 

If ir(x) w any pmttive of the function %) whatsoever, 
the d(finite iniegml ofi{x) between the liintls a and b ts equal to the 
dijfeicnce ]?(b) — 1(a) 

If wo 1186 the relation F'{x) —/(a.) this may bo wiittcn 
in tho form 

i (6) - I (a) = /■* F'{x) dx = f ‘ dx 

Ja d:b 

This formula can easily bo proved and understood diiecily We 
divide tho intuval a^x^b into sub intervals Ax^ AiCj, , Au.„, 
AjP 

and considei tho sum S —- Ak On tho one hand, this sum is 
Aa!„ 

simply S AF — 1< {b) — I {a), indopondcntly of the particular 
subdivision, henco its limit is F{b) — F{a) On tho other band, 

its limit IS also equal to J F'{x) dx, as follows from tho mean value 

theorem I or AS jAx, = h where is a point intoimediate 
botwooii tho ends and a:,, of tho inteival Aa!„ Tho sum is 
therofoio equal to SA®,, F'{(,), and by tho definition of integral 

this tends to tho limit / F'(x)dx as tho subdivision is made finer, 

which establishes our foimula 

In applying our rulo wo often use tho symbol | to denote 
tho difioionco F{b) — F{a), i o we write 

f''f{x)dx^F{b)~F{a)^F{x)\\ 

meaning by tlie voiUoal lino that in tho preceding oxpiesgion 
first tho value 6, and thou tho value a, is to bo substituted for x, 
and finally tho difioionco of tho losulting numbers is to bo found 


6 Examples 

Wo aro now in a position to ilUistiato by a senes of simple 
oxamplos tho lolationships betwoon tho dcflmto intogral, tho 
mdolimto lutogial, and tho duivativo, which wo have just m- 
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vcfltigatod. In vhijuo of tho tlioorem on p. Ill, from each ot 
(she integration formulDe directly proved in § 2 (p. 82) wo can 
dorivo a difierontiatioii formula. 


On p. 86 wo obtjbincd tlio integration formula 



_ 

a d- 1 




for ovory rational niimbor a 4 = 1 and all positive values of a and 6 ; if wo 
ropliLco tho variable of integration by u and the upper Hunt by Xt this may 
bo written 

1 

I u^du^ - - 

♦/fl oc. H- 1 


From this it follows by tlio fundacaontal theorem that tlie rightdiand side 
ia a primitive funotion of the integrand, i,o. tho differentiation formula 

d 

« (oc + 
dx 

Iff valid for every rational value of « 4 --I and all positive values of x* 
By direofc substitution wo find that this Iasi formula is also true for 
a — 1, if a; > 0* Tlio result obtained exactly agrees with what wo have 
already found (p. 9G) by direct differentiation. Thus by using tho fuu- 
damonial thcorom after \vc bad carried out tho integration, wo could have 
saved ours elves tho trouble of that differentiation, 

Further, from tho integration formula 


£ 


COS u du = Bin a? — sin a 


d 


given on p. 87 it follows that ^ sin «= cos a;, in agreement with tho 
result found on p. 90. 

Convoi'soly, however, wo may regard ovory dircotly-proved differen¬ 
tiation formula ~ f{ic) ns a connexion botwcon a primitive function 
>'’(«;) and a derived function /(a*), that is, we may regard it as a formula 
for Indoflnito intogratioii and then obtain from it tho definite integral of 
f{x) as on p. 117, Tide very method is frequently made use of, as wo 
shall see in Chapter IV (p. 205), In particular, wo may start from tho 
results of § 3 (p, 94 ) and obtain the integral formuleo of § 2 , p, 82, in virtue 
of tho fundamental thcorom, For example, from p, 96 wo know that 

fl ^ , 

(a + llaj* , Thoreforo- 7 is a primitive function or mdefinito 

dx «+1 

integral of provided that « — 1, and thus by p. 117 wo again arrive 

at tho integral forniula above. 
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1 I'lom tho diffuontiationa porfotracfl in ‘Examples 2 3 on p 100 sot 
up tlio corroaponding intc^rationi? 

^'tdx 


2 Lvalnato (a) /"* ^ . a,^ 

JoU+i)» ^ 

3 Using Example 2 prove from tho defimtion of the definite integral 

(it ° 


(a) 11m nf —I _ ^ 4, 4, 1 1 _ 1 

L(n + If (n -f 2f ( 27 if J 2 

(&) hm _+_L „ 4. 4, 1 _ 1 

n->« +1)^ (n* + 2 (n* 4- 4 


B SiMPLU Methods or (teaphtovl iNTrauATiON 

Ah indoliuito integral or primitive function of f{x) is a ftme 
tion y = F{x) wliicli not only can be visualucd as an area^ but 
like any other function can be represented graphically by a 
cinvo Our dofimtion immediately suggests the possibility of 
constructing this cinvo approxi 
matoly and thus obtaining a graph 
of tho integral function To begin 
with we must lomomboi that this 
last curve is not unique, but on 
account of tho additive constant 
can bo shifiod parallel to itself 
in tho direction of tho y axis We 
can thoiofoxo loquuo that the m 
logial curve shall pass through 
an aibitranly soleotod point, eg if x^l belongs to the 
mtoival of definition of /(a?), through the point with the 
CO ordinates ic 1, 0 Tho curve is thereafter determined 

by tlio roquiiomont that for each value of x its direction is given 
by tho coiTosponding value of f{jo) To obtain an approximate 
construction of a curve which satisfies these conditions, we seek 
to construct not tho cmvo y = F{x) itsc If, but a polygonal path 
(broken line) whose corners lie vertically above previously as 
signed points of division of tho x axis and whose segments have 
approximately tho same direction as tho portion of the integral 
curve between tho same points of division ’Pox this purpose we 
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divide our interval of the a^-axis by means of the points x 1 , 
. into a certain number of parts, not neO(iBSarily all 


Pig. ao.-^Graphlcal fntegrfltion of j 

of the same length, and at each point of division wo oroot tho 
parallel to tho y-axis. Then (fig. 19) wo draw tlirough tho point 
»=!, y=Q the straight lino whoso slope is equal to /(I); 

tlirough tho intorsootion of 
this lino with the lino 
We draw tho lino with tho 
slope /(«i); through tho in¬ 
tersection of this lino with 
*=*2 wo draw tho lino with 
8 lopo/(a; 3 ), and so on. In 
tho actual practical con¬ 
struction of those linos, wo 
erect at each point of divi¬ 
sion tho ordinato to tlio 
curve y~f(x), and project 
these ordinates on to any 
parallel to tho p-axis; to 
Fi,.,..-Graphic«u„.cg„a<,„of* fco spociflo, let us suppose 

that they are projected onto 
tho p-axi 8 itself. We then obtain tho direction of tho intem-al 
curve by joining the point with co-ordinatos x^O and 
to the point a> - - 1 , y — 0 . By carrying over these dlrectiona 
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parallel to tliemsdvos wo oht im a polygonal patli whoso coinoLa 
ho vortioally above tho given points of division of the x axis and 
whoso direction agrees with tho diicetioii of the mtegial cuivo at 
the iiutial point of (aoh mtci val This polygonal path can bo made 
to represent tlio mtegial cuivo with any desired degree of accuiacy 
by making tho subdivision of the interval hno enough Wo can 
fioquently improve tho aecuiaiy of the consUuctioii by ehoosnig 
foi the diiection of oaoli segment of the polygon that dnoition 
whicli belongs not to the beginning but to the mid point of tlio 
coiresponding mtoival (cf figs 20 and 21) 

In fig 21 tho conail uoiioii (ksoiibcd above is earned out for tho fiino 
tion /(ft?) = a By giaplueal integiation wo obtain an appioxiraation to the 
into^^ral cuivo which la tho parabola i In addition fig 20 

allows on approximation to tho integral function of tho function /(a) — 1/a 
Wo shall study this intc^ial lator m gicatoi detail—it will turn out to bo 
tho logaiithimo function Innally tho roodoi would bo well advised to 
woik out floino other oxamplos for lurasolf, og tlio giapluoal mtcgiation 
of tho fimotionfl am a and cos a 


PXAMILLS 

1 By graphical miogiation with tho mfeoivul h=> -^q constiuot tlio 
following mtegial omves 

(a) dx{0^x%2) (&) r (1 ^ e ^ 2) 

Jq Ji a-* 

Jq 1 \ Hi 

1 

In partioulai, ovaluato / —-—- dx 

*'0 1 H 

6 hUlUHIR Rl MARKS ON HIE CONNEXION BLIWII N IIIE 

iNrrauAr and xhl Dlrivativl 

BofoLo wo begin to follow up tho iclationslups found m § 4 
(p 109) systematically wo shall ilhutiato them fiom another 
point of view, whicJi is closely related to tho mtuitivo idea of 
density and to oth( i physical concepts 

* Wo may nioiition m pusBing that giapluoal intograhon (that is iho find 
mg of tlio giapli of a pinmtlvo 1 (-r) of a fiinolion/(^) wliich is itsolf givon by 
a graph) can also bo poifoimcd by moans of a mechanical device tho ao oallod 
iniegraph In this moohanimn a noinioi is moved along tho given ouivo and 
a pen automatically liaccs oiio of iho curves »/ “ i (ft?) foi winch 1 (r)^/(ft!) 
iho iiulotoiminacy of tho constant of integiation is ovpicssod by a certain mbi 
tiaimcHB m iho initial position of tlio ludiinnont loi mtcgiatmg dovicos 
goiiorally BOO B Williamson Iniujral Calculus pp 211-217 (longmana) Die 
ixonanj of A^phed Phjsica Vol 111 pp 4C0'4C7 (Macmillan 102ii) 

<K708J 
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1. Mass DistriMxtion and Density; Total Quantity and Speciflo 
Quantity. 

Wo Bupposo that any mass whatsoever is distributed along 
a straight line, the JK-axis, the distribution being continuous but 
not necessarily uniform. We may, for example, think of a vertical 
column of air standing on a surface of area 1; as a;-axis wo take 
a line pointing vertically upwards and as origin the point on 
the earth’s surface. The total mass between two absciss® 
and is then determined in the following way by means of 
a 80 ‘Called sum-function jF(a;). Wo measure distance along the 
lino from the initial point of the mass-distribution, 0, and 
by F{x) wo mean the total mass between the abscissa 0 and 
the abscissa a?. The increment of mass from the abscissa Xi to 
the abscissa Xq is then given simply by 

F{x2) - F{x^)] 

a sign is thus assigned to the increment, and tins sign changes 
ii x-^ and are interchanged. 

The average mass per xmit length in the interval Xi to . 

aJa —‘ 

if we assume that the function F(x) is differentiable, then as 
OJa this value tends to the derivative F^{xi), This quantity 
is precisely what is usually called the specifiG mass or density 
of the distribution at the point as a rule, of course, its value 
depends on the particular point chosen. Between the density 
f{x) and the sum-function there accordingly exists the 
relation 

m^£mdw, f{x)=^r(x). 

The sum-funcHon is a primitive function of the dG 7 isity, or, 
what amorxnts to the same thing, the mass is the integral ' 
of the density] conversely, the density is the derivative of the 
sum-function. 

Exactly the same relation is very frequently encountered 
* in physios. For example, if by Q{Q we denote the total amount 
of heat needed to raise unit mass of a substance from tempera- 
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lurp <(, lo tomporaiuio I, Ihni lo laiso the IcmpciiUito from tj 
to <3 ftu amount of heat cqti il to 

la noeded Between and tlio avorago amounl of heat used 
per unit inciciiso m temperatnro is ilioii 

0(0 — Q 

If wo onco again assume the difEciontiabiliiy of tlio function 
Q {t) wo obtain in tho limit a funcbion 

which wo call tho specific heat of the suhstanco This speoifio 
heat IB in gcneial to bo logaidcd as a fimction of tho tom 
poiature 

IIoio again, between specific heat and total quantity of heat 
thoio exists tho chaiacteristio iclation of intcgial and derivative, 

f q{l)(U=Q(b)~-Q{a) 

Wo shall moot with tlio same lolations m all oases whoro 
total quantity and spooifio quantity aro coutiaatod, o g 
olcctno chaigo as contiastod with density of charge, or tho 
total force on a suiface as contiastod with tho force density or 
piossuro 

In nature it usually happens that what we know directly is 
not tho density or sponlic quantity, but tho total quantity, thus 
it is the miogial which is primary (as the name pnroitivo ** 
suggests) and tho speoifio quantity is only arrived at after a 
lumtmg process, namdy, diflorontiation 

Incidentally it may bo noted that if tho masses considered 
aro by tlioir natiiie positive, tho sum funotion JP(x) must bo a 
monoiomo mu casing function of x, and consequently tho specidc* 
quantity, tho density /(a?), must bo non negative Nothing Inndors 
us, howovoi, from considering negative quantities also (eg 
negative electiicity), then our sum functions F{x) need no longer 
bo monotomo 
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2. Tho Question of Applications, 

Tlie relation of tlio primitive sum^function to the density of 
distribution perhaps becomes clearer when it is reali^iod that 
from the point of view of physical facts tho limiting processes 
of integration and difEoroiitiation represent an idealization, and 
that they do not express anytliing exact in nature. On tho con- 
traiy, in the realm of physical actuality wo can form in place of 
bho integral only a sum of very many small quantities and in 
place of the derivative only a difference quotient of very small 
quantities, Tho quantities Ax remain different from 0; tlio 
passage to the limit A® 0 is merely a mathematical simplili- 
oatioiij in which the accuracy of the mathematical representation 
of tho reality is not essentially impaired. 

As an example we return to tho vertical column, of air. Ac¬ 
cording to the atomic theory wo find that wo cannot tliinlc of 
tho distribution of mass as a continuous function of a?. On. the 
contrary, we will assume (and this, too, is a simplifying ideali¬ 
zation) that tho mass is distributed along tho a;-axi8 in the form 
of a largo number of point-molecules lying very oloso to one 
another* Thou tho sum-fimction F{x) will not be a continuous 
function, but will have a constant value in the interval between 
two molecules and will take a sudden jump as the variable x 
passes tho point occupied by a molecule, Tho amount of tliis 
jump will be equal to the mass of the molecule, while the average 
distance between molecules, according to results established in 
atomic theory, is of tho order of 10''® cm* If now wo are per¬ 
forming upon this air column some measurement in which masses 
of the order 10^ molecules are to be considered negligible, our 
function cannot be distinguished from a continuous function. 
For if we choose two vaiues x and x + Ax whoso difference Ax 
is less than 10““* cm., then the diffei^ence between F{x) and 
lp{x + Air) will bo the mass of tho molecules in the interval; 
since the number of these molecules is of the order of 10^ tho 
values of F{x) and F{x + Aa;) are, so far as our experiment is 
concerned, equal. As density of distribution we consider simply 

F{^+Ax)^F{x) . 

the difforonco quotient ^ ^it is an 

Acc Aoj 

important physical assumption that wo do not obtain measurably 
different values for this quotient when AaJ is allowed to vary 
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between oortam bounds, siy between 10^^ and 10'® cm Now 
lot us imagine that i{x) is measured and plotted foi a laigo 
number of points about 10'^ cm apart, and that the points thus 
found are joined by stiaight lines wo obtnn a polygon, and 
by loiindmg ofl: the comers wo hnally obtain a curve with a 
continuously tuining tangent This curve is tho giapli of some 
function, say F^{x) This now function Fi(x) cannot within tho 
limits of oxpciimontal aocuiacy bo distmguishod fiom 
and its doiivative is within tho same limits cqiul to 
wo thus havo found a continuous diftoiontiibh function which 
for tho puipoaes of physics %s tho function lf{x) 

It IS perhaps appropriate to discuss yot another example of 
the concepts of sum function and density of distiibution In 
statistics, G g ill the kmctio theory of matter 01 m statistical 
biology, these concepts frequently occur lu a form in which tho 
natmo of tho mathematical idoah/atiou is particularly clear 
Let us considoi 0 g the molecules of a gas confined m a vessel 
and observe then velocities at a given instant of time Let the 
number of molecules bo N and let tlio niimboi of those with 
velocities loss than x bo N<t>(a) llienO(a) denotes tho ratio of 
tho mimbor of molcoulcs moving with velocities between 0 and 
X to tho total iiumbei of moleoulos Tins sum function is, of 
course, not continuous, but is sectionally ^ constant and suddenly 
increases by \jN when x as it rncroases passes a value which 
is equal to tho velocity of some molecule 

The idealization which wo shall make hero is that wo shall 
think of the ninnbci N as inoicasing beyond all bounds Wo 
assume that in tins passage to the limit N ->• co tho sum function 
(I>(a;) tonds to a dofimto continuous limit function J(aj) That 
this 18 really tho case (10 that wo can witlr sufiiciont accuracy 
Loplaco 0(0/) by this continuous function J’(oj)) is obviously an 
important physical assumption, and it is another such assump 
tion to suppose that this sumfuuotion F{x) possesses a don 
vativo F'{x)^f{x), winch wo then call the density of clistri 
bution Tho sum functior is connected with the density of dis 
tribution by tlio equations 

F{x) ^ F(b) - F{a) ^ f{x)(h 


• Gor stUchocm of Oliap IX ^ 3 
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Tliis density of distribution is occasionally referred to as the 
^pecifiG pvbabilUy that a molGoiilo possesses the velocity x. 
The idealization we have just carried out plays a great part in 
the kinetic theory of gases originated by Maxwell; in exactly 
the same mathematical form it appears in many problems of 
mathematical statistics. 

7» The Estimation of Integhals and the Mean Value 
Theorem of the Integral Calculus 

We close this chapter with some considerations about a matter 
of general significance, the whole importance of which will not 
appear until somewhat later. The point in question is the 
estimation of integrals. 

1, The Mean Value Theorem of the Integral Calculus. 

The first and simplest of these estimation rules runs as fol¬ 
lows: if in an interval a^x^b the continuous function f{x) 
is everywhere non-negativo (is either positive or zero), then the 
definite integral 

ff(x)da} 

is also non-negative. Similarly, the integral is not positive if the 
function is positive nowhere in the interval. The proof of this 
theorem follows directly from the definition of the integral. 
From this the following theorem arises: if 

everywhere in the interval a ^ a; ^ 6, then 

rb 

j f{x)dx'^ J g{x)dx 

also. For by oim first remark the integral of the diftorence 
f{x) — g{x) is non-negative and by our addition rule (of. p. 82) 

/ — f g{x)dx. 

•^a *'a 

Let M be tbe greatest and w the least value of the function 
/(®) in the interval ab. The function M—f{x) is non-nogativo 
in the interval, and the same is true for the function/(a;) — m. 
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From the abo\o reitiaik wo immediately obtain tUo double 
nequality 

riuh < j* f(.x) da ^ f Mdx 

Jq Jh J(i 

J rh aU 

^ mdx—mJ dx^mib—a) andlikewiso J Mdx=M{b—a), 

fb 

whence m {6 — a) ^ / f{%)dx-^M{b~d) Tho integral under 

consideraliion can thoiefoic be ropicstntcd as the pioduct ot 
\b — a) and some number /x between m and M 

fh 

\ j{x)dj(^^ {i{b —a\ 


As a rule tliere la no need to state tho exact value of this mean 
value /X We may, howevci, atato that it will be aaamned by the 
function at one point ^ of tho inteival a ^ | ^ 6 at least, smeo 
m its mtoxval of definition a continuous function asaumes all 
values between its gieatost value and its least As m the case 
of tho mean value theorem of the diftcicntial calculus, tho exact 
statement of the value ^ is m many cases unimportant Wo may 
thorofoio put /X —/(I), wlieie ^ is an mtermediate value of oj, 
and wo then have 

f f{x)dx^{b~ a)f(^), a^i^b 

This last formula is called the mean value theorem of the integral 
ealcuhis 

Wo can gonDiali70 tho thooiem somewhat by considering, 
instead of the integrand/(a?), an integrand of tho ioxmf(x)p[x), 
wliore p{x) IS an arhxliary non negative Junction^ wheh^ hie f(x), 
18 to be assumed continuous Since mplx) ^f{x)p{x) ^ Mp{x\ 
wo immodiatoly obtain tho relation 

fb fb fb 

ml p(x)dx^ I f{x)p{x)dx^ MI f{x)dx, 

Jq Jfl 


or, m a single equation, 

where | is again a number intei mediate between a md b 
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We lave tluis proved tiro following theorem; 

IJ f(x) and p(x) are continuous functions to » ^ x ^ b, and 
p(x) ^ 0, then 

f [ p(x)dx, 

*'a 

where a ^ ^ ^ b. 

2. Applications. Tho Integration of a;“ for any Irrational Value 
of a. 

The mean value theorem and tho equivalent integral estimates 
immediately afford ua an insight into an intuitive and easily 

apprehended fact: the value 
of an integral changes very 
little if the function itself is 
everywhere changed very little. 
In precise language; if in tho 
whole interval a^x^h tho 
absolute value of tho difforouco 
of two functions /(®) and g{x) 
is less than a number e, then 
tho difforouco of their inte¬ 
grals is in absolute value less 
than €{6 ~ a). In symbols: 
if throughout tho interval 
a ^ ® ^ 6 wo have I/(a;) —(/(a;) I < e, then 

, \Ia ” I„ S(po)^ I < e(6 — a) 
or, otherwiso expressed, 

- e{b - a) +^g(x)dx <^J{x)da> <J^g(x)dx-\- e(6 - a). 

Fig. 22 illustrates this theorem very clearly. For tho curve 
g=^f(x) we draw tho "parallel curves” y=/(x)+e and 
y ==/(a:) — e. By hypothesis tlie function g{x} keeps within the 
strip bounded by these " parallel curves ”. It is clear from this 
that tho areas which are bounded by the ourvos f(x) and g(x) 
differ from one another by less than half the area of the strip, 
and the area of the strip is just 
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r {/('») — [*{/('») - 2e(ft — a) 

I vfl 

No appi al to intuition n neodtcl Smco 

—e + g{x) <f{x) < € + 

t follows, by considoTations analogous to tlioso ou p 126, that 
f {-« hg{c)}(h <f f{'c)(h<[ {(/(r)-!- e}(h, 

winch as tlio result of tlio fundamental rules of integiation takes 
the form 

-~e{b — a) f gia,)dx<[ /{^)(h< f g{x)(h-\-e{b~ a), 

Jq J a Ja 

hero wo havo merely loplacecl tho integral of a sum by tho cor 
responding sum of intogial j, and liavo noticed that 

rh 

/ €(6 — a) 


As an mdicaliion of tho importance of this thcoiom wo shall 
show that with its help wo aio able to integrate tho fimclioii foi any 
11 rational value of a oi more oxaotly to oaloulato tho dofimio integral 
& 

I dx Hero wo assume that 0 < a < 6 

*'rt 

Wo reprejont tho index a as tho limit of a Hoquonce of rational niimbors 
«j a cc„ BO ilmt hma^ hero wo can assume that none 

of tho values c/„ is equal to —1 Binco a itself is difloronh fiom—1 J?or 
the power wo then use the definition 

S5S hm X f* 

and notice tho following no matter how small a positive number c wo 
ohooao wo can always find an 7i so largo that m the whole mtoival 
a ^ a; ^ 6 wo have x »[ < s 

* This can bo piovcd quiio simply as follows (Of Appendix I ^ 3 p dO) 
Romombonn^ that x'^ is monotonio and puttuif, 8 ==• a -- a wo have 
I Ji;<t “ ^ tt I I 1 — ajSit [ ^ (aa 1- ) (j 1 — ri8 ( I | 1 - /ji | ) 

for lies botw oon a« and b so that 'i* g « t 6^ and likowiao I -- 1 lies 
botwoon 1 — a®» and 1 — 68 no that | 1 - | ^ (| 1 | H 11 ” 65»j) 

From Ihn Inn b^n « 1 it follows ilmt 

n<-> 

lim U - oSnl = Hm 11 - 68.1 =■ 0 

■ qO 

60 if a 19 choson largo enough the light hand aldo of tho mccjualitv is less than < 
This gives U3 I - a j < € Blmultancously for all valiios of x in the interval 
a^x^b 
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Now wt lioctl only apply tho relationship montioned above to tlie 
funotions f(x) = and g{x) — obtaining 

— z(h ~~ a) + f x^ndx < f x^dx < f X'^ndx E{h — ft), 

da 

Dho integrals on tho right and on tlie left, however, may bo evaluated in 
{tecordnneo with tho result on p. 85, giving 

-~g(& — a] d- —^ 

1 

I 

< I X'^dx < - - (t«n+l — a"n+l) + e(& — <l). 

da ^ 


If WO now let tlio inimhor e steadily decrease and tend to 0, tho cor¬ 
responding values of n iiioreaao boyond all bounds; tho numbers «„, 
and Z)"« must tlion convorgo to oc, a% and respectively, and wo immediately 
obtain the result 



1 

(X d’ 1 




Tn otlior words, tho integration formula that holds for rational values of « 
holds also for irrational values of a. 

From this it follows in virtue of tho fundamental theorem of p, 111 
that for positivo values of x tho differentiation formula 

d 

Y = (ot + 


already obtained for rational values of « remains valid for irrational values 
of« also. 


Examples 

1 . Find tho intermediate value 5 ^>f tho mean value theorem of tho 
integral calculus for tho following, and interpret geometricallyr 


ia) f Ida?, 
da 

rh 

{h) I xdx, 
da 

(c) / x^dx. 
da 

'-n 


2, Lot f(x) bo oontinuous, Provo, from the mean value theorem of the 
Integral oaloulus, that the derivative of the indefinito integral of f(x) is 
equal to fix), 

8, (a) Evaluate === f What is lim /„? Interpret geomotri- 

Jo n->.«o 

callj^, {h) Do the same for I x^dx. 
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4’*' Lot the fuuoUou /(^) l>o continuous for all values of 5* lot 
W{x) 1)D defined by tho equation 

vv^hero 8 is an arbitrary positive number Provo that 

(a) tlio function if(^) possesses a continuous dorivativo for nil values 
of so 

(&) m any fixed interval a S ^ & wo can make \ l*(x) — /(a:) [ < e 
whore e la an arbitrary pro assigned positive niimbu by choosing S small 
enough 

6 * Schnan's tnequahiy for integrals 

Prove that foi all contmnoua funotiona /(oj) (/(oj) 

jy(x)Ydxjy{,%)fdx s (jr/(»)pN<te)' 


Appendix to Cliaptei 11 

1 Till Exisiencl 01 Piir UiriNur lNric.UAi ou a 
CoNiiNUODS FuwenoN 

Wo Ixavo Biill to givo a piool of tho laot that the defimto 
integral of a contimrouB function between the limits a and b 
(a < h) always exists Foi this puiposo wo recall tho notation 
of § 1 (p 79), and consiclor tho sum 

F„~J1 

H ■" 1 

It 13 certamly true that 

V ^ 1 M «« 1 

wliero/(i;J clonotca tho least tho gicatost value of tho 

funetion. in the v tli sub interval The pioblem is to pxove that 
tends to a defimto limit indcpondent of tlxo particular manner 
of subdivision and of the particular choice of tho qimntitzcs 
piovidod that as n increases the 1( ngth of tho longest sub interval 
tends to Aevo To establish this it is ob\iouslj noccasaiy and 
suffioiont to show that tho two expressions F^ and convorgo 
to one and the same limit 
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No matter how small the positive number e is cIiosen> wo 
Icuow by the uniform continuity of f(x) that in every suffi'* 
ciently small interval the ‘^oscillation^* |/(wj— 
less than e; so that if the subdivision is fine enough wo cor' 
tainly must have 

= i Aa;,{/K) < e{b - a). 

- 

Wo therefore see that as n inorcases this diflerenco must toncl 
to zero, and so wo can content ourselves with proving that one 
of the sums, say converges* This convergence will bo proved 
as soon as wo show that [ — F^n | can bo made as small as dO' 

flirod by requiring that the corresponding subdivisions (which 
we shall refer to as subdivision n ** and ‘‘ subdivision m ** 
respectively) go beyond a certain degree of fineness. TJiis degree 
of fineness is characterized by the property that for botli sub¬ 
divisions the oscillation of the function in each sub-interval is 
loss than e (e > 0)* Wo pass to a third subdivision whoso points 
of division consist of all the points of subdivision n and of 
subdivision m taken together. This now subdivision, which has 
say I points of division, wo denote by the suflbe and wo con¬ 
sider the corresponding upper sum Fi, Wo shall now estimate 
the value of [ ~K\ by first obtaining estimates for the 

expressions | — jpj | and | JP,,, — [. Wo assort that tho 

following two relationships hold: 

and 

Tho proof follows at once from tho meaning of our expressions, 
Lot us consider say the p-th sub-interval of tho subdivision n. 
This sub-interval will consist of ono or several sub-intorvals of 
the subdivision l\ the terms corresponding to these intervals 
will each consist of two factors, ono of which is a dificroneo Ax 
and tho other of which is certainly not greater than f{u^) and 
not less than/(t;J. The sum of the lengths Ax of those intervals 
of tho subdivision I which lie in tho p-th sub-interval of tho 
coarser subdivision n is, however, exactly Ax^. We tlieroforo 
see that the corresponding contribution to tho sum Fi must 
lio between the limits/(wJAoj^ andIf wo now sum over 
all the n sub-intervals wo obtain tho first of tho above inoquali- 
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tieSj "blio second is obtainod m exactly tlio aanic way if wo cou 
sidcr tFo subdivision m instead of tlio subdivision n 

Wo bavo already seen that i i „ < €(/> — a), it is like 
Wise true that hiom. tlio inequalities for 

proved above, it tbcieloio follows that 

0 g — Fi < €(6 — a) and 0 ^ — Fi < €(b — a) 

Thus it IS also certain that 

I i;:! = 1 {F:~-17)~{K-F;) I < 2c(b-a) 

Since e can bo chosen as small as we please, tins relation shows 
us by Cauchy’s convcigonco test (p 40) that the sequence 
of numbois actually coiivoiges At the same time wo see 
at once from 0111 argument that tlio limiting valno is completely 
mdopendent of the manner of subdivision 

The proof of the cxistonco of the dolmito integial of a con 
timious function is thus complete 

Our method of pioof teaches us still more It shows us that 
m many cases we are also led to the integral by a somewhat 
more general limiting piocess If, foi example,/(aj) = r/>(a:)t/;(a/) 
and the mteival fiom a to 6 is subdivided into n parts by the 
points of division wo consider nistoad of tho sum 
the more gonoial sum 

wheio and aio two 110 I ncoossaiily comcid( nt points of 
the V th sub interval Tins sum will also tend to the intcgial 

f f{x)dx^ f ([)(x)ijs{x)dx 

as n increases, provided that the length of the longest sub interval 
tends to zero 

A coi responding statement holds for all sums formed in an 
analogous way, foi example, the sum 

p=i 

lends to the integral 
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TEe proof of these facts follows lines exactly similar to the above 
and hence need not be worked out in detail. 


2* The Relation between the Mean Value Theorem oe 
THE Differential Calculus and the Mean Value 
Theorem of the Integral Calculus. 

Between the mean value theorem of the diftcrGntial calculus 
and tliat of the integral calculus there exists a simple relation 
which is arrived at by way of the fundamental theorem (p. Ill) 
and which we give as an instructive example of the iiso of that 
theorein, We take the mean value theorem of tho integral 
caloulua in its more special form, 

/ f{^)dx^ (i-a)/(|). 

If wo put Jf{x)dx= F{x), so that f{x) = F'(x), tho theorem 
just written takes tho form 

F{b)~F{a)={b-a)Fy) 

or •— F{a) _ 

b — a 

Hgi‘q we can obviously choose for F{x) any function wlioso 
first derivative F'{x)=^f{x) is continuous, and thus for such 
functions tho mean value theorem of tho differential calculus is 
proved. 

If we consider tho more general form of tho moan value 
theorem of tho integral calculus, 

/(»)?{»)=/(6 I* l>{oo)dx, 

where p{x) is a function which in our interval is coutimious and 
positive and f{x) is an arbitrary continuous fiuiction, wo are 
led to a correspondingly more general mean value theorem of 
the differential calculus. We put 

ff{(o)p(x)dx = Fix), i.o. f{x)p(x) = 2i’'(5t!), 

Jpix)(lx = G{x), i. 0 . pix) = G'ix); 


aud 
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tlio above moan value formula thou t ikes the form 

or, ^mcQf{x) = 

G{xy 

F{b) - F{a) _ i (0 
G{b)^G{a) G^iCy 

wliero fit 4= ^ 

Tills formula, in winch f once agfini donolcs a number inter 
mediate between a and h is called the (jcnoali'^ed mean value 
theormn of the diheientnl calculus Foi this to bo valid it is 
obviously sufliciont to assume that i{jr) and G{x) are continuous 
functions with contmuous first dciivativ( s and that in addition 
G'{x) IS ovorywhoro positive (oi everywluie negative) I?oi with 
these assumptions the whole pioccss can bo icvcrsi d 

Finally, it should bo observed tliat in the present discussion 
of tho mean value tliooicm of the diftcicntiul calculus wo have 
had to make assumptions moie stxingont than tho iheoioms in 
thomsolves lequiio (Cf § 3, No 8, p 103, and latoi p 203 ) 

Ex viyirr i: 

1 Show that if /(a?) has a oontinnous donvatlvo in tlio Interval 
a ^ a: g 6 then f(x) can bo reprosoiitcd as tho dilToionoo of two monotunio 
funetiona 
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Differentiation and Integration of the 
Elementary Functions 

L The Simplest Rules eor Dieperentiation and 

THEIR AppLIOATIONS 

In liiglier analysis and its applications it is usually the caso 
that the problems of integration are more important than those 
of differentiation, but that differoutiation olfers less diflioulty 
than integration. Consequently the natural method of building 
up the integral and differential calculus is first to learn to dif¬ 
ferentiate the widest possible classes of functions and tlion by 
viituo of the fundamental tlxeorem (Chap. II, § 4, p. 116) to make 
the results thus obtained available for the solution of intogiution 
problems. In the following sections it will bo our task to carry 
out this programme, To a certain extent wo shall make a 
fresh start, since wo shall work out the most important diiloren- 
tiations and integrations systematically without calling upon 
the results of last ohapter. In this development of the subject 
certain rules for differentiation, with the first of which wo aro 
aheady acquainted (p. 96), will play an important part. 

1. Rules for Differentiation. 

Wo assume that in the interval which wo aro considering the 
functions/(ic) and aro differentiable; our rules then run as 
follows: 

Rule 1. Multiplication by a constant. 

If c is a constant and = c/(a?), then ({>{x) is difforontiablo, 
and 

180 
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This follows immccliatoly fiom tho rplation 

<l>{x+h) — <l>{r) ^ f{v-\ h) -f(v) 
h h 

if wo take the limits as 0 
Hulo 2 Derivative of a sum 

If (p(v) =f(x) + g{T), then (fix) is clifforcntiablo, and 
=/'(-c) + 5'(®)> 

tkat IS, the procoasoa of differentiation and addition aro inter 
changeahlo The same holds foi tlio sum of any finite number (w) 
of terms 

<f>(x)=‘f,fy{x), 

for wlueli WG obtain 

f (») = S/;(a:) 

l»=.l 

We may pass over the proof, winch aflci Chap II, § 3 (p 88) is 
fairly obvious 

Eulo 3 DGnmt^ve of a 'product 

If ^{x) —then ^d(a)) is difEeiontiablo, and 

^•{x) =S[x)g\x) + gW{x) 

Tho proof follows fiom the equation 

^x-\-h)-j,{x) _ f{x-\~h)g{x+h)—f{x)g(x) 

h h 

■„ /(a!+7t)g(a~-l h,)~f{x k/t)g(a!),-|-/(»H 

h 

fh H 

In thia last expression tho passage to tho hrait h —>• 0 can be 
directly carried out, yielding tho formula stated 

This formula takes a still more elegant form if we divide ^ 
throughout by (fiix) ^f{x)g{x) Wo then ohtam 

^>{x) f{x) g{x) 


* Wo muafc of coiirao nssumo that ^(ai) Is nowJioro equal to 7oro 
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By repeated application of this product formula wo obtain 
by iiicluotion for the derivative of a j)rodnct of n factors an 
expression consisting of n terms, each of wliich consists of tho 
derivative of one factor multiplied by all the other factors of 
the original product. In symbols: 

==/i'(®)/2(a:) • • •/ti(®)+/i(»)/2'(®)/3(®) • ■ •/«(*) 

H~ • ■ • +/l(®)/2(®) • • •/«’(*) 

-i /» 


n 

s 


m 


or on division * by ^{x) —fi{x)fz{x) .. .f„{x) 

/i{®) /*(=«) /«(®)" 

Rule 4, Demative of a quotient. 

For a quotient 

the following rul$ bolds: the function ^(») is differentiable at 
every point at which g{x) docs not vanish, and 

-- 

If ^ (a;) 4= 0, this can be written 

_f'{x) gf(x) 

/(®) 

If we accept the differontiability of ^(a?) as a hypothesis, wo 
can apply the product rule to/(aj) = ^{x)g{ixl) and conclude that 

/( a ?) + 9[x)4![x). 

By substitutingfor ^{x) on the right and solving for (}}{x) 

m 

we obtain the rule stated above. In order to prove the difioron- 


* Wo must, of coarse, assume that ^(a?) is nowhere equal to zero. 
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tiability of ^(x) as well as tlio rule wc use the following iiuthod 
Wg write 

f(x + h) f{x) 

7t) — ^ g{x -\ h) g{x) 

h h 




/(^ + h) -f{r) _ g(a -|- /djr_V(>) 


h 


h 


f{r) 


g{j)g{x \~h) 

If wo now lot k tend to 0, wo anivo at tlio Ksult state d, foi by 
hypotliebis the two teims obtami d by poifoimnig the ilivision 

on tho right have dehuito limits, winch are icsjk < tivi ly 

and This at onco piovcs both tho oxisiom o of tho I unit 

on tho left hand side and tho diftorontmtioii formula 


2 Differentiation of the Eational Functions 

To begin with, wo shall ag im deduce the dihcnc ntuition foi mulii 

^ oj” — 
dx 

for every positive integei ny basing tho pi oof on the lulo foi 
difteroniiatmg a pioduct Wo thml of as a xnoduct of « 
factors, = a; Xy and thonco obtain 

= 1 H- 1 + ~| 1 ^ 

dx 

The second derivative of tho function a.” lesults it wo uso 
tho above foimula and tho hist lulo of diih icutiation 

— 0?” — w(n— l)x” 
dx^ 


Contiuumg tho piocess, wo obtain 
d^ 
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From the last/ of these it ia clear that the (w+ l)“th derivative 
of a?'* vanishes everywhere. 

In virtue of oui* first two ruleSj a knowledge of the difEer- 
entiation of powers at once enables us to difEerentiate any 
polynomial 

2 / === ^0 + + ^ 2 ^^ + ». . + 

Wo have simply 

+ 2%a? -\- + . . . + 

and fiu'tlier 

— 2 a 2 + 3, 2 ^ 3 ^? + 4. 3 ^ 40 ;^ + . , . + n{n — l)a^^a;""^ 
and so on. 

The differentiation of any rational function now follows 
with the help of the quotient rule. In paiticular, wo shall 
again deduce the difierontiation formula for tho function 
where n = —m ia a negative integer. Tho application of tho 
quotient rule, together with tho fact that tho derivative of a 
constant ia equal to zero, gives us tho result 

cJ / 1 \ _ 

dx \x^^/ 

or, if wo take m — — 

~ 0 ?” =3 
dx 

whioh agrees formally with tho result for positive values of n 
and with the results given earlier (p. 96). 

3. Bifferentlatlon of the Trigonometric Functions* 

For tho trigonometric functions sin a? and cos a; wo have 
already (p. 96) obtained tho difEerentiation formula 

d . id 

sina? = cosa? and — cosa; — —sina. 
dx dx 

The quotient rule now enables us to difEerentiato tho functions 

, sin a; 1 . cosaj 

y = tanir == -- ana y = cota? — —. ■ 

COSO? sm X 
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Accoidm^ to tlio iiilo, tlxo doiivativo of llu fust of tin so fiiiic 
tions IS 

, _ cos a, -I sin or ^ 1 

^ cos X cos^ic^ 


and wc obtain ilio result 


— tana; =-= ee(®ir 1 d tin x 

ax cos X 

Similaily, wo o])iani 
a 1 

_ cota; --— —coseo®» — —(1 -| coraj) 

dx sin®® 


2 Tnr CoBBrspONDiNO Iniioiui Fobmui;? 

1 General Ruloa for Integration 

Tlio fundamental thioioni of ]> IK) and tho definition of the 
mdofinito integral icvial to uh the possibility of wiitiiig down 
an integral foimuia (one iponding to i ai li ddfcrontiation foiniiila 
Tho following luhs of intigiation (of wliidi tho fiiat two have 
already been mditiomd on ji 82) nio coinplotely iqiiivahut to 
the hist tlneo nih s of dillt i oiitiiition 

MuUifltealion by a eomtanl If o is a (oiistant, I lien 

jcj(\)d% 

Integration of a mm Tt ib always tine that 

/{/(») hj7 (»)}'/'» //('e)rf-fc I 

To the thud mlo of diAi k ntiation (orr< ijionds tho nile for 
the integHilion of a pioditrl, oi, as it is usually lalhd, Ihe lule 
for integnihon by parl'^ On inti giation tho piodiiot iido giv( s 

j{my{^)ydr fnt)y'(c)di I fy{'i)r(,)(h 

Tho indcfnuLo intigral on the loft is obviously f{T)q(x) (ox(oi)t 
possibly for an additive oonslant) and wo can Uinttmo wiito 
tho rule for iniigiation liy parts in tlio following foim 

J f{r)g'{(r)do f{v)g{c) fy(i)f{j')dx 
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This last integration formula, tho coiinterpaiii of tlio riilo for 
tlie difierentiation of a product, lias bcon given horo only for 
the sake of completeness; it will not become important for us 
until the next chapter (p. 218)* 


2. Integration of the Simplest Functions. 

Corresponding to tho differentiation formulDo for special 
functions which wo have recently found, wo now sot down tlm 
equivalent integration formulro. The formula 

^ 


when expressed as an integration formula becomes 





For this foimula merely means that tho derivative of tho right- 
hand side is equal to tho expression under tho integral sign 
on the left. If we replace n by w + 1, we obtain tho integral 
formula 

f =; ^ 72 . 4 ^ — 1 . 

This formula holds for every integral index n (where n < 0 
it of course holds only if a? + 0) with tho exception of 7i —1, 
for which tho denominator 72- + 1 would vanish, Lator (p. 167) 
this exceptional case will be studied in detail 

The fundamental theorem of tho integral calculus at onoo 
permits us to use our integral formula) for tho dotorminatiou of 
areas, that is, of definite integrals. By p, 117 wo immediately 
obtain 

I x^dx = —^ 72 4 = — 1 » 
n+l 

where if 72- is negative wo assume that a and b are of the same 
sign, since othei‘wise tho integrand would be discontinuous in 
the interval of integration. 

To the differentiation formula for sina?, costr, tana;, and cota; 
correspond tho following integration formulm: 
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H 3 


J cosxdx = sma:, jBia.X(h = —co’ix, 
f dx = tan®, f~\- (h — —cot® 


From Uieao foimxileo wo obt un by way of tbc fundamental lulo 
of Chap 11, § 4 (p 117) tlio value of the dofimto mtegial between 
any lixnits, tbo only lestiiction being that wlion tlio last two 
formulin aio used tbo mteival of integration must not contain 
any point of discontuuuty of tbo intogiand Foi example, 


f. 


coBxdx^ sma; 


sin6- 


sma 


It soaioely needs to bo oniphasi/ed that with tlio help of 
the first two rules of integration we arc now in a position to 
integrate any polynomial m a;, and, m fact, any linear combma 
tion witli aibitiary constant coelhcionts of the functions into 
grated hcio The following point, however, should bo noted 
Rules of integiation and lulcs of diflorentiation must accoiding 
to the fundamental tlieoiom bo equivalent to ono anothoi, it 
is therefore possible fust to prove the general mtogiation rules 
of tbs section and then to lead oil the (liftoiontiaiion rules of 
the piecedmg section The loadoi would bo well advised to 
cairy out this suggestion foi himself 


iiXAftunca 


1 Find the numorioal values of all the derivatives of at a?« 1 

2 What IS the niimoiioal value of the eleventh dciivativo of 

317a®- 202 t^ | 76 at a;=:=: nj? 


3 RlITorontiato the 
mg integral formulte 
{a) ax+h 


(b) 25ca,7 
(o) aH 2bx I 

(OSfi-; 

cx a 


following fiinotioiia and wiile down the ooirospond 

, . aa;® I 26^ h o 
o^"T 2pi i Y 

. , (a,»-V8%‘ I 4)(a." | Via.* |-4) 
a-‘» I 10 


4 Lob 2■'(^) «(, I \ \ 

(a) (JalonlaLo the polynomial i'(a) from the equation ^(^) — F (^) P{x) 
(tj* Caloulato i^(a;) fioin tlio equation CqI({v) \ c^l* (a;) | '(ii)« P(a/) 
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G, DiXYorontiate tlio follo^ving fuiiotiona and writo clown tlco uorro' 
aponding integral fonnulai: 


(a) 2sma;ooacr, 
1 


(&) 


1 + tan ic 


(c) a? tan 

Bin X -1- coa x 
* ain X — 003 x 


(^) 


Hin X 


RecaUing that seoaJ= cosooa?j^——» (lorivaliveB 

mdicatod in Ex. 6-9; ® 


6. — aeoa;. 
dx^ 

r, 

7, — seo X tan x. 


8. ~ ooacoa?* 
dx^ 

9. —; tauo? sin x. 


10. Find the limit as » oo of tlio absolute value of the ?i-th deri¬ 


vative of “ at the point x ^ 2. 
a; 

Evaluator 

11 


16. 

16 


•/(“ 


cos X -h 


f{ax+b)dx. 

12. J (ooj® + 26aj + c)dx, 

13. f{Qx^+W+Gx^+dx^+l)dx. 17. fUx \^Tiimxi^^-^JLX 

J \ ous^a*/ 


4-)*. 

lu^ a'/ 


B./. 


18, / SCO aj tan x dx^ 


3. The Inverse Funcx:on and its Deiuvative 

1. The General Formula for Dlfforoutiatiou. 

Wo have aeon oarlior (pp, 21 and 67) that a contimioiis func¬ 
tion y=-f{x) has a continuous invorao in ovoiy interval in whioli 
it is monotonic. Moro exactly: 

^ a ^ X ^ b IS art interval in which the continxtous function 
y ~ f (x) is monotonio, and if f (a) = o and f (b) === /?, than x is a 
functwn of y which in the interval between a and is one-vahwd, 
continuous, and monotonic. 

As we have already shown on p. 92, the concept of tho deri¬ 
vative gives us a simple means for recognizing that a function is 
monotonio and therefore has an invorso. For a dilfercntiablo 
function is dertainly always monotonio inoroasing if /'(a;) is 
greater than zero throughout tho corresponding interval, and 
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sumlorly is mouotonio decroasmg is oveiywliero loss than 

zero in tho interval 

We shall now prove tho following theoicm 
If %n the interval a < x < b the function y == f(x) %s (Ufferm 
Hable, and in that miei ml cither f (x) > 0 everywhere or else 
±'(x) < 0 everywhoe^ then ike mveiee function x=(jj(y) also 
possesses a derivative at every point of its inteival of deJmUiony 
and hetwe&n the derivative of the given function y = f (x) and that 
of the inverse function x = ^(y) there exists for corresponding 
values of x and y the relationship f (x) == 1, which we can 

also write m the form 

dx dx 
dy 


In this last formula we again observe the flexibility 
of Loibmtz^s notation It is )uat as if the symbols dy 
and dtx were quantities which could bo operated with like 
actual mnnbois Tho proof of this formula is coiicsponduigly 
simple if we legaid the derivative as the limit of tho difiorenco 
quotient, 


/^(^)— hm lim 


where x and y —/(aj), and x^ and Pi rcspeotively denote 

pairs of coirespondmg values By hypothesis the Hist of these 
limiting values is not equal to zeio On account of tho continuity 
of y^f{x) and x = ^{y) tho equation InnAa? =; 0 is eqiuvalont 
to lun Ay == 0, and consequently the relations yi-^y and x^-^x 
are also equivalent Therefore the limiting value 

hm lim 

9ei->-9tyi y y 


exists and is equal to 


1 

/'(*) 


On the other hand, tho limiting value 


is by definition the derivative (f)^(y) of tho inverse function (fly), 
and thus our foimula is proved 


This formula has a simple geomotnoal moaning wlnoh is clearly shown 
in fig 1 Ihe tangent to tho ouxvo y — /(a/) or a? 9(1/) forms with the 
(e798) 6 
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positive a-axis on, angle «, with the positive y-axis an angle ( 5 , ami from 
the geoinotrical meaning of tlio derivative 



Fig. I,—DifTcrentintion of the 
inverse function 


f(x) = tan «, 9'(z/) — tan p. 

Since, liowovov, the «inn of tite angle.4 
a and p is 7t/2, tana tan 1, and 
this rolationslup is exactly Offiii valent to 
our dilTorontiatioji formula. 

Wo Iiavo liit/liorto oxp^(^9^^1y 
assumed that cither f\x) > 0 or 
f{x) < 0, i,o. tluit f(x) m luivtjr 
jzoro. What, then, luippeiiH if 
f(x) 0? If f{x) — 0 every- 
wlicro in an interval the function 


is constant there, and consequently has no inviuso, sinoo the 
same value of y must correspond to all values of x in the interval. 


If the equation f'{x) = 0 is 
true only at isolated points, 
and if for the sake of sim¬ 
plicity f{x) is assumed con¬ 
tinuous, then wo must dis¬ 
tinguish whether on passing 
through those points f{x} 




Fig, a,“-P«rabola 


Fig. 3.~-Cubiciil jmrnboU 


changes sign or not. In tlio first case tliis point separates a point 
where the function is monotonio inorouaing from another where 
it is monotouic decreasing. In the noighbourliood of such a point 
there can bo no single-valued inverse function. In the second 
case the vanishing of the derivative docs not destroy tlio 
monotonio character of the hmetion y so that a single- 
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m 


valued luvdso exists But the mveiso function will no longer 
bo diRcK utiabL it tlio roiiesponding point, in fact, its dciivativo 
Will bo infinite thuo llio fiuictions y==^'i and at tlio 

point a; = 0 oftci examples of the two types Figs 2 and 3 
illustiato the behaviour of the two fimctions whore they pass 
through the oiigin and at the same time show that one of the 
functions, namely y^ os®, has a single valued mvcise, but that 
the other function, y = has not 


2 The Inverse of the Power Function 

The simplcsb oxamplo of an mvorao function is oifored by tlio 
fiinotiona foi posifcivo integers n and as wo at first assume positive 

values of a Uiidoi these conditions y is always positive so tliat for 
all positive values of y we can form n umquo positive inverse function 

Tlio douvativo of this inveise function is immediately obtamed m necor 
danoG with ilio above [,onoral iiilo by the following calculations 

W ‘ii=i« __L ^ i _i_ 

dy dy d^ n n 

dx 

and if wo now denote tho indcpondonb variable by wo may finally 
wiito 

£ ixVn) = I 
dx n 


d'\/x 

dx 


wluoh agrees with the result obtained directly on p 04 

Tho point 'c =« 0 roqimes special consideration If a approaohoa 0 
tliroiqli positive values d{'\M^^)/dx whore n > 1, will obviously moreaso 
beyond all bounds, this coriesponds to tho fact that for iv > 1 tho den 
vativo of tho n tli power J{x) « vanishes at tho ongm Qeomotiioally 
this moans that tho curves y = ti > 1 , touch the y axis at the origin 


(of fig 17 p 31 ) 

For the sake of completeness it should bo noted that for odd values of n 
tho assumption that ^ > 0 can ho omitted and the funotion y = can bo 
considered for all values of x without loss of its monotomo chaiaotor or of 

tho uniqueness of its inverse Tho differentiation formula ^^ 

still holds for negative values of y, for a? = 0, > 1, wo have 


0 


which coircsponds to an infinite douvativo {dxjdy) of tho mvorse funetior 
at tho pomt y — 0 
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3, Tlio Inverse Trigonometrio Fimotions, 

lu order to form the inverses of tlio trigonoinetrio functions 
wo onco again consider the graplis of sin a?, cos®, tan®, and cot®* 
We at once gee from figs. U and 16, p. 26, that for each of these 
functions it is necessary to select a definite interval if wo are 
to apeak of a unique inverse; for the lines y^c parallel to the 
®-axi8 cut the onrves in an infinite number of points, if at all. 



For the function sin® the derivative y* = cos® will o.g, 
be positive in the interval --'nji < ® < 7 r/ 2 . In this interval 
the sine accordingly has an inverse function; wo write the in¬ 
verse function of the sine in the form ^ 

® = arc siny 

(road arc sine y\ this means the angle whose sine has the vahio y), 
TJiis function runs monotonically from — 7 r /2 to -f 7 r /2 as y tra¬ 
verses the interval —1 to +1; H wo especially wish to ompliasiijo 
that wo are considering the inverse fimotion of the sine for this 
very interval, we speak of the principal value of the arc sine. 
If we foim the inverse function for some other interval iu wliioh 
sin® is monotonio, e.g. the interval ’h 7 r /2 < ® < 37 r/ 2 , wo 
obtain ” another hmich^* of the arc sine; without tho oxaot 
statement of the interval in which the values of the function 
must lie tho arc sine is a multiple-valued funclioni and in fnot 
has an infinite number of values. 

In general, the fact that arcsini/ is multiple-valued is 
expressed by tho statement that to any one value y of tho sino 
there corresponds not only the angle ® hut also tho angle 
27c7r ^8 well as the angle (2/c + l)7r — ®, wliero h is any 

integer (cf, fig. 4). 

* Tho notation ^ ^ ain^'V is also need in Englisli books. 
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The difloreutiatioa of tlio function x=i arc siny 18 pel formed 
m virtue of oiu general rule by tlio following sliort caloula 
tion 


1 = JL ^ 1 

dy y* cos it + V(f ^+ ^/(l ^ 


whore the square loot is to bo tal en as positive if wo confine 
oiiiflolves to the first interval mentioned 

If the ludcpondent vaiiable is finally changed back from 
y to X, the dificientiation formula foi the function arc smoj is 
obtained m the following foim 


d 

— arc sinoj = 
ax 


1 


IIoio it IS assumed that the arc smo lies between — 7 r /2 and + 7 r/ 2 , 
and the squaie loot sign, is chosen positive 



For the mvoiao funoiion oi y^ cosa, denoted by arocosa 
wo obtain the difterontiation formula 


1 

dx 


arc cosa? == — 


1 


m exactly the same way Ileie wo take the positive sign of the 
root if the value of aio cos a is taken m the interval between 0 
and TT (not, as in the case of arc sina?, between — 7 t /2 and + 7 r/ 2 ), 
of fig 6 

A woid remains to bo said about the end pomts a? = — 1 and 
aj= +1 ^-Tho deiivativcs become infimto on appioaohmg these 
end pomts, ooiresponding to the fact that the giaphs of the 

* If matoad of thm wo had ohoson the interval 7r/2 < x < 37r/2 couospoiid 
ing to tlio auhstilution of 'c + for a? wo alioukl have had to use tho nogativo 
Bq^uaio Loot, ainco coa a is nogativo in tiiis interval 
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inverse sine and inverse cosine must possess vortical tangents ni 
these points. 

Wa can deal with the inverse functions of the tangent and 

The function tana?, whoso 
rivativo 1/cos^a? for a? ?t/2 + it 77 
is ovcrywlioro positive, haa a 
unique invorso in tlio interval 
7 r /2 <! a? < vr/S* Wo cull this 
inverse function aj^sarotany 
or (by intorcliange of the letters 
X and y) y = aro tana;. Wo soo at 
once from fig. 6 that the original 
many-valucdness of the inverse 
—^i.o. the many-valucdncsa which 
occurs if the interval of the 
values of tlio function ia not 
fixed—is expressed by the fact 
tliat for each x wo could have 
chosen instead of y any of tlio 
values y -|- JcTf (whore h is an 
integer). ITor the function y oota? tho inverse a; = arc cot y, or 
(by interohango of x and y) y — aro cot a;, is uniquely dotorminod 
if wo require that its value shall lie in tho interval from 0 to tt; 
the many-valuedness of aro cot a; is otherwise tho samo as for 
aro tana;. 

The difiEerentiation formula) may be found as follows: 


cotangent in an analogous way. 



X = arc tany, 


dx 

dy 


g l + tan^a? l + y^^ 

dx 


X arc coty, ^ = —sin^i 
dy 


1 

1 + cot^a; 


1 

1 + 


or finally, if we denote the independent variable by x^ 


£ 

dx 


arc tana? == 


1 

I + sc®’ 


1 

da; 


aro oota: = 


1 

l + a!«' 
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4 Tlio CorrosDOiidmg lutegral rormulro 

Hxprcssccl m the langingc of tlio mclcfinito integral, the 
formula) whioli wo have ]u&t derived icad follows 


/ 




dx = aio sinoj, 


!, f —- dx= *-aio coBX, 

V (1 — X ) 


/" —L ■ dx “ arc tan®, / , } ^ d!® = — 
J 1 + x^ ^ 1 + x^ 


arc cot® 


Between tho pair of formiiloB on tlio loft and that on tlio light, 
whioli express each indefinite integral in the foim of two lunctions 
which appear entuely difleicnt, no contr'idiction exists Wo 
must lemomhor tliat in tho case of tho indofimto mtogial an 
aihitraiy additive constant remains at our disposal If wo choose 
those constants so that tliey difier by 7 r /2 and recall that 
7t/2 — aio cos® = arc sin® and likewise 7r/2 — arc cot a: = arc tan® 
tins formal disagicement is immediately cleared up The in 
dofiniteuoss simply depends on tho fact tliat the indofimto 
integral is not a s^ngle dofimto function, but a whole family of 
functions which difici fiom one anotlior by aibitiary additive 
constants Tho equation for an indcfimte integral epecifies not 
the value, but only a value, of it As wo have already lomaikcd, 
it would bo more coriect to express this fact by always moliiding 
tho undetermined constant, thus writing, not 

Jf{x)da)— F{(c), 
but J f{a,)dii}~ F{x)-{-o 


For convenience, however, it is usual to avoid this more detailed 
foim, tho leadoi should therefore ho all tho moio careful to boar 
m mind tho mdofinitonoss which is always associated with tho 
shorLci form (see also p 116) 

From tho formula) for indefinite integration there immedi 
atoly follow formute for definite intcgiation, as on p 117 
In particular, 



152 DIFFERENTIATION AND INTEGRATION [Chap. 

If wo put a = 0, 6 — 1 and recall tliat tanO = 0 and tan w/d =- 1, 
we obtain the remarkable formula 

r-r'-l-fc 

i Ai + f,? 

The number tt, which originally arose from the consideration 
of the circle, is bij this formula brought into a very simple relation'^ 



ship with the rational function - , and is expressed by the area 

1 + 

defined as shown in fig. 7. 


Examtlbs 

d/f/ 

1. If w « - 7 , y » 10 corrospondfl to oj =s 8. Find for » =5 8^ flolro 

^ dx 

?/ = -r for X and find 10, and show that tho values of thoso 

^ 4: dy 

dorivativoa are oonsistont with the rule for inverao funotions, 

2, Provo that (a) are sin cc+fl'To sin P = are sin (a V + p V1 — ct^); 

(6) are sinot+aro smp=aro cob ( Vl —a® V 1^ p^—«P); 


( 0 ) are tanoc + aro tanp *=» aro tan 


SL±± 

l-ap* 


Differentiate tho expressions in Ex, 3-10 and write down tho oorro^ 
sponding integral formiiloj; 

n fl. . D. 

‘l + w ’ l-tan* ■ aro tana) 

4. Vaoos’a:. 7. arosinaj.aiooosa). 10. 6 aro oota; ■+ 

- 1 -f- Va) - 1 -p aro tana) 

0 , .■ ■ ■ y ■ t 0 * — . . ■ i 

1 — Vx I — aro tana? 


aro oos(V 
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11 Usuig graph papor, plob y =: 


squaies find 

p 121) 


r^_JL 

c/q 1 + 


l + x^ 


on a large aoalo By counting 


dx thna obtaining an estimate for - (cf E'C 1, 


d Dirrcm niiapion oi? a 3?ui^OTiON or a Funciion 
1 Tlie Cham Rule 

The piGCGding rules for diftcrentialiou enable us to diileron 
tiato ovoiy function which can be oxpicsscd as a rational expxes 
Sion whoso terms are functions with known doiivativoa Wo 
can, howevei, tako yet another impoitant step forward and 
diftorontiato all those functions obtained by compounding func 
tions With known derivatives Let r^(aj) be a function which is 
diilerentiablo m an interval a^x^b and assumes aE values 
m the inteival a ^ ^ We now wish to considci a second 

dilloroutiablo function g(<l)) of the independent variable (f>f la 
which the variable ^ ranges over the interval from a to J 3 Wo 
can now legard the function = g{<l>(^)} ^ f{^) us a function 
of X m the intoival a^x^b The function f{x) = g{(li{oc)] 
Will then bo called a function of x compounded from the 
functions g and 0, or a Junction of a function 

If for oxamplo 9(^) «= 1 — and g{(^) =5 V<p, tins compound funo 
tion la simply /(^) r=T V (1 — Foi the mteival hero talco 

the mtcival 0 g a; ^ 1 Iho valueg of fcho funobiou <^(x) exactly fill up the 
interval 0 g 9 g 1 tho compound funotiou J{x) = V(1 — a:®) m there 
foio defined m tho iiitoival 0 g -u g 1 

Another example of tho compounding of fiinotions is tho function 
/(^) =; V(l -| 0,®) wheio tho compounding process may bo indioated by 
the equations 

9(:«:)= 1ff(9)=V9 

and where tho value of tho function 9(a) runs through all positive 
numbers ^ 1 so that tho function /(jr) — {/{9('i;)} can bo formed for all 
values of X 

In compounding funotiona m this way wo must naturally bo caroful 
to icstiiob oui selves to intervals a g r g & for which tho oompound 
function la defined For oxamplo the compound function V (1 — is 
defined only foi valiioa of ^ in tho legion — 1 g a g 1 and not in tho 
region 1 < a: g 2 foi when x la in this last mierval the values of tho 
function 9(0;) oonsiat of negative numbers# for which tho function (^(9) Is 
not defined 

Just os wo can oompound two functions with ono another, wa can and 
( 3798 ) 
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must) coiisidor functions in which fcho coinpounding process is performed 
more than once* Such a function is 

V(1 + arc tan a;®) 

which can bo built up by the compounding process 

9(ir) = tj;(9) = 1 + arc tan tp, ^7(4^) = V^<K<pj — /(a?)- 

For the difiereutiation of compound functions wo have the 
following fundamental theorem, the chain rule of the differential 
calculus: 

The function f(x) = g{<^(x)} is differentiable, and its derivative 
is given by the equation 

or, in Leibnitz’s notation, 

dy _ dy 
dx dtf>' dx’ 

In words: the derivative of the compound function is the product 
of the derivatives of the constituent functions. 

The proof of this formula follows very easily if wo recall the 
meaning of the derivative, For any arbitrary Aa!=i= 0 and cor¬ 
responding values of and Ap there exist two quantities e 
and p, tending to 0 with A®, such that 

Ajf = and A < f > = '^'( x)Ax -|- ijA®; 

wo have only to calculate tj from the second equation and, whoro 
A^ 4= 0, e from the first equation, while if A^ ~ 0, wo put 6=0, 
If in the first of these equations we now substitute tho value of 
A<f) from tho second equation, wo obtain 

^9 = 9 '{<i>W{x)Aa> -f- {pg'{f>) + e^'{x) -|- e^j} A®, 

O' ^ = g'{4>W{^) + {vg'i^) + e(^'(») + £■»?}. 

In this equation, however, wo can lot Aoj tend to 0, and at onoo 
obtain the result stated, since tho bracket on the right tends to 
zero with Aoj. Consequently tho left-hand side of our equation 
has a limit/'(»), and this limit is equal to the first term on the 
right-hand side, as was stated.^ 

* Wo could also havo proved tho rule by carrying out tho paasago to tho 

limit Aa; ^ 0, and consequently 0, in tho equation ^ ^ I'ho 

Aa? A0 AoJ 



FUNCTIONS or A FUNCTION 


*SS 


III] 


By Buccobsivo application ol oiu lormiila wo can immediately 
oxiend it to luuctions which aiibc fiom the tonvpoxiyiding oj mo)e 
than two functions If, Eoi example, 

y = i/(w), u ^ V ^ 


wo can think of y—/(O as a function of a, its donvative is 
given by tho iiilo 


dy _ 


dx 




dy du dv 
du dv dx 


The ease of a function compoiuidcd of an aibitxary number of 
functions is essentiallysimilai The pioof maybe lefttotheieadei 


2 Examples 

As a voiy simplo example wo oonsidor tho function y where wo 
put a ^ piq q being a positive intogor and q) a positive oi negative integer, 
BO that a IS an arbitiary positive or negative rational number Lot aj bo 
positive By tho chain lulo with 

y =5 (p s=3 

wo have the formula 

y s=s - a;(i~ff)/^ = ? 

(? ff 

so that for ai bill ary rational values of a wo obtaUi tho differentiation 
formula ^ 

aa. 

in agreement with tho result alioady found in another way m Gimp II, 
§ 3 (P 91 ) 

As a sooond example wo oonsidor 

y V(1 — a;^) or y—V 9, 

uhoro 9 = 1 — and — 1 < » < 1 ilio chain lulo gives us 
^ 2 V<f “ ~ V(1 ~ a») 

Further examples are given in tho following brief caloulationfli 
1 y ==s are Bin V (1 — 

dy _ _1_ (ZV(1 

dx V{1 -* (1 — a®)} dv 

VU-a’) -/(I-■>:>) 


method in tho text is, liowovor, to bo profonod, since it avoids tho necessity 
for considering tho ease (lt{x) 0 spooially 
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(ly_ 

dx 


V{l~x) 


dx 


2V(1 + a;) ‘ (1 ^ xf (1 H- - xfi^* 

Tho chain rule for difTorcntiation oan also bo oxprcaftcd in tho form of 
an integration formula, in agrcomenfc with tlio faofc that to cnoli (liiToroji- 
fciation formula there corrcaponds a oomplotcly equivalent integration 
' formula. Novertholoss, wo will p(U 33 over this formula for tho proaont, 
since wo have no immediate need of it hero and, moreover, it ia disouascrl 
in detail later (Chap, IV, § 2 , p, 207 ). 

3. Further Remarks on tho Integration and Difforontiation of 
x"" when a is Irratiouah 

In view of tho elementary definition of tho power by tho equation 

^ lim 

where tlio numbers form a eequonoo of rational numb ora with the limit a, 
wo might be tempted to ofieofc tlio dilTorentiation of by direct passage 
to the limit in tho dillorentiation formula 


dx"" 






We are not entitled to do tliia unless wo have tho riglit to oonoludo tlmt 
from tho relation • 


(I d 

^ there follows tho relation ^ ->■ Xhoio 

dx dx 


Fig. 8.—Approximation to a atrnight lino 
by wavy curvea 


is, however, a very sorious objootion 
to suoh a passage to tho limit, For 
in any arbitrarily small neighbour¬ 
hood of a givop curve otlior oiu vcr 
may bo drawn wJioso dirootion n.fc 
arbitrarily eoloctocl points clifTom 
from tho dirootion of tho original 
curve by any desired amount; for 
example, wo may approximate to 
a straiglit lino by a wave lying ar- 


, 4»iiu uy wave JlVinK ar- 

7e^°i«>tweon tho wavo and tlio lino roaoliing a 

fllinwa II ^ ^*7 ’’r” above oxnmnlo 

differ only very little front 
one awoiftcr, we Mmot immediately conohide dial their derivalivee alao are 
everywhere nearly eqml to one anoUier. This objootion forbids us to 
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poifouu tlio (ipparonlly obvious passato fo the hraib in tho absoneo of 
fulthcr ]uatificatioii 

In tins lespcob howovoi tho iiito£,ial bohavos qtuito difleiently from 
tho donvaiivo Wo havo alioady obaorvcd on p 128 that if two fuiiotions 
differ by less than s throughout tho interval from (t to 6 their mtogialfl 
must diffei by less than c(6 — a) Wo thoro used tluB leault to oatabhsh 
tho validity of tho diffeiontiation formula 


1 


d 

- — 'i 

cf h I dx 


, -Mi 




01 roplaoing a |- 1 by a 

— a5« = ca '”1 
ax 


In thm mdiroot way 
18 veuflod 


thoicfoio, tho lolation -- 1 ;*'« ^ civon abovo 

dx 


iho above disoiisaion is a ohaiaotorifltio oxainplo of tho mtoriolations 
of tho diffoiontial caloiilua and tho intogral oaloulus Yob In prinoiplo it 
18 profoiablo to loplaco (a8 wo shall do on p 173 et spq ) tho olomenbaiy 
dofiiiition of by anothoi o^sentially simpler definition which will lead 
us onco moio to tho samo icsult and this time diieotly 


Examiles 

Biffoiontiato tho following functions 


1 

(»1-1)“ 

11 



2 

(3j! I 6)> 

12 

V(1 + sm^a;) 


3 

1 

1 


« 1 


4 

1 

AO 

X* Bin—- 



1 H » 

li 



fi 

1 


1 — a? 




16 

h 2) 


0 

[ax h [71 an integer) 

16 

aiosm(3 + 


7 

1 

17 

aio 8in(coflaj) 



11 + 1) 

18 

sin(nro 003 V(1 — 

•»”)) 

S 

//«»,“ \-bv h o\ 

V w H 7nx h n) 

10 



0 


20 

[sm(» h 7) ] 


10 

sm** 

21 

[ai 0 8m{aoos® | 

6)F 
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6 . Maxima and Minima 


Now that we have attained a certain mastery of the problem 
of differontiating the clemontaiy functions and the functions 
compoimded from thom> wo are in a position to make a variety 
of applications. Hero wo shall consider tlio Bimplest of these 
applications, the theory of maxima and minima of a function, 
in conjunction with a geometrical diaoiission of the acoond dorh 
vativG, and then in the next section wo shall again take up the 
thread of the general theory. 


1. Convexity or Concavity of Curves. 


By doBnition the derivative 
the slope of the curve y —/(oj). 


d 

^/(a:) of a function f{t&) givRS 
TJiis slope can itsolf bo ropro- 




sented by a curve y' = ^/(a;) =/'(»), the derived curve of 

the given curve. The slope of this last curve will bo givou by the 

derivative ^/(®) =>/"(*), tho second dorivativo of 

f(x}, and so on. If the second dorivativo /"(») is positivo at a 
point »~so that owing to continuity (which we hero assume) it 
IS positivo in a certain neighbourhood of tho point then tho 
derivative/'(a;) must increase as it passes this point in tho direc¬ 
tion of increasing values of x. Hence tho curve y ~f(x) turns 
its convex side towards tho direction of decreasing values of w 
The opposite is true if/"(*) is negative. lu tho fnst case, there- 
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loro tho curve m the neighbourhood of the point lies above the 
tangent, in tlio soconcl oaso below tho tangent (sco figs 9a and 6 ) 
Special consideration is required only in tho case of points 
where f”{x) — 0 On passing thiough such a point tho second 



derivativo/"(cc) will, as a rule, change its sign Such a point will 
then bo a point of transition between tho two cases indicated 
above, that is, tho tangent will on one side bo above tho curvo, 
and on *tho otlioi side below it, so that besides touching tho 
cm VO it Will also cross it (see fig 10) Such a point is oallcd a 
point of inflection of tho curve, and tho corresponding tangent 
is called an inileotional tangent 

I ho 8 imploab oxainplo la given by tho function y « tho oubioal 
parabola, for which tho axis itaolf is an inflectional tangent at the point 
a? =s= 0 Another oxamplo is given by tho function /(oj) sin jr for which 
f{x) (?(Bin x)ldx =3 cos X and f\x) = d^{Hin x)jdx^ =3 —sin a; Conso 
quontly /'(O) = 1 and / ( 0 )» 0 since tho sign of / '(a:) olmriges at a? = 0 
tho smo oiuvo has at tho ongm an inflectional tangent inclined at an 
angle of 46 *^ to tho % axis 

It must howovor bo noted that points can exist whoro j"(x) = 0 
although tho tangent docs not out the ourvo, but remains entirely on one 
side of it For example, tho ourvo y = lies entirely above tho a? axis, 
although tho second derivativo / '(a) vanishes for == 0 

2 Maxima and Mmima 

Wo say that a continuous function or a ourvo y — /(a;) has a 
manmurn {mimmum) at a point ^ if m at least some neighbour 
hood of tho point a? — ^ tho values of tho function/(ai) for ^ 
are all loss than/(^) (gioator than/(^)) By a netghbomhood of 
a point wo mean an interval a ^ ^ j5 which contains tho 
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point C’ in its interior. Geometrically speaking, such maxima 
and minima are respectively the wave-crests and wave-troughs of 
the curve, A glance at fig, 11 shows us that the value of the 

maximum at one point 
may very well be less than 
the value of the minimum 
at another point thus 
tlio concept of maximum 
and minimum is always to 
some extent relative, on 
account of the restriction to 
a certain neighbourhood. 

If we wish to fix upon the actual greatest or least value of 
bhe function we must employ special means for deoiding how 
this value is to be selected from among the maxima or minima. 

The point for us at present is to find the (relative) maxima 
or minima, or, to use a word that covers both maxima and 
minima, the relative extreme values {extrema) of a given func¬ 
tion or curve. This problem, which is very frequently en¬ 
countered in geometry, mechanics, and physics and which occurs 
in many other applications, formed one of the principal incentives 
for the development of the differential and integral calculus in 
the seventeenth century. 

We sec at once that if the function is assumed to bo differen¬ 
tiable, the tangent to the curve at an extreme value ^ must bo 
horizontal. Hence the condition 

is a necessary condition for an extreme value; by solving this 
equation for the unlcnown ^ we obtain the points at which an 
extreme value may fossihly occur. Our condition, however, is 
by no means a sufficient condition for an extreme value; tlioro 
may be points at which the derivative vanishes, i.o. at wliicli 
tlic tangent is horizontal, although the curve has neither a maxi¬ 
mum nor a minimum there. This occurs if at the given point 
the curve has a horizontal inflectional tangent cutting it, as in 
the above example of the function y ic® at the point a; = 0. 

+ The oxproeaions turning valuer iurnin{/ point, aro also tisod. On ilio other 
liancl, tlio terms aialionarg value, slationari/ point, inoludo inflootiona os woUas 
maxima and minima. 
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If, however, wo have found a point at which f'{x) vanishes, 
we may immediately conclude that the function hag a mavimiim 
at that point if/"(f) < 0, a minimum if/"(f) > 0 l?or in the 
first case the curve in the neighbourhood of this point lies com 
plotoly below the tangent, m the second case completely above 
the tangent 

Instead of basing the deduction of our necessary condition 
on intuition we could, of course, liavo given an easy proof by 
purely analytical methods (cf the exactly analogous considera 
tions for Rollons theorem, p lOD) If the function f{x) has a 
maximum at the point f, then foi all sulficiontly small values of 
h difioront from 0 the expression/(f) --*/(f + A) must bo posi 

tivo Therefore the quotient will bo positive or 

negative, according as h is negative or positive Thus if h tends 
to zero through negative values the limit of this quotient cannot 
bo negative, while if h tends to zero through positive values the 
limit cannot be positive Bui since wo have assumed that tlio 
doiivative exists tlieso two limits must bo equal to ono another 
and, m fact, to /'(f), which therefore can only have the value 
zero, wo must have/'(f) = 0 A similar proof holds for tho case 
of a minimum 

Wo can also foimnlato, and prove analytically, conditions 
which aio necessary and sufiotent for tho occurronco of a maximum 
or a mimmu7n, without involving tho second derivative Wo 
suppose tlmt tho function/(a?) is continuous and has a contunious 
doiivativo f(x) which vanishes only at a finite number of 
points 

Then f (x) has a maximum or a mtmmum at the potnt f ^/, 
and only the dmvatwe f'(x) changes sign on 'passing through 
this point, in particular, the function has a mmirmm if the den 
vativG is negative to the left of f and positive to the right, lohiU in 
the contraiy case it has a maximum 

Wo prove this by using the moan value theorem Hirst, we 
observe that to tho loft and right of f there exist intervals 
fjL < a? < f and f < a? < f-j (extending to tho nearest points 
at which f(x) ^ 0) in each of which/(a.) has only one sign If 
tho signs of f(x) m these two intervals are diltorent, then 
/(f H h) —/(f) — A/'(f ”h Oh) has the same sign for all numou 
cally small values of A, whether A is positive or negative, so that 
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/(^) is an extreme value. If/'(a?) lias the Scamo sign in hotli in¬ 
tervals, then hf'(^ + O/i) changes sign when h docs, so tliat 
f(i+ A) i3 greater than/(^) on one side and less than/(^) on 
the other side, and there is no extreme value, ' Our theorem is 
thus proved, 

At the same time we see that the value/(^) is the greatest 
or least value of the function in every interval, containing the 
point in which the only change of sign of f'(x) ocouxs at 
i itself. 

The mean value theorem on which this proof is based can 
still be used even if /(cg) is not differentiable at an end-point 
of the interval in which it is applied, provided that f(x) 
is differentiable at all the other points of the interval; for 
example, the above proof still holds if f'(x) docs not exist 
at sc = f. This leads us to the following more general result: 
if the function f(x) is continuous in an interval containing the 
point and everywhere in this interval, with the possible 
exception of f itself, has a derivative/'(a?) which vanishes at not 
more than a finite number of points, tlion f(x) has an extreme 
value at the point ^ ii, and only if, the point i separates 
two intervals in which f'(x) has different signs. For example, 
the function y = | a; [ has a minimum at a; = 0, since y' > 0 
{oix> 0 and y' < 0 for a? < 0 (of, fig. 9, p. 97). The function 
y lil^ewise has a minimum at the point a3=0, even 

though its derivative fa)-* is infinite there (cf. fig. 12, p. 99), 

In addition we make the following remark on the general 
theory of maxima and minima: the finding of maxima and 
minima is not directly equivalent to the finding of the greatest 
and least values of a function in a closed interval. In the case 
of a monotonio function these greatest and least values will bo 
assumed at the ends of the interval and are therefore not maxima 
and minim a in our sense; for this latter concept refers to a 
complete neighbourhood of the place in question. Thus for ex¬ 
ample the function /(a?) m the interval 0 ^ a; ^ 1 assumes 
its greatest value at the point a? = 1, and its least value at oj «==! 0, 
and a corresponding statement holds for every monotonio func¬ 
tion. The function y = arc tan x, whoso derivative is 1/(1 + x^), 
is monotonio for oo < a; < d-oo , and in that open interval 
possesses neither a maximum nor a mimmiun, nor a greatest 
or a least value. 
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If after finding ilio feio^ of f{%) wo wisli to make siito that 
wo have thcieby found tho points at which the jfimctioii has its 
gioaiest or least vilues, we can ofton make use of tho following 
Cl iter ion 

A point ^ at which V{x) vanishes gives the least o? greatest 
value of the function f(x) in a whole interval, if thoughoiit that 
mteiml f"('t) > 0 or r'(x) < 0 lesptclmly 

l?oi if ^ and I •+• both belong to the interval 

+h) ^fu + h) == hr{c i- eh), 

by tho mean value thtoxem IlencQ at the point x= f tho 
derivative/'(O/) haa the same sign as h 01 the oiiposito sign, accoid 
ing as /"(a) > 0 or < 0, tho statement then follows from 
tho iGinaik following tlio thooiom at tho to^i of p 162 


3 Examples of Maxima and Minima 

Fx 1 Of all 100tangles of given area to find that with tho least pon 
motor 

Lot bo tho aioa of tho rootanglo and ^ tho length of ono side (liciQ 
wo must consicloi x os langing over tho interval 0 < x < co) then tho 
length of tho other side is a^/x and half tho poiimoior m given by 

/(»•)=» h- 

X 

Wo hftvo / (^) = 1 _ ?!, /"(*) = ^ 

a,a a?* 

Tho equation / (0 === 0 has tho single positivo loot ? 3 ?or this valuo 
f%x) 10 poBilivo (as it IS foi any positive value of a) it thoiofoio gives tho 
lequired least valuo and wo obtain tho veiy plauBiblo icsult that of all 
leotangles of given aioa tho square has tho smallest poiiinoter 

Fx 2 Of all tiianglos with given baso and given area, to find that 
with tho least poiimotoi 

To aolvo tins pioblcm wo take tho x a\iB along the given baso AB 
and the midcllo point of AB as the origin If (7 is tho vortex of tho tuangle 
ft its altitude (whioh is llxcd) and (a: h) aio tho 00 ordinates of tho voitox, 
then the sum of tlio two sidos of tho tiianglo AG and BO which aio to ho 
dotorramod will bo given by 

fix) = V{(a, I- «)»+ /i')) I- V{(» - a)» h /.«} 
wholo 2a IS tho length of tho baso Exom this w 0 obtain 

f^fn \ X a X a 

V{(a! I a) 1 7 i») I h*}’ 
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V{(.i;4-ar-| 
+ 




•«F-j- P] 


(a! - • «)“ 


VW- 


' V {(«+ «)“+ AY’*'7T(w 


If 

-«)r:p,!iy:r 


Wo eeo aii onco (1) that J\0) vaniBhcH, (2) that /%'u) Ih alwayn ponitivo; 
henoo at a? = 0 tlioro is a loaBt valiio. l^’or fllnoo U tlin livat 

doiivativo f[x) always hioi’oascs and tljoroforo (jaiiiint )jo rriiml to 7010 
at any otlior point* bo tliat tlio point a; 0 must really ^dvo tlm least 
v^alno of J{x), This least valuoia aoconlhigly p{ivoii l)y tlio istmoelisH Irian^^Ie. 
Similarly, wo find that of all triangles with given ])orim<der jiud giv<‘n 

huHo tlu> trianglo Iuih 

tlio groatost an^a. 

Ex, Ih To iind a point oji 
a given Htniight lino Huoh that 
tlio Bum of its ilistamaui from 
two given llxial points in \i 
luinimunn 

Lot tlioro ho giv(Hi a h( might 
lino and two llxod points A 
and Ji on the saino nldo of ilio 
lino, Wo wish to ilnd a point 
P on thn Htnught lino huoIi 
that tlio distaiua) PA ►[- PP 
luiH tho louat poSHihlo valiio. 

Wo take tho givon lino na tho a-axJa ami two tlio notation of fig. 11!. 
Then tlio difltanco in question is givon by 

/(^) 

and wo obtain 



Fig, 12,—Ljiw of roflcclion 


fU) ^ _ I _ JG — a 

■v^-h A*) V{'(w"^ aj*“P'Ai*}’ 


n*>’ 


a/{s* -I- A*)“ 


+ 


A'i) 

1 


- 1 - 


•'-(a? — a)* 




A/}» 


^{(a!-o)«4-V} 

_ , _ If 

V"(w9-|-A»)a '■7r(a)-'«jv:j. 

Tile equation/■'(^) s 0 nooordingly gives ub 

_A__ 5 

“ -vTITrirajr^r/^-i}' 

o68«=^ooigp, 
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uliK'h iiinnm llial iho fno hnr i 7 1 and 77^ must fnxm oqiinl 
with llu |,ivni hin lli< pn ilivo mj n of / (>) hIhjavh m (hat wo idilly 
hiivn a It I it Milui 

Iho milutuiii i\i Uim puihhm in Hinily ((niiuiidl wiiii (ho oplKal law 
tf ullnilion Uy an iinpoihuil ]>nn(iplo of optun known an boiinalH 
of leaH (unr tlio pa(Ii of a lay in {loltrinnutl by tho (nopciiy 
that (ho (linn l!ia( I ho ]i( hi (nl t ^ to j^o fiom a point -^1 to a pumt /> nndor 
known (onihlioim nnml bo ilm kant poHul^lo If llio condUioii in iniiiOHod 
(lint a lay tjf li/ lit, Hhall on Ut way fioin A to h ]mH tliiouf^h ooino point 
on a ^iv<n nliai^ ht lino (nay on a iniuor)^ wo mo Uiat> tlio nhorlc 4t Umo 
will bo lalvtni alonf.^ iho lay foi wIiujIi Ihn * aiij^lo of irioidonoo" h ocpml 
(o tiui iin^do <d rolh tdnin 

7 t i Thr Imw of hftiution T<t ihoio bo giv<.n two pointn A and 
U on oppmllii Mith i of (lni r axi« Wliloh piilh fiom A lo 77 foin ipoud^ to 
Ibo ahoih it pinniik^ (nno if tho voloinly on ono Bide of tlio a axw ib Ci 
and on tho othor Halo / A 



It in ok ui (hat thin Hhoxit it jiath imiBt In along two poitiona of ntrn!(.ht 
llni I nil Uni), ono aiiolhu at a point I* on tlm i axin UBing tho iiolalion 
of llg II wo obfam iho I wo oxpiiHHioim and I (u jv)*} 

for tlio K ng(h i 771 77/ r< npii tivoly, and wo Hud Iho (fino of pdHHiigo along 
Lhm [lalh b> dividing (ho longtliH of the i wn mginonln i)y tho oouoHjiondlng 
MdooifKB and adding Him giviH iia 


/(.) ^ V(A« ! «■') 

foi tilo lima lakui 

[ly dilh n nliatioiii wo nbintn 


f'M 


j I 

Cl V(/i« I ^«) 


I V{/<,# I («-»•)*), 

«» 


1 a~ « 


1 {«) 


_ 1 /t« 

' r, V(/i» ! ^«)» 


1 A,* 

rjVlAi* I (o 


«)«}• 


Ah wo reiuldy b<o fiom Iho 1)^ mo tho ocpiation / 0 I o 

I '> 1 <e flj 

Cj ^(A” I *») c# V {A,» I (o - *)'} 
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is equivalent to tho condition — win a — — fiin p, or 

Cl Cij 

atag _ Cl 
sin p Cg 

We leave it to tho reader to prove that tlioro la only one point which 
Batiafiea this condition and that this point aotually yields tlio required 
least value. The physical moaning of oiir example is again given by 
the optical principle of least time. A ray of light travelling between two 
points describes the path of shortest time. If Ci and Og are tho volooitios of 
liglit on either side of tho boundary of two optical media, tho path of tho 
light will be that given by our result, which accordingly gives Slides lato 
oj refraction. 

Examples 


1. Eind the maxima, minima, and points of inflection of tho following 
fimotions, Graph them, and determine tho regions of inoroaso and do- 
crease, and of convexity and concavity: 

(a) - Qx + 2. (h) x). (c) 2a;/(I + x^). 

(d) a^/{x^+ !)♦ (e) sin^a*. 

2. Determine tho maxima, minima, and points of inflection of 

+ Zpx + q. Discuss tho nature of tho roots of + Zpx -h — 0 . 

3 , Which point of tho hyperbola = 1 is nearest to the 

point » ^ 0 , y = 3 ? 

4 . Let P bo a fixed point with oo-ordinatoa Xq^ 2/0 in tlio first quadrant 
of a rectangular co-ordinate system, Find the equation of tho lino through 
P such that tho length infcorcopted between tho axes is a minimum, 

5 , A statue 12 ft, high stands on a pillar 16 ft, high, At what diatanoo 
must a man 6 ft, high stand in order that tho statue may subtend tim 
greatest possible angle at his eye? 

6, Two sources of light, of intensities a and h, are at a diatanoo d apart. 
At which point of tho lino joining thorn is tho illumination least? (Assume 
that tho illumination is proportional to tho intensity and inversely pro¬ 
portional to tho square of tho distanoo.) 

7 * Of all reotaiiglos with a given area, find 
(a) tho one with tho smallest porimotorj 
(&) tho ono with tho ehortest diagonal. 


8. In tho ollipsG 

O® 68 


1 inscribe tho rcotanglo of greatest area. 


9 , Two sides of a triangle are a and 6, Dotormino tlio third side so that 
tho area is a maximum, 

10, A circle of radius r is divided into two segments by a lino p at a 
distance h from tho centre* In tho smaller of thoso sogmonts insorlbo tho 
rcotanglo of greatest possible area, 

11, Of all circular cylinders with a given volumo, find tho ono with tlio 
least area. 
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12 Given the parabola ^ > 0 and a pomL P(a; 

withm ifc (/)® < 2 p^) find tlio short cab path (consisting of two hno sog 
mouts) leading from P to a point Q on the paiabola and then to tho focus 
F{x ^ = 0) of tho parabola Show that tho angle FQP is bisected 
by the normal to tlio parabola and that QP is parallel to tho axis of the 
parabola (Principle of tho paraboUo imiror ) 

13 * A prism dofleots a beam of light travelling m a piano perpendicular 

to tho edge of tho jirism What must tho lelativo position of priem and 
beam bo for tho dofltotion to bo a mimimim? ^ 

14 Given n fixed iiiimbors » % detormino so that li — ai)* 

IS a muunuim ^^ 

16 Provo that if ^ > 1 and > 0 — 1 ^ p(a — 1) 

16 Provo tho mcciiiahty 1 ^ S - 0 ^ ai g ? 

X v: 2 

17 Piovo that (a) tan's ^ a? 0 ^ ^ ^ ? 

(6) oosa, ^ 1 — ^ 

18 * Given > 0 > 0 , > 0 > doloimino tho minimum of 

«i 1 + ^ 

n _ 

V®!"* “n-l-e 

for » > 0 Uso tho result to piovo by mathoiiiatioal induction that 

^-- «i + H 

Va^a^ a„ S-r- 


6 Tim LOOAIIITHM AND JDD BxiONENriAb BUNCTION 

Tho Bysiomatic lolakons bctwcon tho difloiential oaloulua 
and tho iiitegial oaloiilus load natuially to a convomont method 
of approaoli to tlio cxpoiioutial function and tho logaiithm 
Although wo have alieady (pj) 2G, 09) investigated these 
functions, wo now doflno them aficsh and dovdop their theory 
again without making any use of 0111 pievious definition and 
tho results based on it Wo begin with tho logaiithm, and then 
obtain tlio exponential function as its mvoiso 

1 Definition of tho Loganthm The Differoutiatiou Formula 

We have seen tliat indefinite intcgiation of tho powoi 
for mtegial indious n 111 gtnoral leads to a powei of a> Tho 
only exception is tho function l/o?, which docs not appeal as the 



y 
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derivative of any of the functions which wo have dealt 
with so far. It is natural to suj^poso that tho indo/inito 
integral of tho function 1 /a; represents a now sort of function; 
ao, following up tliis idea, we will proocod to investigate tho 
function 

for a? > 0* We call it the logaritlm of x, or, more accurately, tlie 
natural loganlhm of a?, and write it = loga; or y == uat logo?. 
We have denoted tho variable of integration by ^ in order to 
avoid confusion with tho upper limit x. 

Tho choice of tho number 1 as lower limit is an arbitrary ono, 
which, however, will soon prove its convenienoo. 

In tho course of tho following argument it will appear that 
tho logai’ithin defined here is tho aamo as tho logarithm wliich wo 

previously (p. 70) defined in an 
elementary way^^ But, as we 
once more emphasi^^o, tho results 
of tho following investigations are 
iudopondont of those obtained 
earlier. 



Geomotrioally our logaritlimio fmio- 
fcion moans tho ai*ea bIioavu shadod 
in fig. 14 , wliioh is boimdod above by 
tbo reotanguliir byporbola y ==» 1/?, 
below by tlie ^-axis, and at tho sides by tho linos § = 1 and ? = a*. I'his 
area is to bo rcokonod positivo if a? > 1, negative if a? < 1. l^'er a; *== 1 tJio 
area vanishes, and wO therefore have log 1 => 0. 

According to tho above definition tho derivative of tho 
logarithm is given by the formula 

iZ(logaj)_l 
dx X 


Here let us expressly emphasbo that wo assume through¬ 
out that tho argument x is positive; tho logarithm of 0 or 
of any negative value cannot bo formed in accordanoo with 
the formula above, for tho integrand 1 /^ becomes infinite 
when f — 0 . On the other hand, if wo choose some negative 
number, say — 1 , the lower limit, we can form tho mtegral 
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with a negative upper limit a?, i e wo can coiigiclcr the oxprcs 
Sion 




(c»<0) 


Owing to the sigmficauco of the miigral as the limit of a sum or 
as an. area, wo see that for flj < 0 



In oonformity with this we can in general write tho formula for 
indohmto integration as 


/ 


dx 


= log 1 »I 


Tho logarithm can of ooiirao, 
ho roproBonted by mcani of a 
graph llus graph, tho loga 
iithmio ourvo, ib ahown in fig 
16 Wo have alroody soon (p 
110 e< «f!2 ) how to oonstruot it 

2 Tho Addition Thoorem 

Tho logarithm defined aa 
above oboya tho following 
fundamonlal law 

log(a 6 ) = loga -|- log 6 



Tho proof of this addihon theorem follows directly from tho 
difEoiontmtion formula For, writing 2 ®= log{aa!), and applying 
tho chain nilo, we have 

dz ^ _ 1 

dx ax a? 


But -^logiB^-, 

dx » 

and sinco tho functions z and log® havo tho same dorivativo 
they diffoi only by a constant, so that z -= log® + o or 

logo®" log® + 0 
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TJiia being true for all positive values of x, wo first put £C ~ I to 
find c; since logl » 0 , tliis yields 

log a = c. 

Substituting this value for c, wo have 

logtf® = log® -j- logo, 

whence, for x—b, 

log «6 =5 loga d- logfi, 
which was to be proved. 

For arbitrary positive numbers a^,... , a„ the equation 

IdgK^z • • • «n) == log«i + logffj -f-... + Ioga„ 

follows from the addition theorem for the logarithm. 

In particular, if all the numbers Oi, a^,, a„ aro equal to 
one and the same number a, we have 

logos” = n loga. 

Similarly, it follows that 

loga + log- — logl = 0, 

so that loga =—logi. 

a 

If, furtlier, put a it follows that loges != ?^loga, or 
logd/a — loga^/" = i loga. 

From this by repeated use of the addition theorem wo find 
that, whea w is a positive integer, 

- logo = Iog.^a« = loga”'/”. 

The equation loga” = r logo 

IB thus proved for all positive rational values of r, and for r — 0 
it is obviously correct. For negative rational values of r it is 
also valid, for then 

logo” = log-L = —loga-'” = r logo. 

CL 



Ill] LOGARITHM AND LXI^ONLNTIAL FUNCTION 171 


3 Monotomc Character and Values of the Logarithm 

The value of tlio logaiiHim obviously increases when x in 
creases, and decreases wlion x decicases, the logarifclun is there 
foio a monotomc function 

Since the donvativo l/a? becomes smaller and emallor as x 
increases, tho function incieases more and more slowly as x 
increases Nevcithdcss, m x incieascs beyond all bounds the 
function logo; docs not tend to a positive limit, but becomes 
infinite, that is to say, foi cvciy positive mmbor no matter 
how largo, thoro aio values of x foi which loga; > ^4 Hus fact 
follov^s voiy readily fiom tho addition theorem For log2^ = 
n log 2, and since log 2 is a positive number, by taking aj= 2” 
with sufficiently large values of n wo can make log-r as large 
as WG please 

Since log(l/2^‘) — — n log 2, wo see that as x tends to zero 
through positive values logcc is negative and mcioascs numeri 
cally beyond all bounds 

Summing up these results 

Tho function logO/ is a inonotonio function which assumes 
all values between — 00 and + ^ as tho mdopondent variable x 
ranges over tho continuum of positive numbers 

4 The Inverse Function of the Logarithm (the Eximuential 

Function) 

Smeo tho function y ^logx(x> 0) is a monotomc function 
of X which assumes all real values, its iiivoi so funoUon, which wo 
shall at first denote by o) == E{y), must be a single valued mono 
tonic function defined for every real value of y, it is differentiable, 
smeo log a; itself is diftoientiable Wo mtoroliango tho notation 
for the dependent and independent variables, and proceed to 
study the function h{x) in detail In tho first place, it must 
cloaily bo positive for ovoiy value of x Further, wo must liavo 

fox this equation is equivalent to the statement that log 1 0 

Secondly, fiom tho addition ihooiem for tlio logarithm there 
immediately follows tho muUiphcation theorem 

E{a)E{^)^Ji!{a+ p) 
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To iDrovo this ^vo need only notice that the equations 
E{a)^a, E{a+^)^o 

are equivalent to 

a — loga, jS = logb, a + logo. 

Since by the addition theorem for the logarithm a + yS — logaJ, 
it must be. true that c^ab, which proves the multiplication 
theorem. 

Fi’om this theorem wc derive a fundamental i)roporty of the 
function y == E{x)^ which gives us the right to call our function 
the exponential function and to write it symbolically in the form 


In order to obtain this property we observe that tliore must 
be a number—which wo shall call o—for which 

logo= 1, 

This is equivalent to the definition 

Using the multiplication theorem for the funotion E{x)f wo havo 

E{n) = 0 ”, 

and, in the same way, for positive integers m and n, 



which we could also have found directly from the addition 
theorem for the logarithm. 

The equation E{r) ^ thus proved for positive rational 
numbers r holds also for negative rational numbers in virtue of 
the equation 

E{r)E{-r) ^ ^(0) =-= L 

The function E{x) is therefore a function which is continuous 
for all values of x, and which for rational values of x coincides 
with e®. These facta give us the right to call oiu’ function for 

♦ Its identity with tho number e aonsidei'od on p. 43 will bo proved in No, 6 
(p, 176). 
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arl)itraiy nratioiial vahus of x also ^ (It should bo noticed tliafc 
hcK iliG continuity ol is an imincdiito conseqneiico of its 
doiimtion as tlio invoiso function of a contmuoiH monotoiiic 
function, while i£ the olomontaiy definition is adopted tho con 
tmuity must bo pwved ) 

The exponential function is diilorontiatcd according to tho 
formula 

^ e“’ = e" or y* 


Tills formula expresses tho important fact that the derivative oj 
the eorfonential function is the 
function itself 

The proof is oxticmoly 
simple Por wo havo a: — logi/, 
whonco, by tho formula for tho 
diffoTontialiou of tlio loga 

nthm, wo have ^ and 
dy y 

then by tho riilo foi invorso 
functions 




dx 

as was stated 


■■y^e‘ 



rig 16—Tho exponcnttnl fimcllon 


Tlio graph of tho exponential function tho so called exponential 
curve J8 obtained by loflcotion of the logarithmic ouwo in. tho lino which 
bisects tho first quadiant It is slioivn m fig 10 


6 The General Exponential Function a® and tho General 
Power 

Tho exponential function # for an arbitiary positive base a 
18 now simply defined by tho equation 

loga^ 


* If wo anticipate tho fact, which will bo proved on p 176 that out mimbor e 
is idontioal with tho mnnboi so doiiotod provionsly wo have now piovcd that tho 
dofimtion given hoio yields tho samo oxpononUal fuuotion with base c aa was 
foimorly defined by tlio process of lalsing to powers Foi according to that 
olonioniaiy definition, wo defined tho values of for iriational aj s ns tho limit 
of tho oxproflslons whoro ( 6 ^ takes on a soquonco of rational values with tho 
limit 0? 
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whioli agroos wiiJi tiie carlior doflnition in virtue of tko 
relation 

Using the oliaiii rule wo immediately obtain 

a^ z=:z ^ . log a, 

dx ax 

==: a“ log a. 


The inverse function of the exponential function y = a® is 
called the logaritlm to the base a and is written 

x^hgai/y 

while the logarithmic function previously introduced, when a 
distinction is necessary, is spoken of as the natural logarithm, 
or logarithm to the base e. 

From the definition it follows immediately that 

logy = X loga = logay . loga, 

which shows us that the logarithm of y to an arbitrary positivo 
base a 4= 1 is obtained by multiplying the natural logarithm of 
y by the reciprocal of the natural logarithm of a, the modulus 
of the system of logarithms to the base a. 

Instead of oxir previous definition of the genml power 
> 0) we shall now define this power by the equation 


TJio rule for diflorontiating the power of follows immediately 
from tho definition, using the chain rule; for 

^ 0!“ = , - = aoj'-S 

dx X 

in agreement with our previous result (of. p. 166). 


♦ If wo tako a «» 10 wo obtain tho ordinary “ Briggian ” logarithms, wliioh 
have already been mot with in olomentary matliomatica and wliioh aro advan¬ 
tageous for UBO in numorioal oaloulations, 
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6 The Exponoutial Function and tho Logantlim represented 
as Limits 

Wo axo now m a position to state impoitant limiting relations 
icldiing to tho quantities introduced above We begin with tho 
{ormula for dificicntiating the function f{x) ^ logo;, 

I iim fi^ M "/(=”) = i,jn log(a>-| /Q-Iogg 

X h-^0 h A*~>o h 

= hm ilog(l + -') 

/,->oA \ a/ 

If wo put - = z, tins becomes 

Oj 

lun ^ log(l -j- zli) = z 
h —^ 0 


Smeo the function e® is continuous for all values of», tins implies 
that 

e* = lim — lim(l + (ft) 

/i 0 ft —> 0 


If m particular we give /itlio sequence of values 1 
we have 


1 1 
’2 3’ 


hm (l + -y==e« 


1 


7 


% 


If to z wo assign tho value 1, formula (a) gives tho following 
important fact 

As h lends to zero, tlus exrpression (1 + lends to the 
number o 


ITormula {b) gives 


lun (1 f- hf "'« e 

ft*~>» 0 



which proves that the numbor e is tho same as tho numbot 
denoted by tlio symbol c on p 43 

From the diiloiontiation foimula for a", 

/Tfd I A /T® 

a® loga = lim--- 

ft->o h 
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it follows for a; — 0 that 

, 1 . — 1 
loga = lim —=—j 

a formula which expresses the logarithm of a directly as a 
limit. 

To this equation wo append the lemaric that by its means 
wo can complete the relation 

[’’{h^dx = (6“+^—a“+i) 

‘'a a -f- 1 

established earlier* Wo have always been obliged to oxcluclo 
the ease a —— 1. Now, however, wo can trace what happens 
when the number a tends to the limit —1. If wo put a = 1 
the left-hand side will by om* definition of the logaritlim have 
the limit ^ 



the right-hand side thorofoie has the same limit when a — 1, 

This fact, moreover, is in acoordanoe with the formula 


IT. r 

logo = lim —-—• 

A —>*0 ^ 


we need only write a + 1 = A. 

We have thus cleared up the exceptional case a — —1 in 
the integration formula which we have so often used. Tlie 
formula above is still meaningless when a — -—1, but as a limit 
formula it retains its significance as a — 1, 


7. Final Eemarks. 

Here we briefly review the train of thought followed out in 
this section, Wo first defined the natui-al logarithm y-- logaJ 
for oj > 0 by means of an integral, whence we immediately 
deduced the differentiation formula, the addition theorem, and 
the existence of an inverse. Wo then investigated the inverse 
function y — e”, whore the number e was seen to bo the number 

* Wo havo Uoi'o caiTied out the passage to the limit a — 1 under tho 
integral sign without furbhor investigation; of. tho disoussio'n on p* 128 cl seqt 
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whose logarithm n 1, and wo derived its diftciontiaiioii foimuJa, 
as well as limit expicssions foi it and for tho logaritlim Tho 
introduction of tlio functions ^ and y = a® — 

followed natuially 

In tho discussion given here, as contrasted with tho ** olemon 
taiy tioatnient, tho question of continmty caiieos no dilhoulty 
since the logaritlim is defined as an intogial and thoieforo as a 
GOntimious and diflucritiablo function, whoso mvciso fimctiou 
is also continuous 


Lxalulks 

1 Sketch tho funolion y==i ^2) on a hrgo scale, tuaiug 

graph paper, and find log^i by counting squares 

Diffoiontiato tho functions m Ex ^() 

2 afioga;—1) 4: logfa; hV(l f »*)} 

3 log log'C 5 log{V(l h logo;) — Bin a?} 

-I- 

6 Difioiontiato log—4 —-—i (a) by using tho oliaiii lulo and the 

a) ' ' 

quotient lulo without piohminaiy simpiihoation (6) fust ennphfying 
by moans of tho thooroms on logaiithms 

7 (a) Bifforontiato y = _—- 

{b) Bifieientiato tho aamo function^ fust taking logarithms and aim 
plifying 

8 * Givon lim e„ = 0, piovo that lini (l | e„ ^ j =a 1 

n—>00 H— 

0 Show that the function 2/^ coa^ (-& sina.) satisfioa tho 

equation 

y ' + 2ay' ^ (a® + 1)?/ 0 

for all values of a and b 

10 * Show that ^ *) = —whou Ji? h 0 whoro is 

a polynomial of dcgieo 2?^ — 2 Establish tho “ loouimioo formula ’ 

A,l-i(«^)==(2-3rta«)P«(a;) | 

11 Imd tho maximum of y — aX whoio X and cc aio oonstanfcs 
Find tho locus of tins maximum wlion X is allowed to vaiy 

12 Difierentiato {a > 0) 

13 Bifforontiato 
{urn 


7 
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7. Some Aitlioations oe the Exponential 1‘'unotion 

In this SGction wo shall considor some mis(;ollaneoUH probloms 
involving tlio exponential function, and wo sJiall thus gain nii 
insight into tlio fundamental importance of this fuiiotion in nil 
sorts of applications, 

L Defluition of the Exponential Pimotion by Moans of a Dif¬ 
ferential Equation. 

Wo can define the exponential function by a siinplo tlujoroin, 
whoso use will save us many detailed invostigationa of partioiibir 
cases. 

If a function y f (x) satisfies an equation of the form 
y'^ay 

where a is a constant other than zero, then y has the form 

y ^f{^) == 

where c is also a constant) and convo^soly, every function of (he form 
CO®* satisfies the equation y' === ay. The latter is usually briefly 
referred to as a diffmntial eqiiatio 7 i, since it oxproHH(JS a relation 
between the function and its dorivtitivc. 

In order to make the theorem cl(‘ar, wo notice first of all 
that iu the simj)lest case a 1 the above equation bccoriK'S 
j/' = y* Wo know that j/ = satisfies this equation, and ib is 
clear that the same is also true of y — ce^, if o is an arbitrary 
constant. Conversely, wo can easily see tliat no other function 
satisfies the dilforential equation. For if y is suoli a fuuotiou, wo 
consider the function w = ye"®. AVe must then liavo 

w' ^ y'e"® — ye"® y)- 

But the right-hand side vanishes, since wo liavo aSHunusd tliat 
y'= y; hence ^ 0, so that by p, lU el seq, u is a consfcaut 
0 and y == ce®, as wo wished to prove, 

The case of any non-zero value of a can bo treated in exactly 
the same way as the special case a — 1, If wo introduce th<^ 
function u ^ ye"“^, wo obtain tlio equation, u! «= y V aye 

Hence fi‘om the assumed diflerontial equation wo find thni; 
w' — 0 , so that 0 and y — ce**^'. The Converse is ohiiir. 
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Wo will now apply tins tlicoiom to a numbor of oxamploa 
and thus make it more intelligiblu 


2 laterosfc Compoundecl Contmuously Kudioactive Dxsmtegra 
tion 


A capital sum, or piinoipal, which hn^ ita inteic^at added to it at 
regular ponocla of time inoreasca by jumps at these interest pciiocls m 
the following manner If 100a la tho rate of mtorost per cent and if further 
the intoroat aoonied is added to tho piinoipal at tho end of eaoh year 
tlien after x years Iho aooumiilated amount of an oiiginal principal of 1 

(l+ar 


If, however, tlio principal had the interest added to it not nt tho end 
of eaoh year but at tho end of each n th part of a year then after x yeaia 
the pimcipal would amount to 



Taking I for the aako of simpUoity 10 reckoning tho interest at 
100a per cent foi one ycai wo find that if tho interest is computed in this 
latter way tho principal 1 amounts after one yeai to 



If wo now lot n inoicoso boyond all bounds 1 0 if wo lot the interest bo 
calculated at shortei and shoiier inteivala, tho limiting case will signify 
m a sense that tho interest is oompoiindcd continuously at eaoh instant 
and wo see that tho total amount aftoi one year will bo e times the original 
principal Similarly if tho interest is calculated m this manner, an origmal 
puncipal of 1 will havo giown after a years to an amount hero x may 
bo any number integral or otherwise 

ilio discussion 111 No 1 (p 178) foims a fiamouoik within whioh 
examples of this typo aio readily imdeistood Wo consider a quantity, 
given by tho numboi y which moreascs (or decreases) with tho time 
I et the rate at whioli this quantity iiiorcasos or deorensea bo proportional 
to tho total quantity Then if wo take tho timo as the mdopendont variable 
X, wo obtain a law of the form y '« ay for tho lato of inoieaso, whore o', 
the factor of pioportioiiality, Is positive 01 negative according as tho 
quantity is increasing or dcoieasing IJion in accoidanco with No 1 tho 
quantity y itself will bo given by a foiinula 

y^ce\ 


where tho meaning of tho oonsbanb c is immediately obvious if wo con 
elder tho instant x = 0 At that instant e ^ — 1 and wo find that 0 *= yp 
18 the quantity at tho beginning of the tnno considered, so that wo may 
wnto 

y ^ 
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A oharaotorisfcio oxamplo of tho uso of theso idoaa ia the caso of radio* 
active disiniegraiioiu Tho rate at which tlio total quantity y of tho radio¬ 
active subatanco is diminishing at any instant is iiroportional to tlio tota] 
quantity present at that instant; this is a priori plausible, as each portion 
of tho substanoo deoreasGS ns rapidly os ovory other portion. Tlioroforo 
tho quantity y of tlio substance expressed as a function of tho time satis¬ 
fies a relation of tlio form y' =* — A;y, whore h is to bo taken as positive 
ainoo wo aro dealing with a diminishing quantity. The quantity of sub- 
stanco is thus expressed as a function of tho timo by y == wliore 

is the amount of tho substance at tbo beginning of tho timo considered 
(timo a; = 0), 

After a certain timo t the radioactive substanoo will have diminished 
to half its original quantity. This so-called half*value period is given by 
the equation 


whonoo wo immoditttoly obtain t = 


log 2 

h ' 


3. Cooling or Heating of a Body by a Sitrronudhig Medium* 

Another typical example of tho ocourronoo of tho exponential function 
is offered by the cooling of a body, o.g. a metal plate, whioh is immersed in 
a voiy large bath of given temperaturo. In considering this cooling wo 
asaumo that the surrounding bath is so largo that its tomporaturo is un- 
affooted by the cooling process. Wo further assume that at each instant 
all parts of the immersed body are at tho same temperature, and that tho 
rate at which the tomporaturo olianges is proportional to tho difforenoo 
between tlie tomporaturo of tho body and that of tho Burrounding 
medium (Newton’s Jaw of cooling). 

If we denote the timo by x and tho tomporaturo diffcronco by y — y(a?), 
this law of cooling is expressed by the equation 

y* = -ley, 

wlioro ^ is a positive constant whose value depends on tho body itself. 
Fi’om this instantanooua rolationaliip, Avhioli expresses the offoot of tho 
cooling process at a given instant, wo now wish to derive an integral 
law ” which will allow us to find tho tomporaturo at an arbitrary timo ir 
from tho temperature at an initial time a? =:« 0. TJio theorem of No. I 
(p. 178) immediately gives us this integral law in tlio form 

y ^ 

wlioro h is the above-mentioned constant doponding on tho body. This 
sbow0 that tho tomporaturo decreases ** exponentially ” and tends to 
become equal to the external tomporaturo, Tho rapidity mlh whioh this 
happens is expressed by tho number h. As before, we find tho moaning 
of the constant c by considering tho instant cc = 0; this gives us ~ <5, 
so that our law of cooling can finally be written in the form 

y = yoe-*». 
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It IS obvious iliafc the samo disoussion will also apply to tho heating 
of a body Iho only dilfeionco is that tho imtial differouoo of tempernturo 
i/o xa in this case negative instead of positive 

4 Variation of tho Atmoapheno Pressure with the Height above 
the Surface of the Earth 

As a furthoi example of tho ooourionce of the exponential formula we 
shall deduce the law according to which tho atmospheric pressure varies 
with height Wo hero molco use (1) of tho physical fact that the atmospheric 
picssuro 19 equal to the weight of tho column of air vertically above a 
suifaoo of aiea 1 and (2) of Boyles law according to which tho prosauro 
of the air (p) at a given constant temperature is pioportional to the density 
of the air (o) Boyle s law expressed in symbols is p = ac, whore a is a 
constant which depends on a speoifio physical pioperty of the air and in 
addition is propoitional to the absolute tompeiatiiro—hoio wo are not 
concerned with tins as wo shall assume that tho tomporatuio is constant 
Oui problem is to dotermmo p = f(h) as a function of tho height (A) above 
tho suifaoe of tho oailh 

If by po wo denote the atmospheric pressure at tlio auifaco of tho earth 
1 0 the total weight of tho air column supported by a unit aiea and by 
o(X) tho density of the air at the height X above tho oaith, tho weight of tho 

column up to tho height h will bo given by tho mtcgial / o(X)dX The 
pressure at height h will thcrefoio bo 

Jo 

By differentiation this yields tho following relation between the pressure 
p fgi) and tho density o(A) 

We now use Boyle a law to elimmato tho quantity o fiom this equation, 
thus obtaining an equation 

p S=J — i p 

a 

whioh involves tho unlrnown presauio function only ITiora p 178 it follows 
that 

p « f{h) — 

If aa above we denote tho pressure at tho earth’s surface, i e /(O), by pg, 
it follows immediately that c =5 pg, and consequently 

P = M 

Changmg to logantluns, wo obtain 

h^a log?? 

P 
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Tlioao two formuloo find frequent application. For example, if the constant 
a is known they enable ns to find the height of a place from the barometric 
pressure, or to find the dilfoi'onoo in height of two places by measuring the 
atmospherio pressure at each place. Again, if the atmospheric pressure 
and tlio lieiglit h are kno^vn wo can determine the constant a, wlnoh is of 
great importance in gas theory. 

6. Advance of a Ohemioal Reaction. 

Wo now consider an example from chemistry, namely, tlio so-callcd 
unimokcular reaction. Wo suppose that a suhstaiioe is dissolved in a rela¬ 
tively large amount of solvent, say a quantity of oano sugar in water. If a 
oliomioal reaction takes place, the oliomical law of mass action in this 
simple case states that the rate of reaction is proportional to the quantity 
of reacting substanoo present. If wo suppose that the cane sugar is being 
transformed by catalytic action into invert augai‘, and if by «{a’) wo denote 
the quantity of oano sugar which at time x is still imohaiigocl, the velocity 
of reaction will bo -^du/dx, and in aocordanco witli the law of mass action 
an equation of the form 



holds, where h is constant depending on the substance roaothig. From 
this instantaneous law we immediately obtain, as on p. 178, an integral 
law, whicli gives us the amount of oano sugar os a fimotion of tbo time: , 

u(x) — 

This formula oloarly shows us how the cliemical reaotion tends asymptoti¬ 
cally to its final stoto 74—0, that is, complete transformation of the re- 
aoting substance. The constant a is obviously tlie quantity present at 
time a?« 0. 

6. Making and Breaking an Eleotrlo Circuit. 

As a final example wo consider the growth of a (direct) olootrio current 
when a circuit is completed (or its decay when the oirouit is broken). If 
11 is the resistance of tho oirouit and tbo impressed oleotromotivo force 
(voltage), tho current I will gradually increase from its original valuo 0 
to tho steady final valuo Wo have thoroforo to oonsidor J as a func¬ 
tion of tho time. Tho growth of tho current depends on tho self-indiiotion 
of tlio oii'ouit; the oirouit has a cliaraotoristio constant tho cooifioiont 
of self-induction, of such a naturo that as tho current increases an electro¬ 
motive force of magnitude Ldljdx^ opposed to tho external elcotromotivo 
force Ey is developed. From Ohm^s law, according to whicli the product 
of tho resistance and the current is at each instant equal to tho actual 
oFeotive voltago, wo obtain the relation 

dx 
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Iloro we put 

wo immcdiivtoly find that f {v)<= — ~ /(^) so tlmt by tlio tlieorein 
on p 178 /(^u) =Rooalhiig that 7(0) ==! 0» wo aeo tliat 
^(0) =5 — ^ and tlun ^vo ohtain the oxprogsion 

for the current a function of ilio time 

From thn expression wo sco tlmt when the oiiouit is closed tlio current 
tends asymptotically to its steady value E/It 

ExAI^IPI L3 

1 The function J{x) satisfies tho equation 

/(«H y) ==*/('«)/to) 

(a) lif(x) IS difforontiablo either/(a;) a 0 or else/(a?) *=^ 

(h)* If f(x) is continuous oithoi f{x) s 0 or else /(«) = c 

2 If a difterontiable function f{x) satisfies tho cq^ualion 
then f{x) a loga? 

3 A quantity of radium weighs 1 gm at time i^O At time i ==« 10 
(years) it has diminished to 097 gm After what timo will it li avo diminish ed 
to 6 gm ? 

4 Solve the followmg differential equations 

(а) y' = a.{y — p) (o) y — «y = pc * 

(б) y' — ay = p (d) y ~ ay - peV« 

8 Tnr IIyptoboiio Fu’iotions 
1 Analyfacnl Doflmhon 

In many applioations tho exponential function clooa not ontor 
alono, but in combinations of tho form 

l(e»-l e-®) or l(e»—e"®) 

2 2 

It IS convenient to introduco theso and similar combinations as 
special functions, wo denote them as follows 
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=: 




, 1 

tanaa; =-, 


cotEa; — 




and we call them the hypei^boUc dne, hyperhoUo codne, hyper¬ 
bolic tangent^ and hyperbolic cotan¬ 
gent respectively. The functions 
sinhoJ, cosh re, and tanha; arc de¬ 
fined for all values of m, while in 
the case of cothre the point a? — 0 
must he excluded. This notation 
is designed to express a cciijain 
analogy witli tlio trigonometric 
functions; it is this analogy, which 
wo are about to study in detail, 
that justifies special consideration 
of our now functions. In figs. 17, 
18, and 19 the graphs of the hy¬ 
perbolic functions are shown; tlio 
dotted lines in fig. 17 are tlio 
graphs of y = and y = 

from which the graphs of sinha^ and coshoj may easily bo 
constructed. 




Fi0* i8 


We Bee that cosLa: is an even function, i,o. a function which 
remains unchanged when a; is replaced by —x, wliilc sinlix is an 
odd function, i.e, a fnnetion that changes sign when x is reidaccd 
by —X. (Of. p. 20.) 
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Tho function , e” -I e~“ 

cosna; = —^- 

2 

1% by its definition, positive for all values of x It lias its least 
value when o) ^ 0, cosliO =: 1 

Between cosba? and smlia; ihoio exists tlio fundamontal lo 
Ktion 

cosli^aj — Binli a = 1, 

winch follows iinmodiatcly 
fiom the definitions of those 
functions If wo now denote 
tho mdopendeut vaiuble by t 
instead of x and write 

aJ = cosh^, ^ = sinhi, 
wo have 

SC^-y = 1 , 

that IS, tho ijomt with tho co 
ordinates x = coshi, y = sinh^ 
moves along tho lectangulai 
hypeibola y^^l as t 
runs through the whole scale 
of values from — oo to + ^ 

According to tho defining equation, a? ^ 1, and wo may easily con 
Vince ourselves that y runs thxougli tho whole scale of values — co 
to d- 00 as i does, for if t tends to infinity so does while tends 
lo zero We may thexofoio state moio exactly that is t urns fiom 
— CO to +00 , tho equations a? — ooslU, y^ Binixt give us one 
branch, namely, tho right hand one, of the rectangular hyperbola 



2 Addition Theorems and Foimulce for Differentiation 

Ihom the definitions of our functions ihoio follow tho ioimulra, 
known as addition theorems 

cosh (a + b) := cosh a cosh 6 -\ sinha siTih6 
Binh(a + b) — sniha cosh6 + cosha sinhfc 


Tho proofs are obtained at once if wo write 

cosh(a + 6) — - -, sinh(a + 6) == -——r—^—, 


2 


2 
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and in tlicso equations put 

^ cosh a + sinha, ^ cosh a — sinlict, 

= cosh 6 + sinL6, = cosh 6 —■ sinlift. 

The analogy hotweon these formulae and tlie corresponding 
trigonometrical formulae is clear. The only difference in the 
ad^tion theorems is one sign in the first formula. 

A corresponding analogy holds for the differentiation for¬ 
mulae, Remembering that d{e^)[dx^ c*, we readily find thaf^ 

coshoj = sinhaj, sinlia; cosh®, 
dx dx 

d , . 1 1 

^ tanha? = .—, — cotha? - t-tst* 

dx cosh^o? dx sinh^OJ 

3 , The Inverse Hyperbolic Functions* 

To the hyperbolio functions a?=s=cosh^, y=sinh^, there 
correspond inverse functions, which we denote f by 

i^—arcosha?, i = araihhy. 

Since the function sinh^ is monotonic increasing throughout the 
interval — 00 < i < -“h co , its inverse function is uniquely do- 
tormined for all values of y\ on the other hand, wo learn from a 
glance at the graph (cf, fig. 17 , p. 184 ) that ^ = ar coshoJ is not 
uniquely determined, but has an ambiguity of sign, for to a 
given value of x corresponds not only the number t but also 
the number Since cosh^ ^ 1 for all values of its inverse 
ar coslioj is defined only for a? ^ L 

Wo can express these inverse functions very easily in terms 
of the logarithm, by regarding the quantity in the do- 

Gnitions 

X = —i-, y ^ - 

as unknown and solving these (quadratic) equations for w. Then 

^/{x^ — 1), ^ = 2/ + + 1); 

since can have only positive values the square root in 

*Iti ia somothnes convenient to introduoo the funotions aoohrt; l/coaho!, 
coaGoha; ~ 1/sinlia?. 

t Tlie notation conh'-^x, &o,, is also used; cf» footnote, x). 148 . 
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(ilio Beconcl equation must bo taken with tho positive sign, wlnlo 
111 the fust either sign is possible In tho logaiithmio form, 

f = log (a ~ 1)) = cosh®, 

t = log{</ + VO/ H 1)) = ar sinhj; 

In tlio case of ar cosh® tho vaiiablc x is restiicted to tho interval 
® ^ 1) while ar sinhi/ is defined for all values of y 

The formula gives us two values, log{® +V(®*~ ^)} 
log|®-~ y'{a;2 _ 1)}^ for arcosli®, coutsponding to the two 
branches of ai cosh® Since 

{a; -h — 1)} {» - V(®® - 1)} = 1 

the sum of these two values of ar cosh® is zero, which agrees 
with a remark made above 

Tho luvGises of tho hyporbolio tangent and hyporbolio co 
tangent can bo defined analogously, and can also bo expressed 
m terms of logarithms Those functions we denote by ar tanhi?; 
and arcothoj, md, expressing tho independent vaiiablo ovoiy 
where by a?, wo readily obtain 

ar tanh® = ^ log m tho interval —1 < ® < 1, 


1 ® + 1 

ar cotli® - log —m tho intervals ® < — 1, ® > 1 
2 ® — 1 


The diHoientiation of those mvciao functions may bo earned 
out by tho le idtr himself, hero he may make use of either the 
rule for diflerentiating an inverse function or the chain rule in 
con]miction with tho above cxpicssions foi tho anvorso functions 
in terms of logaiithma If ® is the independent variable, tho 
lesults are 


•^aicosh®=:d — ^ , ^arsmh®: 
dx ^1) ^ 


^ artanh®: 
dx 


1 


_ ^ 

1 — dx 


ar coth® == 


1 


Tho last two foimuto do not contradict each other, since the 
first holds only for — 1 < ® < 1 and tho second only for ® < — 1 

and 1 < a? The two values of ^ arcosh®, expressed by the 

dx 
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sign + in tho first formula, correspond to tho two different 
branches of tho curve y== atcosha! = log{a> .+-\/(a:®—1)}. 

d. Further Analogies. 

In the ahovo representation of tlio rectangular hyperbola by tho quan¬ 
tity t wo did not attempt to bring out anj'' gcomotrioal meaning of tho 
parameter” Htsolf, Wo shall now return to this matter, thus gaining still 
more insight into tho analogy between tho trigonomotrio funotions and tho 
hyperbolic funotions. If wo ropresont tho oirolo with equation 2/^=1 
by moans of a paramoter t in tho form a; £= cos y — siii^, wo can intorprot 
the quantity t as an angle or ns a length of arc measured along tho oir- 
oumferonco; wo may, however, also regard t as t^vico tho area of tho cir¬ 
cular sector corresponding to that angle, tho area being reckoned positive 
or negative according as tho angle is positive or negative. 



Fig. no ,—Pflrnmctric repreaentflHon Fig, ai,*—To illustrate the iiyperhollc 

of tho hyperbola fimctiona 


Wo now make the analogous statement that for tho hyperbolic func¬ 
tions tho quantity i is twice tho area of tho hyperbolic sector* shown 
shaded in fig. 20, Tho proof is obtained without dififioulty if wo refer tho 
hyperbola to its asymptotes oa axes by means of tho transformation 
of co-ordinates 

* — jy — VSi), 

or 




with these now co-ordinates the equation of tho hyperbola is 
Wo thus seo immediately that tho area in question is equal to tho area 
of tho figure ABQP; for tho two right-angled triangles OPQ and OAB 

* Just as tho notation i — arc cosiu recalls that t is an arc of a oirolo of 
roforonoo, so < ar eoshq? recalls that Ms ft osrfcaiw conneotod with ft 
rectangular hyperbola, 
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have tho samo axoa according to tho equation of tho hyperbola 
two points A and P obviously Iiave the co ordinates 


5- 


1 

V 2 



t _ a- 7 / 




V2 


Tho 


rospectivoly and for double tlio area of our figure wo ilius obtain 
M-hy)/V2 

2 / (l/2rj) d/I — log(a, + y) log {jr ± V(a® — 1)} 

Compoiison of this expression with tho fornuila of p 187 for tho inverse 
function ar coslia sliows us that our Btatomotit about tho quantity i 

13 tlUO 

In conclusion it may ho pointed out that as shown in fig 21, tho 
hypoibolio functions can bo diagrammatioally represented on tho hyper 
bola, ]ust as tho tiigonomotiio funotions can bo ropicisoutcd on tho oirolo ^ 


Examplus 

1 Piovo tho formula 

Buiha h Buih^ 2 sinh ^? ^ cosh ^^ ^ 

Obtain Bimilar formulcc for sinlia — Bmh6 cosh a + ooahb, cosh a cosh 6 

2 Express ianh(a i. 6) m terras of tanha and taubh 
Express coth(a i &) m torniB of ootha and oothb 
Express smhja and cosh^a m termB of cosh a 

8 Differoniiato 

(a)oo3ha;d sinha;, (h) (c) logsinh(je + cosh^a:) 

(d) arooshoj+arsiiiha, (e) ar8mli(ocoo3ha5), (/) artan}i > ^ - 

i ”P O' 

4 Calculate tho area bounded by tho catenary y = ooah r;, tho ordinates 
It a and » — and tho «; axis 


9 Tnc Obdeu of Magnitude or Eunotions 

Tho vaiious funotions that wo have mot m this ohaptor 
exhibit very impoiiant difEorenoes as legaids tlieir beliavioiir 
for largo values of tho argument or, as wo also say, la tho order 

* Tlio numoiical values of tho liyporbolio funotions, whioli ato useful in a 
\ariGty of oaloulntions aro to bo found m many tables Wo may mention tho 
following J B Dale rtteflifuie Jablca of Mathcmaitcal liincitons (Arnold, 
1918) K llayashi J ilnfMhge (lajeln aer Kieia w\d Ilypi^rbdjunhlionm 
^oilm 1930) li Jalmko and P Erado rnnlixonmi/^eln mxi JPonmln und 
Kurven (Goiman and 1 nglisli Leipzig 1033) 
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of magnitude of ttoir inoreaso. On account of the groat importance 
of this wo shall hero discuss tho matter briefly, even although it 
is not directly connected with the idea of tho integral or of tho 
derivative. 


1, Tho Concept of Order of Magnitude. Tho Simplest Cases. 

If the variable a? increases beyond all bounds, then when 
a > 0 the functions af, logo;, will also increase beyond 

all bounds, As regards tho manner of this increase, however, 
we can immediately point out an essential difieronce between 
them. For example, tho function a? will become infinite to a 
higher order than x^\ wo mean tliereby that as x increases tho 
quotient itself increases beyond all bounds. Similarly, we 
shall say that the function of- becomes infinite to a higher order 
than if a > jS > 0 , and so on. 

Quito generally, wo shall say of two functions/(a?) and g{x) 
whose absolute values increase with x beyond all bounds that 
f{x) becomes infinite of a higher order than g{x), if as x increases 

1 /(*) I 


tho quotient 




increases beyond all bounds; we shall say 


that f{x) becomes infinite of a lower order than g(x) if tho 

I /(®) I 


quotient 


?(») 


tends to zero as x increases; and wo shall 


say that the two functions become infinite of tho same order of 


magnitude if as x increases tho quotient 




9 {^) 


possesses a limit 


difleront from 0 or at least) remains between two fixed positive 
bounds, For example, the fiinetion aai? + + c =/{a^), whore 

a 43 0 , will bo of tho same order of magnitude as the function 


Q?^g{x)\ for tho quotient 


/(=e) 

ff(®) 


00 ? d- hx^ -j- 0 


has tho 


limit I a |, On tho other hand, the function + (r + 1 becomes 
infinite of a higher order of magnitude than tho function 
+ !• 

A sum of two functions/(a?) and where f{x) is of higher 

order of magnitude than (f){x)y has the same order of magnitude 


fchis expression tends to 


/(») + <^(a:) 


1 + 




m 

1 as a: iacreases. 


and by hypothesis 
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Wo miglit be tempted to mcasnxe tlie orcloi of magnitudo of 
functions by n. scale, assigning to tbo quantity w tbc order of 
magnitude 1 and to tlie powci x (a > 0) tbc older of magnitude 
a A polynomiil of the ntli dcgico then obviously baa tbo 
order of magnitude w, a xational function, tbo degree of wlioso 
numerator is bigbei by h than that of tbc denominatoi, lias 
the order of magnitiidG h 


2 The Order of Magnitude of the Exponential Function and of 
tbo Logarithm 


It turns out, however, that any attempt to fix the oidor of 
magnitude of aibitrary functions by tbo above scale must end m 
failure I?or thexo are functions that become infinite of higher oidei 
than the power cif of a?, no matter how laigo a is chosen, again, 
there are functions which become infinite of lower order than the 
power ofy no matter how small the positive number a is chosen 
These functions theioforo will not fit m anywhere in our scale 
Without cntciing into a detailed theory of the order of magni 
tilde wo shall provo tho following theorem 

If a IS an aThit)ary number gicatei than 1 , then the quotiuit 


— tends to 

X 


as X increases 


To provo this wo construct tho jEunction 


ft® 

([> (aj) === log — =5 aj logft — logo), 


it IS obviously snfliriont to show that this increases beyond all 
bounds if X lends to +00 For this puiposo wo consider tho 
derivative 

= logft — - 

X 


and notice that for a? ^ 0: 
i 


log ft 


this IS not less than tho 


positive number - log ft Hence it follows that lox 

2t 

<j>{x) — (j^{c)=:J^ <f>'{i)(lt ^jT 1 loga (W^ ^(x~ 0) log a, 


^ (®) ^ ^(c) + i(® — c) loga, 
and tho ijglit hand side becomes mfimto as a) morcasos 
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Wc shall give a second proof of this important theorem. 
If wo wi’itG ^/a i = 1 + /i, wo have 6 > 1 and h > 0 , 
Let be the integer such that n wo may take 

a; > 1 , so that n ^ 1 . Applying the lemma of p. 31 , wo havo 



(1 + A)^ 1 + 

's/x •y/x V'C^+l) V2 


so that 


a" Ifi 
x^^ 


ny 


and therefore tends to infinity with a;. 

From the fact just proved many otliera follow, For 
example, for every positive index a and every number a >l 
the (][uotient tends to infinity as x increases; that is: 

The exponential fundion hecomes infinite of a higher* order of 
magnitude than any power of x. 

In order to see this, we need only show that the a-th root of 
the expression, that is, 

_ 1 _ 1 

X a xja ay \ a/* 

tends to infinity. This, however, follows immediately from the 
preceding theorem, when x is replaced by j/ = xja. 

Wo can prove the following theorem in a similar fashion. 
For every positive value of a tlio quotient (loga?)/a^ tends to 
zero when x tends to infinity; that is: 

The logarithm hecomes infinite of a lower order of magnitude 
than any arbitrarily small positive power of x. 

The proof follows immediately if wo put logo? — y, by which 
our quotient is transformed into We then put e'^ ^ a; 

then a is a number > 1, and our quotient y/a^ approaches 
0 as y increases. Since y approaches infinity as a; does our theorem 
is proved.* 

* Anothor voiy simplo proof may bo auggestod; for oj > 1 and « > 0 

log.'c =« - 1); 

If we choose € fimaller than a and divide both mombora of this inequality by 
then aa aj *-► 00 it follows that {logx)/x^ ->■ 0. 
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iiq 

With tliosG losiilts as a l)isis 'wo can constiuot functions of 
an Older of magniiudo fxi liighcr than of the exponential 
function xnd otlior functions of an order of magnitude hr lower 
than that of the logaiitliin loi example, tho function is of 
a higher orcloi than tlio exponential function, and the function 
log \ogx of a lower order than the logarithm, and ^\o can obvi 
ously lepeat Uicso iteration processes as often as wo like, piling 
up fclio symbols c 01 log to any extent wo phase 


3 General Remarks 


Those considerations show that it is not possible by systematic 
reasoning to assign to all functions dcfinito numbers as oidcra 
of magnitude in such a way that when two functions aio 00m- 
paiod the function of the higher ordoi of magnitude has the 
lughoi number If, for example, tho function x la of the order 
of magnitude 1 and tho function ‘ of tho order of magnitude 
1 + 6, then tho function % log'c must bo of an order of magnitude 
that IS greater than 1 and loss than 1 + e no matter how small 
€ IS chosen I 3 ut there is no such number Apart from this, 
however, it is easy to see that functions need not possess a clearly 
defined order of magnitude For example, tiro function 


— ^ [a - - approaches no dofimto limits as (c increase, on 

aj^(cosa))^ + aj 

tho contrary, for mr (whore n is an intogoi) tho value is 


—, while for (n h ~}it it is (n + ^ jtt + 1 + ^—r?—n- 
W \ ^2/ \ ^2/ ^ (n+i)7r 


Although tho mimcratoi and denominator both become infinite, 
tho quotient nciihor remains between positive bounds, nor tends 
bo zero, nor tends to inlmiiy The numerator, thoiofoio, is neither 
of the same order as bhe donominatoi, nor of lower order, nor of 
higher order This apparently staitlmg situation moioly means 
that our definitions are not designed nr such a way that wo 
can compare any pair of functions This is not a defect, wo 
have no desire to compare tho orders of such functions aa 
tho numerator and d( nominator above, sinco knowledge of tho 
valiiG of one of them gives Ufl no useful information about 
tho other 
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4, Tlie Order of Magnitude of a Function in the Neighbourhood 
of an Arbitrary Point* 


Just as we can inquire into the behaviour of a function when 
a; increases without limit, we may also ask ourselves whether 
and how functions that become infinite at the point a? — ^ may 
be distinguished as regards their behaviour at that point. We 

further state that the function f{x) = ■—becomes infinite 

of the first order at the point 05 ^ and correspondingly that the 

function ;-becomes infinite of tlio order a, provided tliai; 

a is positive. 

We then recognize that tlic function becomes infinite 

of higher order, and the function log | a? — ^ | infinite of lower 
order, than all these powers; i.o. that the limiting relations 

lim(|a;— co and lim(|ti;— . log| x— ^ |) —0 

hold. ^ 

In order to see this we merely put ,-“ y; our state- 

I a? — ^ I 

ments then reduce to the known theorem on p, 192 , since 
\x— —eVz/^and |a?— ^|®.log|a 3 — —(logy)/?/" 


and y increases beyond all bounds as x tends to The method 
of reducing the behaviour at a finite point to the behaviour at 


infinity by the substitution 


1 

a?— ^1 


“ y frequently proves useful 


6. The Order of Magnitude of a Function tending to Zero. 

Just as we seek to describe the approach of a function to 
infinity more definitely by means of the concejit of order of 
magnitude, wo may also specify tlio way in which a function 
approaches zero. Wo say that as x-^co the quantity llx 
vanishes to the first order, the quantity 0;''“, wlicro a is positive, 
to the order a. Wo find once again tliat the function 1/logx 
vanishes to a lower order than an arbitrary power that is, for 
every positive a the relation 

lim * logoj) — 0 

Q 


iolds. 
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In tlio same way wo s ly that for » = ^ tho ciuantrty x — ^ 
vamshos to tho fint 01 dor, the quantity \ x— ^)® to tho or clot a 
With tho ahovo results it is easy to provo tho relations 

lim(|a}|“ logla!|)=0, lim(|al~* 6“^'l'') = 0 

>0 

which, aio usually expressed as follows 

T/ie function -■.—, mmslics as x~>Q lo a lower order than 

log 1 X1 

my poioe) o/x, the exponenttal function vanishes to a higher 

orde) than any 'power of x 


ExAMPLra 


1 Compare fcho following funotiona with powers of x as regards their 
order of magnitude as it —> oo 


(а) - 1 

(б) 

(c) sina? 

(d) smhic 

(e) aiotan* 


... 

(/) — 




x^+l 


(h) 1 

0) log(^log^) 

Compaio tlio funotiona of Tx 1 with e ® (logaj)® 
Compare the functions of Fx 1 with powers of -v as a; ->• 0 
Does tho limit lim c® exist? 


5 What aio the limits as co of and 

0 Lot J{x) ho a oonlmuous function vanishing together with its 0rat 
denvativoi for a *== 0 Show that f{x) vanishes to a lugher order than x 
aa aj 


7 Show that m = whon fi, -1 0, ,a 


+ % 

+ K 

of the same order of magintudo as whon ir oo 
8 * Provo that e® is not a rational fimotioii 


9 * Prove that c® cannot satisfy an algohraio equation with poly 
noraials in a? as ooofficionts 
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Appendix to Chapter III 

1. Some Speoiaij Functions 

From time to time we have made it clear by examples that the 
general concept of function contains many possibilities foreign 
to naive intuition* As a rule these examples were not given in 
terms of single analytical expressions. Here, therefore, wo wish 
to show tliat it is possible to represent various typical discon¬ 
tinuities and abnormal phenomena by means of very simplo 
expressions built up from the elementary functions. We begin, 
however, with an example in which no discontinuity is present. 

1. The Fimction y == 

Tins function (cf. fig, 22), which is defined in tlio first iiistanco only for 
values of x other than zero, obviously has the limit zero as a; 0. For hy 
the transformation 1/x^ ^ ^ our funotion becomes y — er^ and lim er^ » 0. 

f ^ c/> 

Honoe in order to extend our function so that it is oontinuoufl for a; 0 



wo define the value of the funotion at the point a? s= 0 by the eijuation 

J/(0) *=== 0. 

2 

By tlio chain rule the derivative of our funotion for a? =[= 0 is 2 /' ^ 

X 

If X tends to 0, this derivative will also have the limit 0, as wo find iramo- 
diatoly from p, 19d ecq. At the point a* “ 0 itself the derivative 

y'(O) = Um = lim 

h h^Q h 

is also zero. 

If wo form the higher derivatives for x =1^ 0, wo shall obviously always 
obtain the product of the funotion and a polynomial in l/x, and tho 
passage to the limit « 0 will always yield the limit 0. All tho higher 

derivatives will likewise vanish, like at tlio point « = 0, 
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Tluis wo soo that our funotion m continuous ovorywlioro and (liiToion 
fciablo as many times as wo pkaio and yot at tho point a; = 0 it vamshea 
with all its derivatives Wo alian latei reali/o (Chap VI, Appendix, p 330) 
how romailcahlo this hohaviom lenlly is 


2 The Function y ^ 

Wo may rondily convince oiiisolves that for poalfcivo values of x this 
funotion behaves m tho samo way as tho fnnotioii just dealt with, if x 
tends to 0 through positive values tho function tends to 0 and tho earao 
la true of all its donvativea If wo doflno tho value of tho funotion at 



a?0 as 2/(0) == 0 all tho right hand doiivatives at tho point will 
have the value 0 It is quite another matter when 'i toncla to 0 through 
negative values for thon tho funotion and all its derivatives bcoomo 
infinite and loft hand derivatives at tho point ^ — 0 do not exist At tho 
point = 0 thoiofoie tho funotion lias a romailcahlo sort of chacontinuiby 
qnito unliko Iho inliiuto discontimutiea of rational funotions considorod 
on pp 22 63 (of hg 23) 

3 Tho Function y = tanh — 

oc 

We have already scon on pp 33 62 that funotions with " jump dm 
contmiiitios can bo obtained fiom simplo functions by a passage to tho 
limit J?ho exponential funotion dofinod on p 171 and tho prmoiplo of 
oompoundmg of funotions give us another method for conatruotmg funotions 
with suoh disoontiiuutics from olomontary fnne iions, without any further 
limiting process An oxamplo of this is tho function 

2 / tanh - =; ^ 

and its behaviour at tho point a? ^ 0 ^ ho function is in tho first instanoo 
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not dBfincd at this point. If wo approach tlio point a? — 0 through posi¬ 
tive values of x, wo obviously obtain the limit 1; if, on tlio other hand, wo 
approach the point a* 0 through uegativd values, wo obtain the limit 1. 

^ ^ The point a; ==: 0 is therefore a 

point of discontinuity; as x 
increases through 0 the value 
of the funotion jumps by 2 (of. 
iig. 24). On the other hand, the 
^ dorivativo 

,_ 1 1 

^ cosh®(I/a3) 

1 4 

^9 (gl/OJ ^ 

approaches the limit 0 from both aides, as follows readily from * § D* 
p. 104. 




4, The Function y ^ x tanh 


X 


In the ease of the function 


V 


X tanh - = aj 

05 


ei/« — 


the above diaoontinuity is removed by the factor 05 . This function has 
the limit 0 as a; 0 from cither side, so that wo can again appropriately 



define y[0) as equal to 0. 
its first derivative 


y' 


Our function is then continuous at x 


: tanh - — 
X 


1 1 
X C03h^(l/a?) 


0, but 


by 


♦ Another example of the ocourroiico of a “ jump ** diaoontimiity Is given 

the function y ” arc tan- os 0, 

^ aj 
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haa ]U8t the aamo kmd of dncontimiifcy m the preceding example The 
graph of tlio function is a curve with a corner (cf fig 26), at the point 
a; = 0 the function has no actual donvativo hut n right hand dciivativo 
with the value +I hand derivative with the value —1 

6 Tho Punotion = a; sm i, jvCO) = 0 

Wo have already scon that this funotion is not composed of a finite 
number of monotomo pieces—as wo may say it is not seotionally* 
monotonio —but tliat it is nevertheless contiiiuouB (p 64) Its first 
donvativo 

y' Bin- -cosi, (x =h 0) 

X X X 

on tho contrary, has a disoontmniiy at a; — 0 for as x tends to 0 this don 
vativo oscillates continually between bounding ouivos one positive and one 
negative, which themselves tend to h ^ ^ respootivoly At tho 

actual point — 0 tho difforonco quotient is ss= gxni since 

h h 

as ft 0 this swings backwards and forwaida between 1 and — 1 an 
infinite number of times, tho funotion possesses neither a right hand 
derivative nor a loft hand deri\ ative 

2 Remarks on me DirrERrNTiABiLiTY ot 
Funoiions 

TJio derivative of a function winch is contimioua and has a 
derivative at every point need not bo continuous 

Afl the simplest example of this wo consider the funotion 

y srs J(x) — sm ^ 

X 

This funotion is m tho first mstaneo not defined at a; 0 wo shall define 
f{0) its value there as 0, so that tho funotion is now defined and con 
fcinuoujB every^vhero hor all values of x difioronb fiom zero the derivative 
IS given by tho oxpiossion 

i I 2^sm-=»—cos-+ smi 

X x^ X X X 

When X tends to 0 / (jk) has no limit If on tho other hand wo form tho 

difference quotient ^ (h^ sm M ft smi wo see at once that 

ft \ ft/ h 

this tends to 0 as ft does Tlio derivative therefore exists for a; = 0 and 


* Qor siUckwcise cf p 438, footnote 
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has tho value 0. In order to grasp intuitively the reason for tliis para¬ 
doxical Ijohaviour wo represent tho fimotion graidiioally (cf. fig. 20). It 
8\niig8 baoliwarda and forwards between the curves and 

which it touches alternately. Thus tho ratio of the heights of tho wave- 
orcsts of our ourvo and their distances from tho origin steadily becomes 
smaller, Yot these waves do not become flatter; for thoir slopo is given 

by tho derivative /'(oi) ^ 2a; sin - -- cos at tho points x ^ -i- whore 

a; X znn 

ooalsz; 1 this is equal to --1. and at tho iioiata x^ -^—r ^vhoro 

fc 1 » 1 ^2n + 1 )tz 

cos^ = —1 it is cq^ual to +1, 



In coutrash to tlie i)ossibilifcy illustrated hero, that a dori- 
vativo may exist everywhere and yet not bo continuous, wo 
state tho following simple theorem, which thi’ows light on a 
whole series of earlier examples and discussions; if wo know 
that in a neighbourhood.of a point x^a the function f{x) is 
continuous and lias a dorivativo /'(a?) evorywdicre, except that 
wo do not blow whether /'(a) exists, and if in addition tho equa¬ 
tion lim f^(x) = b holds, then tho deiivative f^{x) exists at tho 

point a also, and/'(a) = 6. Tho i)roof follows immediately fi’om 

tho moan value theorem. For we have = f[^)> 

n 

whore ^ is a value intermediate between a and a + /n If h now 
tends to 0, by hypothesis/'(^) tends to 6, and oiu’ statement 
follows at onco. 

A companion theorem to this is the following, which may 
bo proved in a similar way; if the function f{x) is continuous 
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m Cl and for a < a; < 6 a donvativo 'vvJucli 

increases beyond all bounds as 'c tends to a, then the right hand 

difforeuco quoiiont —— also lucieases beyond all 

boiinda as h tends to 0, so that no finite right hand derivative 
exists at 'B =: a The geometrical meaning of tins state of affairs 
IS that at tlie point with the (finite) co ordinates (a, f{a)) the 
curve baa a veiiical tangent 

3 SoMr Speciat ]?ormujvU 

1 Proof of the Binomial Theorem 

Our rules foi differentiation enable us to give a simple proof 
of the binomial theorem, this proof will bo introduced hero ns 
an example of the method of undetermined coefficients which wo 
shall find important later We wish to expand the quantity 
(1 + m powers of x for all positive integral values of n We 
see at once that the function (1 + a?)" must bo a polynomial of 
degree i e it must bo of the form 

(1 + = Oq + aiX + + + a^x^f 

and the problem now is to determine the coefficients If wo 
put oj =:= 0, we at once obtain 1 differentiate both 

sides of the equation once, twice, tluco times, &c, wo obtain 
tlio equations 

n(l + === % -|- 2 a^x d- + 

n{n — 1 ) (1 + a?)”-”® == 2a2 + 3 *-[- + n(n 


Since these equations hold for all values of x, wo can put £K « 0 
in each of them and thus obtain for the coefficients ^21 the 
expressions 




n{n — 1) _ n(n -- 1) (n — 2) 


1 2 3 


“*-Si- W 

We thus finally obtain the binomial theorem m the form 




(1+®)"= 1 +««+ 0) ®a+ + (1) ^ ^1^ ajf* 
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2. Siicoessivo DijFEereutiation* Leibnitz’s Rule. 


In connexion with the above wo Icavo the loader to prove 
as an exercise tliat the successive difficreutiation of a product may 
bo performed according to the following rule {Leibnitz^s nile)\ 



a A dg 

dx'*'' \}^/dx''~^dx 


/n\d”-^f d^g 


* t 


n \ df d”-^g I , d”g 
n — 1/ dx dx''~^ dx” 


Tlie ropeated diffiorentiation of a compound function y ==/{^(a!)}i 
liowovor, follows no such easily romembored law. From the rules 
for differentiation in last chapter (the product rule and the chain 
rule) wo have 

^ # _ f'A' 

dx d<l,(lx 

g -rr+rr. 


3, Further Examples of the tlso of the Ohain Bulo. The Dif¬ 
ferentiation of The Generalizetl Moan Value 

Theorem. 

To form the derivative of the function a;“ wo wito = e®ioB“ 
whence wo obtain 

^a:* =a!*(log»-|- 1) 
dx 

by the chain mlo. Similarly, wo can carry out tho difforontiation 
of tho more general expression by moans 

of tho chain rale, in tho following way: 

=/(a;)«»^ ./'(aj){log/(a!) + 1}. 

M a further application of tho chain rule wo lioro give a proof 
of the theorem wliioh wo have already called the generalized 
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moan valuo theoiem of tho cliftciential calculus (p 136), tho 
theorem being established hcie under less sliiiigent conditions 
Let Q{ir) = bo a function which in tho closed interval a 
la ooutmuous and monotome, and winch in tho open interval 
a < 03 < 6 has a derivative which is nowhere equal to 0, and let 
jP(a?) be a function which is also continuouB for a ^ a; ^ 6 and 
difieicntiablo foi a < oj < 6 By moans of tho mveiso Iiinotion 
a) = 5 ® (a) of 0(x) we mUodiico tho now indopondont variable 
u instead of x in i(a3), thus obtaimug tho compound function 
f(u)^F{<b{u))j aocoidmg to the chain rule, 

f{u) ^nxYnu) 


Tho ordinal y mean value theorem, applied to the fimolion/(«) 
aad to the interval botwcon Ui~Q{a) and shows 

us that foi an mtermcdiato valuo w 


/K) -/K) 

W 2 — Ml 


or 


m' 




G{b) ^ G(a) 

vvhoro ^ = ©(oj) IS a valuo intermediate botwi on a and 6 


ExAftirr na 

1 Emd tho Bcoond dorivativo of 

2 Difioroniiato tho following fimctiona 

(a) (6) (ooaa?)^*^ 

( 0 ) logy^)«(«) (that IS, tlio logaiitlim of «(») to tho baso > 0) 

3 Provo Loibnite’s rule 

4 Pmd tho n th dorivativo of 

(а) (d) coswia; BUI 4-0/ 

( б ) (logajp (e) e“ 00320? 

(0) ama; Bm 2 a 7 (/) (I + iw)®c® 

6 ♦ imd tho n th dorivatno of oro Binx at 'V 0, and tlion that of 
(arc sinajp at a? 0 



CHAPTER IV 


Further Development of the Integral 
Calculus 

Tlio rules for diferontiation wliicli wo formulated in tlio pre¬ 
ceding chapter have given iia extensive powers over the problem 
of (UJfe/i'entiaiing given functions. Almost always, however, the 
inverse problem of integration, greatly exceeds it in importance. 
Hence wo must now study the art of integrating given functions. 

The results attained by means of our diflorentiation formula 
may bo summed up as follows: 

Evmj function which is formed from the dmentary fundions 
hy means of a closed expression ” ^ can be differentiated, and its 
derivative is also a closed ecepression formed from the elementary 
functions. 

On the other hand, we have not met with any exactly corre¬ 
sponding fact applying to the integratioii of elementary functions. 
Wo do know that every elementary function, and, in fact, every 
continuous function, can bo integrated, and we have integrated 
a large number of olomontary functions either directly or by 
inversion of diftorentiation formuleo and have found their in¬ 
tegrals to bo expressions involving elementary functions only. 
But we are still far from being able to find a general solution of 
the following problem: given a function f{x) wliich is expressed 
in terms of the elementary functions by any closed expression, 

to find an expression for its indefinite integral, F{x) = Jf{^)dx, 

wliioh is itself a closed expression in terms of the olomontary 
functions. 

* By this wo mean o- function wliioh can bo built up from tho olomontary 
fuiiotions by ropeated application of tho rational oporations and tho procossos 
o{ compoimding and inversion. 

In tills connoxion it should, liowovor, bo onipliasizod that tlio diatinotiou 
betwoon olomontary ” funotiona and otliors is in itaolf quite arbitrary, 
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[Chap IV] ELEMENTARY INTEGRALS 

The fact is that this problem is m general insoluble, it is by 
no means true that every olementary function has an integral 
which itself 18 an elementary fiinctiou In spite of this, it is 
oxhroinely important that wo should ho able actually to carry 
out such integrations when they are possible, and that wo should 
acquire a ceitam amount of technical skill in the integration of 
given functions 

The first part of tins chapter will bo devoted to the develop 
ment of devices useful for this purpose In tins connexion we 
would expressly wain the beginner against merely memorizing 
the many formulae obtained by using these technical dovioos 
The student sliould instead direct his oftorta towards gaming a 
clear understanding of the methods of integration and learmng 
how to apply tlicm Moreover, ho should remember that oven 
when integiation by those devices is impossible the integral 
does exist (at least for all contmuoiis functions), and can actually 
be calculated to as higli a degieo of accuracy as is desired by 
means of numerical methods which will bo developed later 
(Chap VII, p 342) 

In the latter part of the chapter wo shall endeavour to deepen 
and extend our conceptions of integration and integral, quite 
apart from the problem of the teclmique of mtogration 


1 EirMrNTARY iNTraiuns 


J'list of all wo repeat that to each of tho difforontiation 
formuloe proved earlier there corrosponds an equivalent mtegra 
tion formula Since those elementary intogials aio used time and 
again as materials for the art of mtogration, wo collect thorn m 
a table (p 206) Tho light hand column contains a number of 
elementary functions, the loft hand column tho corresponding 
derivatives If wo road the table horn loft to right wo obtain 
m tho right hand column an indefimto integial of the function 
in tlio left hand column 

We would also icmind Ihc reader of tho fundamental theororas 
of the differential and integral calculus, proved m Chap II, 
§ 4 (p 117), in paiticular, of tho fact that tho dofimte integral 
IS obtained from tho indefimto integral F{x) hy tho formula 


jj{x)(la> = F{x) 


= F{b) - F{a) 
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£'{x) = 

a -I- l’ 
ll)g 1 it* l. 

e" 

aP 

\oga* 

— COSO?, 

sin a’. 

-“COto?* 

tana;* 
cosh a;. 

BUlh X, 

^QOlhXt 

im\ix, 

( aro Bin ft?. 

I —arc coaa?. 

( aro tana?. 

I — arc 00 1 a?. 

arsinha? s log {a? + V(1 H- a;^)}. 

arcosha? == log {a? db V(a;^ — 1)}, 

ar taiiha; in 1 log LiLj?. 

ar colha? ss 1 

2 *"a?-l 
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Pmally, foi tlio tcclimqne of iniegiatioii tlio rcidor should 
have t/ho olemontary rules of integration collected in Chap II, 
§ 1 (pp 81-82) at has finger tips 

In the following sections wo shall attomiit to ledueo the 
calculation of integrals of given functions in some way oi othci 
to the elementary mtegials collected in this table Apart fiom 
dee ices which the heginnei coitainly could not acquire systo 
matically, but which, on the contrary, occui only to those with 
long expoiionce, this icduction is based essentially on two useful 
methods Laeh of these methods enables us to tiansfoim a given 
mtcgial in many ways, the object of such transfoimations is to 
reduce tho^givon integial, m one step 01 in a sequence of steps, 
to one or more of the clomentaiy luteguition foimulm given 
abovo 


2 Tul Mlthod 01 SuBSTiioriON 


The lust of those useful methods foi attftckmg intogiatioii 
problems is the mtioduotion of a now variable (1 e the method 
of substitution 01 transformation) The corresponding integral 
foimula IS just the chain rule of the difioicntial calculus expressed 
in tho integral form 


I The Substitution Formula 

Wo suppose that a now variable u is introduced into a fimo 
tion by means of tho equation x=^{u), so that F{x) 
bocomoa a function of u 

lP{x) = F{<l>(u)) = G(u) 


By the chain rule of tho difieiential calculus 


du 


dx 




If wo now write 

F'{x)=f{x) and 

or tho equivalent expressions 

F{x)=s J f{x)dx and 


G(u) — J g{u)du 
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then on the ono hand tho chain rule takes the form 

and on tlio otiior hand G(u) = F{x) by definition^ that is, 
Jg(u)(lu=^ Jf{x)dx, 

and wc obtain the integral formula equivalent to tho chain rule, 

f MW) i>'Wdu = Jf{x)dx, {a: = 

This is the basic formula for the suhstitution of a new variable in a7i 
integral. It means that if wo wish to find an indofinito iutogriil of 
a function of w, which is given in the si^ccial form f((l>{u))<f)^{u)y 
then wo can instead find tho indefinite integral of the function 
f{x) as a function of o) and after integration i:eturn to tho variable 
M by putting a:=<^(M). ^ ,,,, 

If, for example, we apply the formula to tho integrand 
we obtam 

or, replacing u by x, 

If in tliis important formula wo substitute portioular functions, auoJi us 
logo; or <p(a?) == sin a; or 9(0?) = cos a?, thou wo obtain 

f -T- - ^ log I logJVl, 

J X log X I O I 

J cot 854^3?= log I sin ah J tanat^a — log | oosa [. 

A further oxamplo is 

J <^(u)(^'(u)du ^ y' ^~ [9 {u)]\ 

where f(x) = x. This yields for 9 (ii) ^ log 11 

* Those and the following formulro are .vorifiod by showing that dilVorontia- 
tion of tho result gives us back tho integrand, Tho formulro, nioreovor, are 
of course only assorted as true in so far us tho oxprosBions ooourring iA tlioifl 
have a moaning 
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W© tinally consider iho example 

J ooBudu 


Hoio a? =: sm u = <p(w), and lions^o 

J sm” u 00a udii = J i 




|- 1 n 4 - I 


In many oases, however, wo shall use the al ovo formula in 
the reverse direction, starting with tho right liand side, tho 

integral J f{x)dx We now have to ovalnato or simplify a pre 

soribed mdoiinito mtogial F{x)=== Jf{x)dx by introducing the 

new vaiiablo of mtegiation u by means of the tiansformation 
formula x <j>{u), then worlcmg out the mdcfimte integral 

<?(«)= 

and finally replacing tho variable u in this integral by x In 
order to carry out this last stop wo must be certain that a definite 
value u does actually correspond to the value x, lo that tho 
function (j}(u) has an inverse Accordingly wo now make 
the following assumption, in which we regard x as the piimaiy 
variable In tho interval iindox considoiation u === ij){x) is a mono 
tome difiorentiable function whose derivative tj/(x) does not 
vanish anywhere m the interval Tho inverse function—which 
under these conditions is definite and single valued—^wo denote 
by a? = its doiivativo is then given by = l/^'(a?) As 
the basic formula for tho substitution of a now variable u in an 
integral, wo obtain 

J fix) dx= J fi<f> ( m )) <f>' [u) <ki iu=t(/ (x)) 

The indefinite integral Jiix)Sx can be obtained by ccdeulatmg 

the indefinite integral J I(9i(ii))^'(u)du and finally mtroducmg x 
instead of \xfor the independent vanable by means of ilie {qmtton 
u= .//(x) 

It is therefore not suffioiont merely to express tlio old variable 
X in terms of tho new one w, and then to integrate with respect 
to this now variable, before integrating we must multiply by 

(B 7981 B 
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fcho dorivativo of the original variable x with respect to the now 
variable w. 

The corresponding formula for definite integration between 
two limits is 

pb r^{b) 

f{x) dx = /(^ {u)) 4 / {u) du. 

In the new integral we have to choose those limUs of integration 
wliiel{ are obtained by subjecting the old integration limits to the 
transformation x 5 = ^ (u), u = 

In most applications the integrand f{x) will appear at the 
outset as a function of a function, 8ay/(aj) =5 h{u)i whore u ^ 

It is then more convenient to write our integral formula in a 
slightly different form by identifying the expression f{4Wl} ^vith 
the expression h{u). If for u we make the substitution u = 1 ^( 03 ), 
X = then our transformation formula is simply 

J 7i{0(a3)}dtaj= J h{u)^du. 

As a first example wo consider the integration of the function 
/(a?) 5= sin 2 a?, taking u = (a?) — 2 a? and h{u) sin u* Wo have 

|=f(.)=2. 


If WO now introduce 2x into the integral as the now valuable, then 
it is transformed, not into f sin u d% but into 




Bmudn — ■ 


• 00a u = 


• - 003 2iPJ 


this may of course bo verified at onoo by dilforontiating the right-hand 
side. 

If integrate for a? between the limits 0 and 7r/4, the corresponding 
limits for u are 0 and tp/2 , and we obtain 


r /4 1 i*rrf2 1 n(2 J 

sin 2xdx x / sin udu ^ — - cob u = 

Z Jq ^ q ^ 


p't 

Another simple example is the integral j Here wo take 

ti =t (J,(a?) V«?, whence aJ~ <p(w) = 3 = uK Since <p'(u) 2u, we have 

['^-^=2 f\u = 2 . 

Ji yx J\ u d\ 
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8 Another Proof of the Substitution Formula 

Oui iiitcgixtion foimula can also bo explained m another 
and more diieot manner, by aiming al, the formula for dejimte 
inlegiaiion and basing the proof on the meaning of the definite 
mtegial as a limit of a sum To calculate the mttgial 

f h{tjj{x))dx 

(for the case a < h), we begin with an aibitrary subdivision of 
the interval a^x^b and thou make the subdivision finer 
and finer We choose these subdivisions lu the following way 
If the function u ^ ilt{x) is assumed to bo monotomo moroasmg, 
there IS a (1, 1) coricspondence between the mtoival a 
on the X axis, and an interval ^ of the values of 

u = ^j{x), wlioio a = i/r(a), /S 5 = ^(6) Wo divide up this u 
iiiteival into n paits of length* At/, there is a coiresponding 
subdivision of the x mteival into sub intcivals which m general 
are not all of the same length Wo denote the points of division 
of the X mtoLval by Xq ^ a, x^^ , x^^b and the lengths 

of the oozxospondmg sub intervals by 

A%, A%, , 

Tlio integral wo aio considoimg is then the limit \ of the sum 

Vm>l 

wlioro ilie value i9 arbitianly Bolcoted fiom the v th sub 
mtoival of tlio » subdivision This sum wo now wrilo in the 

» A 7J 

form li h{uj} Au, whoie By the moan value 

vmx Au 

Ax 

thoorom of tho difioiontial calculus whore rf, is a 

suitably chosen mtoimoduito value of tho variable u m tho v th 
sub lutorval of tho u subdivision and a: = ^ (m) denotes tho 

♦ Tho nflsnmpllon that those sub Intoivals nro all equal is by no means 
ossontial for tho proof 

t Tills limit oxisla (for and is tlio integral, sinco on account of the 

unifoim oontlnuity of a? « l>{u) tho greatest of tho lengths tends to 0 
with A« 
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inverse function oi tjj (x). If we now select tlio vako in 
such a way that and coinoido, i.o, 
then our sum takes the form 

If WO here make the passage to the limit we immediately obtain 
the expression 

^ h{u)^dM, 


I 


as the limiting value, that is, as the value of the integral 
wo are considering, in agreement with the foimula given 
above. 

Wo have therefore proved the following theorem: 

Let h(u) be a continuom function of m in the a ^ u ^ jS. 

Theyi if the function u === 0(x) is continuous and monotonio and has 

dll 

a contimoits non-vanishing derivative — in a ^ x ^ b, and 

^(a)= o, 0(b) = 

f’h{ilj(x)}dx= fhiu)dx=fh{u)~dM. 

This formula exhibits the advantage of Leibnitz's notation. In 
order to carry out the substitution u “ ^(a?), wo need only wiuto 
dx * 

— ddm place of dx^ changing the limits from the original values 
du 

of X to the corresponding values of u. 

3. Examples. Integration Formulm* 

With the help of the substitution rule we can in many oases 
evaluate a given integral J f{x)(kc if we reduce it by means of a 

suitable substitution x = ^{v) to one of the elementary in¬ 
tegrals in our table. Whether such substitutions exist and 
how to find them are questions to which no general answer 
can bo given; this is rather a matter in wliich practice and 
ingenuity, in contrast to systematic method, come into their 
own. 

dx 

As an example, we shall work out the integral / —--- 

V (a® — x^) 
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by means of the substitution + » = (l>{u) = au, « = i/i(x) = xja, 
dx = adu, by wluch, using No 13 of tbo table on p 206, wo 
obtam 


f dx _ r adu 
d •d a \/(l—M®) 


= arc SLn«= aio sm-, for I »| < I a I 
a 


By tbo same substitution wo blcowise obtain 


adu 


a2(i + m2) a, 


I. 

I. 


r (kc _ r 
^ J t 

dx , X 


1 4. 1 . X 

- aio tanw — - arc tan 


f dx 


ar tank ? foi I a? I < I a I 
a a 

iarcoth-for I a)! > I a| 
a a 


formulea wluoh occur very frequently and winch can easily be 
verified by diherontiatmg the right hand side 

Ill conclusion, wo again emphasize the following point In 
our substitution process wo have made the assumption that the 
substitution has a unique inverse and indeed that 

i/i'{x) 18 nowhere equal to zero m the interval under consideration 
If our assumption is not fulfilled, application of the substitution 
formula may easily load to wrong conclusions If tjj'{x) = 0 at 
isolated points of the mterval of integration only, wo can avoid 
these difficulties by subdividing this interval m such a way that 
tp\x) vanishes only at the ends of a sub interval, wo can then 
apply the substitution to each sub interval separately | 

* For tho Hfvko of brevity wo take the Lborty of writing the symbola d» 
and du separately i o dx ^ ^ [v)du instead of dxfdu » ^ (i^) (of pp 100 - 107 ) 

I An applioation of this jnethod at onco loads to the following result wliioh 
applies to many special oosoa if tbo derivative i/i (a?) vamslios at a finite numbor 
of points but the function t/s{x) remains monotomo then the substitution for 
mula remains valid 
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3. Further Examples oe the Substitution Method 

In this aeofcion wo bring together a number of examples 
which the reader may consider carefully by way of practice. 

By tbo BubaUtution « = 1 a;®, = ±2» (ia;, wo deduce that 

xdx 


In thoao formuIoD wo must tako either the sign + in all three places 
or the sign — in all three places. 

By the suhatitution « aa? + ^ dn ^ a dx {a 0 ), wo obtain 


/ —- log I a® + 61, 

d ax 4-0 a 


y* (a® + 6)0 


dX’ 


{ax+h)<^4i 


a(a+ 1) 

J sin {ax + h)dx^ — - cos (ax + h); 

Bimilorly, hy moans of tho substitution du^-^-hinxdXt wo 

obtain 

J tana? dx « —log | oosa?|> 

and by means of tho substitution u ^ sin a?, du « oosa? c?a?, 

J ootart^a? s=s log I Bina?| 

(of. p. 208 ). Using tho analogous substitutions w 5= cosUa?, d'li — smlia? dx 
and u ^ sinha!, du^ oosba^da?, we obtain tho formuleo 

J tanha? da? =a log | oosha? |, 

J cotha? dx ^ log | sinha? |. 

In virtue of tho substitution ?tana?, da — ? seo^a?da?, wo arrive at 

b h 

tho two formula) 

/.T 


dx 


ein’^a? + b^ oos^a? 

1 


s ^ 

gtan*) 


dx 

oos^a? 


b^ 
arc tan 
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and 


2X5 



— i ai tanli 
ab 

tana;^ 

C dx ^ 

\b / 

} sin® a. — 6® coa®a; 

—^ ar cotli ( 
ao ' 

tana;) 

\b J 


Wo ovalufttc the integral 


I 


dz 
sin a; 


by ’writing sin a; = 2 sin? ooa^: 

2 2 £i 

that du s= \ sec® ~ ilx the integral then becomes 
2 


2 tan- C03®- and putting « =» tan- so 


/ dx f du 1 L 
— = / log tan - 
smtJ d u I 2 

a bcoomea 

‘ G+SI 


If WO replace a? by rr + 7^/2» this formula becomes 

//' 


003 a 


^ log tan I 


7- 


Tho substitution yields if wo also apply tho Imo'wn trigono 

motrioal formula 2 cos® a — 1 + oo32a and 2sui®a= 1 — cos 2a;, the 
frcq[uently used formuloc 


and 


J oo3®a;<faj =s J (a; + ema; oosa;) 
J 8m®a; dx^ |(a; — sin a; cos a;) 


By tho substitution cosw, equivalent to arc cos a?, 

or, more genoially, a? = a oos-w (a + 0), wo can roduco 

J\/{l — x^)d^ and J^/{a^ — x )dx 

rtspeotivoly to these formula) Wo thus obtain 

J ^ aro cos - +1V 

Similaily, by tho substitution a? == a coshw wo obtain tho formula 

f ^/{x^ — n®)daj — — ^ ar cosh - + ^ 
d 2 (J 2 

and by tbe substitution a; = a smbw 
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Tho substitution « = -, Ax=^ — leads to tlio formuloe 


X 




/; 

/: 

h 


dx 


1 . a 

—arc 6111 
X'\/{x^—'a^) a X 

dx 1 . 1 a 

——JT*"-fT ^1^ Slllll *“> 

av\/(a;2 + a^) a x 


dx 


^ i ar cosh 

X 


x^/ia^—x^) a 

Finally, wo consider the three integrals 

J BmmxBvanxdx, J smmxcoBnxdXi J cosmx oosnx dx, 

where m and n are positive integers. By well-known trigo¬ 
nometrical formulce wo can divide each of these integrals into 
two parts, writing 

1 

sinffW! 8m«a;= -{cos(w— n)x-~ oos(m-|- n)®}, 

sinma) cos^taj s:=: ^ {sin (m + n) a? + ski (m — n) a?}, 

cosjna! cos«® == i {co8(m + n)x + cos(m ~ n)®}. 

Xf we now make use of tho substitutions (m-h n)x and 
{m — n)x respectively, wo directly obtain tho following 
system of formulse: 

,1 f mi{m—n)x sin(md-*w)aJl , 

^ ^ - — -- I It ^ ^ 

2 I m—n m+n j 

1 / sm2maj\. 

^2 V 2m / 


/ 


sinjjj® 8iiina;d®= 


if m “ n; 


/“ 


sinw® co8«®(i!!»= 


-- ( f>os('m+n)x . 003(w—n)® ') 

2 I m-hn m~n f ^ ' 


1 /co 32 ??kb\ 
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J cos mx cos nx dx — 


H 


m n 


.!!?(” - iln If 

m~ n ) 


2m 


") 


^ a;) if m = 


ai? 

n, 


If in partioulai we now integrate fiom —it to H tt, wo obtain 
fiom tlieso foimulie the oxtiomoly important iclations 


JO if 
tirif 


sinmaj ammdx’^ 

•IT 


sinma; (ioanxdx = 0, 


0 if w 4= w, 


w — w, 


/ +Tr 


cosmaJoosna?(j!a?- 


0 if m =1=: ny 
qriim^n 


Those are tho orthogonahty relations ” of tho tiigonomotno 
functions, which wo shall meet with again in Chap IX (p 138^ 


ExAiMEa 


Evaluate the following integrals and veiify tho results by difforon 
tiatlon 


1 J dx 

2 J t^e-^ dv 

3 J x^Vl ■f rt® 

4 

J » 

6 

J «( 


/ 

I 

h 


t?(loga)^ 

3 if a; 

9a;2 Oa? + 2 
dx 


8 

{ia708) 


6tj 

TTw 


2aJ+ 6) 

dx 


/ 


a; + 1 


dx 


10 


/ 

“/ 


Vtl - a,’) 
dx 

^(6 I- 2af h 9?) 
dx 

?(3- 


IW 

h 


a? 4* 1 
xdx 


V(a2-4a;+ 1) 

(a; + l)dx 


16 

16 


^ 2% - 3a;®) 
dx 


b® 4“ ® *1 I 
r dx 
i a:® — a? + 1 


8* 
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r - 

2ax -b h 

18. , 

(/ 

J 

' 1 — a; 

19.^ 

f sin® X QOS'* a; dx. 

20. 

J 

^ sin^ X cos'* X dx. 

21. J a,*3(-v/i _ x^fdx. 

22. 

f , dx, 

1 V(1 - x>) 


26. 

20 


xdx 


24. / oos” X sin a; dx» 

*'0 

/ 

■h.^r 

27. f — dx{\ < a < &). 
da 1 ^ 

^ir/2 

28. / X sin dx. 


V(I4- 


, dx. 


29. Evaluato / (1 — a;)” dx (where w is a positive integer) by sub¬ 
stitution. ,0 


4. Integration by Parts 

TEo second useful method for dealing with integration 
problems is given hy the formula for difiorentiating a product: 

1. General Remarks. 

If wo write tliis formula as an integral formula, wo obtain 
(of. p. Idl) 

f{x)g{x) = Jg{x)f(x)dx + ff(x)g'{x)dx 

or ff(x) 9 '{<i>)dx=f{x)g(x)—Jg{x)f'(x)dx, 

This formula will bo referred to as the formula for integration 
by parts. The calculation of one integral is thereby reduced to 
the calculation of another integral, For if we split up the inte¬ 
grand of an integral j'co{x)dx into a product cu (») == f{x) (f) (a;), and 
if wo can find the indefinite integral 

g{x) = J ^{x)dx 

of the one factor ^ (»), so that ^ (a:) == g'{x), then by our formula 
the integral Jio{x)dx—Jf{x)^{x)dx == ff{x)g' (a;)tfa! is reduced 

to fg{x)f'{x)dx, which in some cases can be found more readily 
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than tlio original f 01 m Since a given function co (a:) whicii occurs 
as an integrand can bo regaided as a product f{x) ^ (x) ~ f{x)g' (®) 
in a great many different ways, this formula provides us with 
a very effective tool for the transformation of mtegials 

Wiitten as a formula for definite mtegration, the formula for 
integration by parts is 

/ f{a.)g'(x)dx=f{x)g{x)f- j'’g{x)f {x)dx 

*'<1 J/j Ja 

=mg(b) -Aa)g(a) ~ f"g(x)f{x)dx 

For in order to obtain tlio formula for defimte integration from 
the formula for mdelimto integration (Chap II, § 4, p 117) 
we have only to replace the 
variable appearing on both 
sides in tho formula for the 
indefimte integial (1) by tho 
value xt=b, (2) by the value 
aj = a, and write down the 
diFerence of these two ox 
pressions 

A simple interpretation of 
this foimula, at least with 
suitable lestriotions on the 
functions involved, can be 
given Lot us suppose that 
y=f(x) and z^g{x) are monotomc, and that f{a)^Af 
f{b) = g{a) ^ a, g(b) = P, wo can then form the inverse 
of the first fimction and substitute in the equation, thus ob 
taming as a function of y Wo assume that tins function is 
mono tome inoreasing Since dy == f{x)dx and dz g\x)dx tho 

formula foi integration by parts can bo wxitton 



m agreement with tho relation made clear by fig 1, 

area NQLK + area PMLQ = area OMLK — area OPQN 

The following example may eervo as a first illustration 

f logi« 1 dx 
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Wo 'writo the integrand in this way in order to mdioato that wo intend to 
put f(x) = logje and ff'(x) ^ 1, so that wo have /'(x) — 1/a; and f7(a*} — a;* 
Our formula then becomes 

J loga; dx^x logo; J ^dx — x \ogx — x. 

This last expression is therefore the integral of tlio logarithm, as may ho 
verified at once by differentiation. 

2. Examples, 

The following further examples may help the reader to grasp this 
method. 

If we put f{x) =: X, g\x) ^ e®, wo have f{x) « 1 , ij{x) ^ e®, and 

J xe^ dx = 6®(aj — 1). 

In a similar way wo obtain 

J X Binxdx^ --xooax + sin a? 

J xooaxdx^ X flino; + cos x. 

For f{x) =55 loga;, g'{x) = a;", wo have the relation 

I x^ loga; dx — (\ogx— — 

a -f- 1 \ Cl -f- 1/ 

Here we must assume a =♦= — 1. For a s= —1 we obtain (of. p. 208 ) 

f - loga; dx ^ (loga;)® — f loga;. —; 

^ X J X 

transferring the integral on the right-hand side over to the loft, wo have 
J ~ loga; da; i (loga?)®. 

We calculate the integral J arc sin a; da; by taking f(x) = are aina;, 
g\x) = 1. From this wo obtain 

/ oro sina; da; =5 a; arc sina; — f , 

J J V (1 x^) 

The integration on the right-hand side can bo performed as in § 3 (p. 214 ); 
we thus find that 

y'aro Bina? da; a; arc sina; + V(1 — x% 
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In the flamo way wo oaloulate the integral 

J aro tana? x aro tana? — ~ log (I + a:*) 
and many othera of a aimilar type 

The following examplea are of a somewliat diffeiont nature here a double 
application of the metJiod of integration by poita brings us baok to the 
oxigmal integral, for winch we thus obtain an equation 
Integrating by paits twice wo obtain 


j 


sm&a? da? = — ~ ooshx 
h 


+1/ 


6^ cos&a?d«? 


5 = — 1 oos6r + ^ e®® sinfro? — ™ smhxdx 
and, solving this equation for the integral J sin bx dx 


/ 


e^^sm&a?d« — • 


+ 

In a similar way it follows that 


e®®(a suitiii? — h cos hx) 


I 


QQBhxdx^ 




e«®(a 008i'l? 4 - h Bmbx) 


3 Reourrenoe Foriuxiloe 


In many cases tlio intogiand is a function not only of the 
independent vaiiablo, but also of an integral index rt, and on 
intogiating by parts we obtain, instead of the value of the in 
tegral, anothci similar expiession in winch the index n has a 
smaller value Wo thus arrive after a numbei of steps at an 
integral which wo can deal with by means of our table of integrals 
Such a process is called a uciimnce process The following 
examples illustiato this by repeated integration by parts we 
can calculate the trigonometrical integials 


J GOH^xdx, J sm«aj(Za?, J sm’^a? cos’^tedte, 


provided that m and n are intogois Tor wo find that 
JGos^xdx = oos»»''^aj sm^ + {n 1) 


we can wiite the right hand side m the form 

co8^"^aj sina? + (n — 1) jeoa^'^^xdx— {n — 1)J coa^^xdx^ 
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thus obtaining tlio recurrence relation 

1 ^__ ^ , n—1 

n n 


f coB^xdx ^ i sina; 4* ~ f coB'^^^xdx, 


This formula enables us to keep on diminishing the index in 
the integrand until wo finally arrive at the integral 

J'coBxdx — sin a? or Jdx =5 a?, 

according as n is odd or even, In a similar way wo obtain ih^ 
analogous recuirence formulae 

1 • «~i , w — 1 

- sin” cosaj +- 

n n 


sin”aJ^foj— - sin”~^a? cosaj +-/sin”'’®a:cto 

n n ^ 


and 


J 8in’”a; cos”a3 dx * 


sin”^+^aj cos^^^a? , n — 1 


J siii”»aj cos”rf/. 


m + n m-hn 

In particular, thesp formulee enable us to calculate the iutogmlw 

/ I 
sin^a? (fo; = ^ (aj — since cosa?) 

/ I 
Go&^xdx^ - (a; + since cosa?), 

as wo have already done by the method of substitution {p» 21R), 
It need hardly be mentioned that the corresponding int(^gral^ 
for the hyperbolic functions can be calculated in exactly the wune 
way, 

Further reourronoo formula) aro given by the follo^Yjng transforiUfttluii^M 
J ?= a;(logajy” — «i J (log(u)”*^^c?a;, 

J x^e^dx ^ ^ mjx^^e^dx, 

J a;”* sina? »= —oosa? ^ pi J* ooaa? dXf 

j x^ coaxdx^ x^ flinic sina?f^, 
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i Wallises Prodiiot 

The reoitxronce foimula for the integral J sm”ic dx leads m 

an clemontT-ry way to a most remarkable e"?pression for the 
number tt as an infinite product Wo suppose that n>l^ and 
in the formula 


J sin^^a? dx ■ 


'■ cos a? + 


n— 1 


J dx 


we insert the limits 0 and 7r/2> thus obtaining 
^__ ][ 

/ sm^ajda;—- / forw > 1 

♦'O U *'0 

If we agam apply the rcourrenco formula to the right hand side 
and contmuo the process, wo obtam, distinguishing between the 
oases n — 2wt and w. — 2w + h 


f m^^xdx = 

A 


f*irj2 


2 m 2m — 2 

2m 2m — 2 

2m + 1 2m — 1 


5 r-- 

2 , 

- / smxdx. 
3 Jn 


whence 


?ini| 

•'0 2m 2m — 2 

2 m 4 .i 7 2m 2 m — 2 

/ 8m2’''+ia!(ZiB=-;— -- 

•>0 2m -I- T 2m — 1 


r ^ 2 m 4 .i 7 2m 2>» — 2 2 

/ 8m2’''+ia!(ZiB= -—— -- ~ 

■'0 2m + 1 2m — 1 3 

By division tins yields 

77’__224466 2m 2m 

2 ~ ri rB ^ (2m-1) (2m+1) 


/^Jr/2 

;{q_ 


The quotient of the two integrals on the right hand side con 
verges to 1 as wi increases, as wo recognize from the followmg 
considerations In the interval 0 < a? < 7 r /2 wo have 
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If we here divide each term *'‘£c dx and notice that by 

the first formula proved above 

/ mL^^~'^xdx 


•'n 


^ir/2^ 

^ -^1 + 0^. 

2m 


we have 


1^ 


rtir/2 

‘'O 


from which the above statement follows. 
The relation 


2 m 


2 m 


7 r_,. 224466 
2 3 3 B B 7 ’ * ’ 2m- 1 2mH- 1 


consequently holds. 

This product formula (duo to Wallis), with its simple law of 
formation, gives a remarkable relation between the uiunber tt 
and the integers. If wo obsorvo that 

lim ■ =: wo can write 

eo 2m ~p 1 


lim ■ 

m —>-00 


2®. 4^. 


(2m-2)g 
(2m — 1)^ 


2 m == 


7 T 

2' 


and if we take the square root and then multiply mumorator and 
denominator by 2,4 , . . (2m — 2) we find that 



— lim 


2.4 

3.6 


(2m—1) (2 m—i)I 


2^,4*... (2m)® V2m 
Wf W (2m)! 2m 
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1 xom this wo fiually obtain 

(ml) 2^”* / 

Inn = a/tt, 

m-^to(2m)l ym 

a form of ’Wallis’s product winch will bo of use to us latei 
(of Chap VII, Appendix, p 363) 


Ex VMTLT^g 

Evnliiato tho integrals m Ex 1-14 

1 2 f .rZa; 

J J (I x 


/*» 


COBOidX 


(1-^T 

i J 6 J x^ooBmdx (n a positive integer) 

^ j sinwo. dx {n a positive integer) 7 oosa.^ dx 

8 j Bin^xdx 0 J ooB^xdx 10 JxWl—x^dit^ 

11 J x^e^dx 12 J^^^dx («. 4 1 ) 

13 J ^^log'rd^e (m-h 1 ) IX j (log(t)®ffr 

IS Provo tho formula 

Jd>^p(x)dx = c^{p(x) — p\x) + p*%) -h ), 

whore p(x) is any polynomial 

10 bliow that for all odd positive values of % tho mlogral J can 
bo evaluated in terms of olomontary functions 

17 Show that if n is even tlie intogial J er® x^dx can he oralnated 

m terms of elementary functions and tho integral Je~^*dx (for which 
tables have boon oonatruotod) 

18 Piovo tliat 


f (/ u)du 

formula for tho Booond ito] 
fcogral of f{x) IS given by 


19 * Ex 18 gives a formula for tho BOOond iterated integral Provo 
that tho n th iterated integral of f{x) is given by 
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5 , Integration of Eational Eunotions 

Tlio most important general class ol functions integrablo in 
terms of elementary functions consists of tho rational functions 

</(») 

where/(a;) and ^(a?) are polynomials; 

f(x) — . . , + % 

ff(x} = 6naj« + + - . + (&n + 0), 


We recall that every polynomial can bo integrated at once and 
that the integral is itself a polynomiaL Wo therefore need 
only consider those rational functions for which tho deno¬ 
minator is not a constants Moreover, we can always assume 
that the degree of the numerator is less than the degree (n) 
of the denominator, Eor otherwise wo can divide the poly¬ 
nomial /(os) by the polynomial and obtain a remainder 
of degree less than n; in other words, wo can wi'ito 


/(a;) — + r(a5), whore gf(a;) and r(a?) arc also poly¬ 

nomials and r(a;) is of lower degree than n. Tho integration of 


IS then reduced to tho integration of tho polynomial q(x) 


and of the proper fraction 


Wo further notice that the 


function can bo represented as tho sum of the functions 

aX 3(!») a,.- 

SO that W6 neod only consider integrands of the form 


1. The Fundamental Types. 

We shall not at once proceed to tho integration of the most 
general rational fiiiiotion of the above typo, but shall instead 
study only those functions in which tho denominator g{x) is of n 
particularly simple type, namely, 

g{x) = X, g{x) = 1 + *3, 

or, more generally, 

g{x)^x”, £f(a:) = (1 + a;2)« 

where n is any positive integer. 
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To this caso wo can rediico tlio somowhat more general case 
an which g{x) {ax + j8)”, a power of a linear expression 
ax \- p (a =t= 0), or g{x) = {ax^ + 26a; + a power of a 
definite * quadiatic oxpiessioii In the fust case we introduce 
a now vaimble ax^ Then d^fdx = a, and x=^ — j8)/a 

18 alao a linear function of f Each numerator f{x) becomes a 
polynomial of the same dcgicc, and consequently 

-/H. .dx=^l 

a J 


I 


(a® + 


C" 




In tlio second case, we wiiio 


1 fP 

ax^ + 26x + c — -(aa; + = ao —- 6^, d > 0), 

a a 


observing that, since wo have assumed oiu expxession to bo 
doflmto, ao — 6^ must bo positive and a 4= 0 By mtioduouig 
the new voriablo 

ax+ b 

^ 5~ 


[ # 

^(14- f®) 

Hence m order to mtegrato rational functions whose do 
nominators aie powers of a linear cxpiession or of a definite 
quadiatio expiession li is sufficient to bo able to integiato the 
followmg types of fiinotions 

1 

{x^'+ !)»' Jx^ + 1)” 

Wo shall, m fact, see that even those typos ncod not be treated 
in general, for wo can reduce the integration of oveiy lationnl 
function to the integration of tho voiy special forms of these 
three functions obtained by talcing v 0 Accordingly wo now 
consider tho integration of tho three expressions 

11 X 

(a« d i)"’ (^H 1)” 

• A quadratio oxprossiou r o is said to bo dcJtmU If for 

all real valuos of x it takes valuoa having one and the same sign i o if the 
equation (Jfa;) 0 has no real roote Jjor this It is ncccssaiy and auflioiont 
that ao — 6® should bo positive 
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2. luiegcation of tlie Fundamental Types, 


Integration of the first typo of fuuotion, —, immediately yields tliu 

0/ 1 

expression log [ aj| if n “ 1, and tlio expression — 

so that in both oases the integral ia again an olomontary function, 
tiona of tlio third typo can bo integrated immediately by introducing 
new variable 5 === -I* whonco wo obtain 2xdx == and 


r ^ 1 i ^ 


Jlog(a;^ +1) if = If 
1 

2 ( 71 - l)(X^+ 


if w > 1, 


Finally, in order to oaloulato tho integral 


j = f 

" J (*»+U" 


whoro n has any value exceeding 1, wo mako uso of a reourronco mothod^ 
For if we put 


80 that 


1 _ 

1 _ 


(«»+1)” 

(»«+ l)»-i 

(»«-[-1)«’ ■ 

C dx ^ 

r dx 

f x^dx 


} (<»» +1)«-‘ 

J (®“ + 1)”’ 


wo oan transform tlio right-hand eido by integrating by parts, using tlio 
formula on p. 218 with 

Then, oa we have just found above, 

f/(*) = " 2 (m— l)(!«»+ 
and consequently wo obtain 

7 ^ f ^ „ ^ ,271—3r dx 

j 2{n - l)(a;3 + 2{n - 1) J (cc^ H- 


The oaloulation of tho integral is thus reduced to that of the integral 
If n — 1 > 1 wo apply tho same process to tho latter integral, and 
oontinuo tho process until wo finally arrive at tho expression 


/ 


dx 


(<e»+l) 


oro tan x, 
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Wo thus SCO that tho iiitogial can bo explicitly expressed m terms of 
rational functions and tho function arc tanr 

Inoidentally wo could also have mtcgiated tho function - 

dueotly using tho substitution tan( wo should then havo obtain^ 
dx = Bco^ tdt and 1/(1 + so that 

/(sfir-- 

and wo have aheady learned (p 222) how to evaluate this integral 


3 Partial Fractions 

Wo aro now in a position to integrate tho most general 
rational functions, m virtue of tho fact that ovoiy such function 
can bo reprobcntod as tlio sum of so called paHzal fraettonsy 
10 as tho sum of a polynomial and a finite number of rational 
functions, oaoh ono of winch has either a power of a Imoai 
oxfiiossion fox its denominator and a constant for its numeiator, 
or else a power of a deiimle quadratic expression for its 
denominator and a Imeai function for its nuineiatoi If tho 
dogioe of tho mimorator/(ai) is less tlian that of tho denominator 
g(x) tho polynomial does not ocour Wo are now m a position 
to integrate each paitial fraction For according to p 226 the 
denominator can bo reduced to one of the special forms a” and 
l)'^, and tho fraction is then a combmation of the 
fundamental types intogiatod on p 228 

Wo sliall not give tho general pxoof of tho possibility of this 
resolution into partial fractions On the contraxy, wo shall 
confine oui solves to making tho statement of tho theoiem in 
telligiblo to tho roadox and to showing by examples how the 
resolution into partial fiactions can bo earned out in typical 
cases In actual practice only compaiativoly simple functions 
axo dealt with, for othoiwiso tho computations become far too 
complicated 


* Tlio mtogral of tho function r-x —rr;: can bo oaloulatod in tho same way 

■^ 1 )” 

by tho oorrespondmg icouiionco molhod wo roduco it to tho mtogral 



“ at tanho? (or ai 00th») 
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Ab wo Imow from elementary algebra, every polynomial 
g{x) can be witten in the form 

g{x)^a{x--a^y^((o^a2y\ .. ( 0 ?®+ 26j>aj +Cg)*'*,.. 

Hero the numbers a^y ota* . . • are tbe real and distinct roots of 
the equation g(x) = 0, and the positive integerB 2^, 4 • * • indicate 
the numbers of times they are repeated; the factors + 2b^,x -I- c, 
indicate definite quadratic expressions, of which no two are the 
same, with conjugate complex roots, and the positive integers 
Ti, ^ 2 , ♦ * . give the numbers of times that tliose roots are repeated. 

We assume that the denominator is either given to us in 
this form or else that wo have brought it to this form by calcu¬ 
lating the real and imaginary roots. Let us further suppose that 
the numerator f{x) is of lower degree than the denominator 
(cf. p. 226). Then the theorem on resolution into partial 
fractions can bo stated as follows. For each factor {x — a)h 
whore a is any one of the real roots and I is the number of 
times it is repeated, we can determine an expression of the 
form 

“^2 t r 

(x^a) ^ (x-ay^ 

and for each quadratic factor Q{x) ^ x^ 26a? d- 0 in omr 
product which is raised to the power r we can determine an 
expression of the form 

J3i + Oia? , , , 5,.+ 0,a? 

Q ^ +-‘+ Qr f 

in such a way that the function is the sum of all these ox 

9{^) m 

pressions. In other words, the quotient can bo represented 

as a sum of fr‘aotion8 each of which belongs to one or other of 
the types integrated on p, 228.*** 

* Iloro wo giro a brief skotoh of tbo jfuotliocl by which tho possibility of tliis 
decomposition into p«xrtial fractions ia proved. If (/(a?) « (a? a)^A(aj) and 
A (a) 4= 0, then on tho rightdiand sido of tho equation 

M ^ /(^) ^ J_ /WA(a) -f{a)h{ 0 i) 

^(a;) A(a)(aj - a)* 7t(a) («; - a)^/*(») 

the nnmoralor ol>viou8ly vanishes for a; «=* aj it Is thoroforo of tho form 
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In paitioular oases the spliUmg up into partial fractions can bo done 
easily by impootion If for o^aniplo ( 7 (^) = ^ I 'wo seo at once that# 

1 _ 1 11 1 

- 1 2 a- 1 2 


Moro generally if {/(a) = (a — a)(a:— p) that is if {7(0.) is a non definite 
quadratic oxpicasion with two real zcio« a aiul p wo have 

1 _ 1 _ 1 1 

(a^“a)(^ — P) a—pjB—ot «—poj—P 


4 Example The Bimoleoulat Reaction 

A simple example of the application of this easy reduction to partial 
fractions is given by the so oallod bnnolcoular reaction Lot us suppose 
that wo have two reagents whoso oiiginal concentrations in raols per unit 
volume are a and h whore wo assume that a <h and lot us suppose that 
in iimo i there is foiraed in the unit volume a quantity x (mols) of the 
product of reaction Tlien, aoooiding to the law of mass notion (of p 182), 
m the simplest case—reaction hotween one molecule of each of the ro 
agents—the rate of inoieaao of the quantity x la given hy tho equation 
dx 

^ — A!(a — a:)(Z> — x) Tho piohlom is to determine tho function x{i) 

If mvoisoly wo think of the time ^ ns a function of a?, wo have 

^ ^ 1 __ 1 /_!_ 1 \ 

dx /(a —^)(6 —jt) 1/(6—a) \a —a? & — 

honoo by integration 

U —L_ log + 0 for OJ < ct < 6 

a — 0 6 — 05 

A (a) (a; “ wlioro/l(^) is also a polynomial, tho intogor and 

/i(a) th 0 Writing « ft this gives us 

m .. p „ 

g(x) (ai -* a)^ (a: - 

Continiung tlio process wo can keep on thininlaliing tho dcgico of tho power 
of {x a) ocouinng in tho denominator until finally no such factor is loft 
On the remaining fraction wc ropoat tho piocoss for some other root of g{x) 
and do this as many times ns has distinct factors Ibis being done not 
only for the real but also foi the oomplox roots wo ovontually arrive at tho 
comploto anal) sis into paitial ft actions 


so that 


(a, — a)('C-* p) a—p | a? — p 


flo that 


dx 1 , a - 

nr-.-a'”!’ 
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We dotermine the constant of integration c by the condition that at limo 
/ 1 = 0 no product of reaction haa yet boon formed, so that 


-i- log? + c = 0. 
a—h h 


We tiuiB obtain finally 


kl = 


a — 2) 


log' 


X 
a 

i-i 


and if wo solve for x this gives the xec[uired function x{t): 


B. Further Examples of Resolution into Partial Praotiona. The 
Method of Undetermined Coeflaoients, 

If flr(a3) =: (o^ — oj) (a? — a 2 ) s . . (a? — a„), where 4= if 
i 4= h, i.o. if the equation ^(a?) = 0 has only single real roots, the 
expression in terms of partial fractions has the simple form 

JL=s5 ^ ^ ^ ^ 

g{a)) X—oi X —02 X — 

Wo obtain explicit expressions for the coefficients %, ag,... if wo 
multiply both sides of this equation by («— cq), cancel the common 
factor (a? — a^) in the numerator and denominator on the left 
and in the first term on the right, and then put x = a^, This 
gives * 

1 

(«! — ttz) (% — %) • • • («! — ttn) 

As a typical example of a denominator ff(x) with multiple roots, wo 

consider the function — 1 .—.. The preliminary statomont 

1) 

1 „ a -I- 5l ® 

1 ) a;—1 oJ a;* 

in aooordanoo with p. 230 leads us to the required result. If wo multiply 
both sides of this equation by — 1) wo obtain the equation 

1 := (a + h)x!^ — (& — c)x — c, 

The reader will observe that the denominator on the right i*©- 

the derivative of tlio function g{x) at the point x *« ai. 
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tiu6 for all values of x, fiom wluoh wo havo to (loteimmG the oooffioionta 
(t hfG This coudition cannot hold unlo'^g all tho cooflioionte of tho poly 
normal (flt + “ c — 1 aro 7010 10 wo must hava 

a + 1) ^ h ^ 0 ^ c j-l^Ooic — —!, 6=^—1 a — 1 Wo thua ohtaui 
tho resolution 

1 _ I „I_ 1 

1) ^—1 a x^ 

1 and conaeq^uonfcly 

1) CP 


We ahall now split up the fiinotion 


(whioli la an oxamplo of 


a!(a;* + 1) 

the case whore the zeros of the donommator aio complex) in aooordanoo 
with the equation 

1 _ ? j_ I _? 

x(x^ + i) X I 

For tlio oooffioionts we obtain a-\ 0 ^ a— 0 so that 


1 _ 1 _ ^ 

{P(t^ h 1) 

and oonsoquontly 

As a third example we oonsiclor the function Leibnitz 

*7" 1 

found this a troublesome mtogiafcion Wo can roproaonfc tho donommator 
as tho product of two quaclidtio factors 

OJ^ + 1 == (oja 4. 1)4 - = (cpa h 1 + V2^) {«« 4 1 — V2IP) 

Wo know, therefore that tho resolution into partial fractions will liavo 
tho form 

1 _ ax \-h , ccP h d _ 

^ V2a? M ^ V2'P ) 1 


To detormino the oooffloionts a, h, c dt wo havo the equation 
[a + c)(^+(h + d--aV^ I ^)V2)^«+(a i c- 6V2 I dV2)x 
+ {h I d - 1) == 0 
vvhioli is satisfied by the values 

Wo therefore have 

1 1 as [-Vi 1 a—VS 
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and, applying tliG method given on p. 227, wo obtain 

I ‘ I - J72I ‘' 

+ tan (V2aj + 1) + 2^2 (V2ii3 — 1), 

which may easily be verified by differentiation. 


Examples 


Integrate; 



if . 

8. 1 

r dx 

J 2 , 1 ! - 3 a:’ 

J 

1 -1- .■e’’ 


“•J 



(a:M-l)(i;- 2 ) 

g f 3 a!i! 

10 . J 

r « + <t ,1^, 

J a :(!8 + 1 )’ 

(a:’ - l){a!-l- 2 ) 

4 f ** + *+1 dx. 

11. 1 



J 


p r 

12*J 

r 

J (X- 1 ) 

ii;®4-1 

^ f x^dx 

13. J 

f <h. 

J (*-!)’(»«+1)' 

0 !^ -[- 0 : 8—2 

7. r . 

14 J 

f 

J 1-a^ 

«;’(*’+ 1)’ 


6. Integbation 01!' Some Other Classes oe Eunotions 


1. Preliminary Eemarks on the national Representation of the 
Trigonometric and Hyperbolic Functions. 

The integi’ation of some other general classes of funotions can 
bo reduced to the integration of rational fimotionSc Wo shall 
bo better able to understand this reduction if wo begin by stating 
certain elementary facts about the trigonometric and liyporbolic 


funotions. If we put t = 
us the simple formulflo 


! tan elementary trigonometry gives 
2 


Bmx' 


2t 

l + i^’ 


coax = 
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for 


1-f 


1 2® , 

— = eo9^ - and -- 

2 l~[ 


2 ® 

= Bin*' 

2 ’ 


and henco from tho elcmontary foriniila) 

, 0 ,, £ 

2 2 


ti/ JJ Q/ {JC 

Bin a: = 2 cos^ - tan - and cos a? = cos^ - — Bm"* - 


we obtain the above equations These equations ehow that sma? 
and cosx can be ex]nesse(l mhonally in terins of the quantity 

X X 

t — tan - ITiom t = tan - wo have by diffoiontiation 
A A 


* 

dx 


1 „ 1 t- 

2 cos ®/2 2 ’ 


so that ~ — 
at, 


2 

1 + «2' 


bonce the donvativo — is also a rational cxpiession in t 


Tho goomotrioal roprceontaiion of oui formiil© and thoir geomotTiooI 
moaning arc givon in fig 2 Hcio tho oirote \ 1 in a nv plane la 

shown If a; denotes tho angle POJ' ui 
tho figure, then oos» and 
Tho anglo OSP with its voitox at tho 
point w == --1, t; 0 IS equal to aj/2, hy 
a theorem in olomontary goomoky, and 
wo can road off tho goomotiioal moaning 
of the paramotei t from the figuio ^ 
i=taii^nj= Oil If tho point P stalls 
fiom S and luns oiioo loiind tho oirolo m 
tho positive diieotion i e if a? runs through 
the mtorval from — to the quantity 
i will run through the whole range of Fib a—PisrAmctm rep r cue motion 
values from - to + oo oxaoUy onoo ">* 

Wc may correspondingly oxprcBB tho liyporboho functions 
oosh®=: |(e*+ <3““) and smh.®=|(c“ — (T*) as rational fimo 
tions of a third quantity Tho most obvious way is to put 6" = t, 
80 that wo have 

cosh®—1| T-|-lY smhi»== 1( T—lY 

2\ r/ 2\ r/ 

which aro rational expressions foi sinli® and cosh® Hero again 
dxfdt^s 1/t is rational m t But wo obtam a closer analogy 
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with the trigonometric functions by introducing the quantity 


: tanh -; we then arrive at the formulea 


sLnhsj: 




cosh® = 


l + «2 
1 — 


By difierentiating t — tanh- wo obtain, as on p. 236, the rational 
expression 

dx 2 


dt, 1-t? 


for the derivative dx/dt. Hero again the quantity t has a geometri¬ 
cal meaning similar to that which it has in the case of the trigo 
nomotrio functions, as we sec at once from fig. 3. 



Fig* 3*“-Parflmctric rcpreaeinatlon of tho hyperbolic functions 


But whereas in the case of the trigonometric functions t 
must run through the whole range of values from —co to 
in order to give all pairs of values of cos® and sin®, in the 
case of the hyperbolic functions i is limited to tho interval 
- 1 <{< 1 . 

Having made these preliminary remarks, we proceed to oru’ 
integration problem. 


2. Integration of /?(oosa;, sinar). 

Lot jR(cos®, sin®) denote an expression which is rational in 
the two functions sin® and cos®, i.e. an expression which is 
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237 


formed rationally from these two functions and constants, such as 
3 sin <h I COB® 

3 (os a; -| sm® 


If wc apply the substitution i = tan - the integral 

A 

J R(cosx, 8m®)d® 

18 transformed into the integral 


and under the integral sign we now have a rational function of t 
Thus wo have m theoiy obtained the integral of our expression, 
since wo can now peiform the mtogiation by the methods of the 
preceding section 


3 Integration of R{(ioshx, sinh^;) 


In the same way, if 2i(G0sha;, smhaj) 10 an expression which 
IS rational in terms of the hyporbolio fimctions coshai and smha?, 
we can oftoct its miegration by means of the substitution 


t = tanh ~ Eecallmg that 

dv 

dt‘ 

wo have 


J i2(cosha?, sinlia?)d^ :=:= J r^) 



(According to a previous lomark wo could also have mtiodueed 
x — e® as a new variable and expressed cosh a? and sinha/ in tonns 
of T) The integration is once again reduced to that of a rational 
function 


i Integration of — x^)} 

The integral J i2{a?, can be reduced to the type 

treated m No 2 by using the substitution 

(C COSH, \/(l — (K?) == SlUH, daJ == —SlUH 
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from tliis stage the transformation t ^ tan - brings us to the 

A 


integration of a rational function. Incidentally, wo could liavo 
carried out the reduction in one step instoad of two by using 
the substitution 



1/(1 — » 2 ) = 


2t 

l + <a’ 


dx _ -~“4i 

(T+lT’ 


that is, we could have introduced t — tan - directly as the new 
variable and thereby obtained a rational function to integrate. 


5. Integration of Ii{x, — 1)}. 

The integraiy's(», is transformed by the sub¬ 

stitution a) = ooshw into tho typo treated in No. 3 (p. 237). Hero 
again we can an’ive at our goal directly by introducing 



6. Integration of /i(x, 1)}. 

The integral J ■\/(a!®-t- !)}<?» is reduced by tho trans¬ 
formation a;=8inhM to tho type considered in No. 3 (p. 237), 
and can therefore bo integrated in terms of elementary fimotions. 
Instead of tho further reduction to tho integral of a rational 

function by tho substitution e“ = t or tanh ^ = t, wo could have 

Ji 

reached tho integral of a rational function at a single stroke by 
either of tho substitutions 

I // 2 I 'W 4 + V(^^+ 1 ) 

X 

7. Integration of R{Xj y'(aA;^4' c)}. 

The integral J R{x, '\/(ax^+ 26a? + o)}dte of an expression 
which is rational in terms of x and the square root of an arbitrary 
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polynomial of tlio second degree m x can immechately be re 
duced to one of the types ]ust treated Wo write (cf p 227) 

ax -\- 26a: -|- o = - {ax -[- bf |- - 

a a 

If ao~-b^> 0 wo intioduco a now varnblo i by moans 

of the transformation ^ . whereupon the surd takes 

Y{ao — ¥) 

V ' dQ _I 1 

- - — (+1) I Ilonce our integral when expressed 

in terms of ^ is of tlie typo of No 6 Tho constant a must here 
bo positivo in ordoi that the squaio loot may have real values 
If ac — = 0, a > 0, then by way of tho foimula 

^/{ax^ + -“I- c) h 

wo see that tho integiand was rational in x to begin with 

If, finally, ao — 6^ < 0, we put ^ == ^ ^ and obtain for 

V(6^ — ac) 

tho smd tho expression ^ — 1)| If a is positive, 


our mtcgial is thus leduced to tho typo of No 6 {p 238), if, on 
the other hand, a is negative, wo write tho surd in the form 

VC-^) ^(1 —' and soo that tho integial is thus icduced 

to the typo of No 4 (p 237) 

8 Further Examples of Beduotlon to Integrals of Rational 
Functions 

Of other typos of functions wluch can be integrated by re 
duotion to rational functions wo shall bnofly mention two 
(1) rational oxpiessions involving two difieroiit surds of linear 
expressions, 22{a!, '\/{ax-\-b), ^/{otx+ fi)}, (2) expressions of 

the form R\xt ”/() I whore a, h. a, B aio constants 

[ y\ax+p/j 

In the first case wo intioduce tho now vaiiablo ^=: •v/(aa:+ j3), 
so that CUB + jS = and conscciuoiitly 




1 dx 2^ 
and — = -A, 
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then Jr[ 3:, s/iax -t- b), -\/(aa! + /3)} dx 

"" ~ 4 

which is of the type discussed in No. 7. 

If in the second case we introduce tlio now variable 


[Chai? 


we have 


” Z/aajd- b\ 

Wv^ST^/’ 


^ ax+P’ 


-Pi» + b da_ ap~ba 
at-a' ^ ’ 


and we immediately arrive at the formula 

which is the integral of a rational function. 


9, Kemarks on the Examples. 


The preceding discussions are chiefly of theoretical interest. 
In the case of complicated expressions the actual calculations 
would bo far too involved. It is therefore expedient to make 
use, when possible, of the special form of the integrand to sim¬ 
plify the work. For example, in order to integrate the expression 


——---^ it is better to use the substitution t =; tana? 

sima ?+ o^qob^x 

instead of that given on p, 237, for sin^a? and oos^aj can be ex¬ 
pressed rationally in terms of tanoj, and it is therefore unneces¬ 


sary to go back to t < 


t tan-. The same is true for every expres- 
2 


sion formed rationally from"** sin^cc, cos^a?, and sin05 oosa?. More¬ 
over, for the calculation of many integrals a trigonometrical form 
is to be preferred to a rational one, provided that the trigono¬ 
metrical form can be evaluated by some simplo recurrence method. 


* For sin008^ “ tanitJ cos* a? can of oouwo bo expressed rationally in terms 
of tan X. 
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For example, although the intogiand in J — a)®)}'” dx can 
be reduced to a rational form, it la better to wiite cc — am w 
and bring it to the form J since this can easily 

be treated by the lecuironco method on p 222 (or by using the 
addition theorema to leduce the iiowcis of the smo and cosine 
to smea and cosines of multiple angles) 


ior the evaluation of the integral 


100305 [~ tflina 


{a +b^>Q) 


instead of referring to tho general theory wo deter mmo a iiumboi A and 
an angle 0 in suoh a ’way tliat 

A smO b ^ A cosO, 


that 13 , wo writo 


A = I sm 0 = 


00 s 0 « 2 


Tho integral then takes tho form 

i f 

A J 


1 r da, 

A J Bm («5 h 0 ) 


and on mtroduemg tho now variablo a ( 0 wo find (of p 21 / 5 ) that tho 
value of tho mtogial 10 

I 1 ^ H 0 | 

_ log tan — 


Exampi m 


Integrate 

1 r_ii_ 

1 + sm«J 

2 f 

1 + cosa; 

3 

^ 2 H BinOJ 
d sm^a; 

5 fjt 

J OOH^ 

0 ^ 

Jo 3 H oosie 


7 f ——— 

8 f-j? .. 

3 I sin 05 

0 J 

10 f _^ 

•/ sina, 1 


sin a { Qosa; 
am^^ 1 008® jj 
3 00 s® ic h 8111 ^ ic 


flin'rdb; 


J \/(aa-4)( 


9 
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13. y'v'(4+Oa;!")^ ^ 

14 f - 

J (x- 


[ClIAP, 


(lx 

(»- 2)v'(a;i'- 4.r-l- 3) 
15. y (a;® -|- Ax) (lx, 

“•/ 


19. 


16./ 

rfri* 


Va? -h '^/(i 

V(l^x) -I- V{l-x) 


V(1 4- oj) — V(1 — a;) 
H- V(!B - a+ 1) 


c/aj. 


V (a; — a) -1- V (a? — b) 


7. Remabks on Functions winon are not Inteqrable 
IN Terms op Elementary Functions 


L Definition of Functions by moans of Integrals. Elliptic 
Integrals. 


With tho above examples of types of functions which can bo 
integrated by reduction to rational fuiiotions, we have praoti- 
oally exhausted tlie list of functions which are integrable in 
terms of elementary functions. Attempts to cxiiress general 
integrals such as 


I Tin 4 o- I VK H- %« + . . . + 

V(«0 + -!-••• + ttn® ) '' 


/ e® 

- dx in terms of elomontaiy functions have always ended 

X 

in failure; and in tho nineteenth century it 'was finally proved 
that it is actually impossible to carry out those integrations in 
terms of elementary functions. 

If, therefore, tho object of tho integral calculus wore to inte¬ 
grate functions in terms of elementary functions, wo should 
have come to a definite halt. But such a rostriotod object has 
no intrinsic justification; indeed, it is of a somowliat artificial 
nature. Wo know that tho integral of every continuous function 
exists and is itself a continuous function of the upper limit, and 
this fact has notliing to do with tho question wliothor tho integral 
can bo expressed in terms of elementary functions or not, Tho 
distinguishing features of tho elementary functions are based on 
tho fact tliat tlieir properties are easily recognized, that tlioir ap¬ 
plication to numerical problems is often facilitated by convenient 
tables or, as in the case of tho rational functions, that they can 
easily be calculated with as groat a degree of accuracy as wo please. 
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Where the integral of a function camioh bo expressed by 
means of functions wii/h winch wo aio aheady aoquamtod there 
18 nothing to hiiidci na fiom introducing this mtcgial as a new 
higher function in analysis, which leally means no moie than 
giving it a name Whether the introduction of such a new funo 
tion IS convenient oi not depends on the properties which it 
possesses, the frequency with winch it occuia, and the ease with 
which it can bo manipuhted in theoiy and in practice In this 
sense the piocess of integration thercfoio foima a basis for the 
generation of new functions 

After all, wo arc already acquainted with this principle 
from our dealings with the elementary functions Thus we found 
ourselves obliged (p 167) to introduce the jiroviously unhnowa 
mtegral of l/x as a now function which wo called the logaiithm 
and whoso properties wo conld easily determine Wo could have 
mtioduccd the tiigonometiic functions in a similai way, malcmg 
use only of the rational functions, the process of integration, 
and the pioccss of mvoiaion Tor this piupoao wo need only take 
one 01 other of the equations 


arc tana; 




ill 


H 


or arc sin a; 5 


‘^0 


as the defimHon of t!io function aic tana? or aio sina; respectively, 
m Older to aruve at the tiigonomotrio funckons by invoision 
By this process the definition of these functions is sopaiated 
from geometry, but we me natiually loft with the tusk of develop 
ing thoir propoitics, also indepondoiitly of gcomctiy 

fiho first and most important example which loads ua beyond 
the logion of clonu iitaiy functions is given by the elhptio ^nlegmls 
These are integrals in which the integrand la foimod in a rational 
way fiom the vaiiablo of intogiatioii and tho square lOot of an 
oxiuossion of tlio thnd or fouith degree Among these intogials 
tlie function , 

“'‘> = /.7<T=T 


(lx 




tuina out to bo of xiarticulai importance Its mvoiso function 
plays a coiicspondinglj' impoitant paH In particular, for 


* Wo Blmll nob f,o into Wio dovolopmont of tboao idoas hoio iho ossoiilial 
stop i0 to prove ilio addition thooiomB foi tlio invoreo funolions, i o for iho 
el no and liio tangent 
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A 0 WO obtain = arcama; and s(w) — Bint^ reapoctivoly. 
The function has been as tlioroughljr oxnniinod aiul tabu¬ 
lated as the elementary functions. This, however, leads us 
away from the line of the present discussion and into tlio realm 
of the so-called elliptic functions, which occupy a contra! position 
in the theory of functions of a complex variable. 

Here we shall merely remark that tlio name ** olHptio inte¬ 
gral ** arises fi’om the fact that such integrals ontor into the 
problem of determining the length of an are of an Gllii)se, 
(Of. Chap. V, p. 289.) 


We may further point out that integrals wliioh at first sight Jiavo 
quite a different appearance turn out after a siinplo substitution to ho 
olliptio integrals. As an example, the integral 


/ 


dv 

V(oo8 a —’ cosaj) 


is transformed hy means of tlio substitution u = cos - into the integral 


-kVSl 


/vTT^ 


du 


the integral 


V(1 - «®)(1 - W) 

/; 




008 a/2* 


V(cos 2.^) 


by means of the substitution n sin (v booomes 

/ d^l _^ 

V(1 - u^JfX^u^y 
dx 


and finally tho integral f 
[ihsi 

/ 


ia transformed by the substitution « == aina into 

<iw 


2. On Differentiation and Integration. 

Anotlior remark on the relation between difforoiitiation and 
integration may bo inserted hero. Differentiation may bo 
considered a more elementary process than integration, siiino 
it does not lead us away from the domain of Imown functions. On 
the other hand, wo must lomombor that the differentiability 
of an arbitrary continuous function is by no moans a foregone 
conclusion, but a very stringent additional assumption. Wo 
have, in fact, seen that thero are continnoxjs funotions which 




NON-INTEGRABLE FUNCTIONS 
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aio nou difforontiablo at isolated points, and wo may mention 
witliout proof that since Woierstiass’ time many examples have 
been constracted of contiimoiiB functions winch do not possess 
a donvativo anywhoro at all ^ (There is thcioforo much less 
m the mathomatioal dofimtion of contmiiity than simple intuition 
would lead ns to siippoao ) In contrast to this, even though m 
togration m terms of olcmontaiy functions is not always possible, 
in all circuinstances wo aro ccitaiu at least that the integral of 
a Gonlmuous function exists 

Taken all m all, wo see that integiation and diUorentiation 
cannot he simply classifu d as moie clomeutaiy and less elementary, 
but that from some points of view the one and from other points 
of view the othei should bo thought of as the moic elomentaiy 

In so fai as the eoncopi of integral is conceinod, wo shall see 
in tho next section that it is not closely bound up with the 
assumption that tho mtegiand is continuous, but that it may bo 
extended to wide classes of functions with discontinuities 


8 Extension of the CoNorpr or Integral Improper 
Integrals 


I Functions with lump Dlsoontiuuitics 

In tho first insiaiico wo see that there m no difficulty m ex 
tending tho concept of integral to tho y. 
case whole tho function to bo in 
tograted has jump discontinuities at 
one or more points m tho intoival 
of integiation For wo need only 
take tho iiitegial of tho function as 
the sum of tho integrals ovoi tho 
sepal ate sub miorvals in which tho 
function iB oontimiouB | Tho integral then retams its intuitive 
meaning as an axea (of fig 4) 



lifi \—1 hQ mtcsral of a 
discontinuous function 


♦Of litohmarah fJie Jlicorr/ of Ituncltoiia (Oxford 1032) §§1121-»U23 
(pp 350-151) 

t Wo should loally ohsorvo that in our previous dofinifcjoa of integral wo 
took tho interval na oloaod and tho liiiialion as contmuouB m tho closed intoival 
This Lives ua no trouble sinoo in oaoh closed sub intoival wo can oxtoiicl the 
function so tliat it is continuous by tailing for tho vnluo of tho function at the 
end point tlio limit of tho function aa a? appioaohos Iho ond pouib from tho 
interior of tho intorval 
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2» Functions with Infinite Discontinuities, 

It IB quito a clilleront maitor wlimi tlio finiotion IiaB an infuiito 
discontinuity in tlio interior of the interval or at one of its 
In order even to formulate tlio notion of integral in tliia (uiho WO 
must introduce a further limiting l)ro(^oss. Ihloni Htutiug 
the general definition wo shall illustrate some of the j)OS8ibilities 
by means of examples. 


Wo begin with tho 


intogml 


I 


dx 


whoro a is a positivo number* Tho iutcgmiul boconios innnitn as 
aj ~>-0| and wo tlioroforo oaimot oxtond tho integral to tho lowor li?iiit 0* 
Wo oan, howovoiv try to find what Imppona when wo iako the inrogral 
from tho positivo limit e to tho limit 1, aay, and finally lot e tend te 0* 
Aocording to tho olomontary rules of integration, wo obtain, provider I 


1 , 


r^dx ^ 



(1 ^ 


Wo immediately rccogni7.o that tho following 2 iOflaibiliti(Jfl ooourj (1) oc ift 
greater than 1; then as s ->• 0 tho right-hand eido tends to 00 : (2) ot Is 
loss than 1; then tho right-hand side tonds to tlio Jiniit 1/(1 — a)* In tlje 
second ease, thoroforo, wo shall sijnply take tins limiting value as the 
integral between tho limits 0 and 1. In tho first oaso wo Hhall say that 
the integral from 0 to 1 docs not exist. (3) In tho third (muso, whom oc 1, tlio 
integral will ho equal to —logs and thoroforo ns c ->■ 0 it apiw’oaohas no 
limit, but tends to 00 ; that is, tho intognil from 0 to 1 (lotjs net exist. 

Another oxaniplo of tho oxtonsiou of tho integral of a finiotion up to an 


infiuito disoonthuiity is given by tho Intograiid 


1 


Wo (li«l that 


_ dx _ 

I V(l'~ ««)' 


nro sin (1 


e). 


If wo lot e tend to 0, tho right-hand side oonvorgoa to a clofinito limit, k/S; 

dx 

wo tlioroforo oftll this tlio voluo of tho intocriil / ovou 

Jg V{1 - a;’') 

though tho integrand booomos infinite at tho point »> >« 1. 


In order to oxfcrflct a porfoctly gonoral concept from thoBo 
oxamplos, wo notice in tho first place that it clearly malccs no 
essential diflioronco whether tho discontinuity of the iiitogmnd 
lies at tho upper end or tho lower end of tho interval of in¬ 
tegration. Wo now make tho following statemoat: 
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If in an mterial a ^ t ^ b the function f(x) continuoua 
With the single exception of the end point b, we define / f (x)clx as 
the limit 



—wheie the point b — c approaches the end point h from the in 
tenor of the inteival—provided that such a limit m^ts 

nb 

In tins caae wo say that tlio improper integral / f(x)cbi:con 
mrges If, however, no such limit exists, wo say that tlio integral 
J f{x)dx does not exist or docs not converge or that it diverges 



rJg 5 —To UlustratQ tlio convergence or divcfBcnco of improper intcffriila 

An analogous definition holds for tho case where the lower 
limit of tho intoival of integration, and not the upper, is tho 
exceptional point 

Even impi opor mtogmla oan bo iiitorpiotod as arena In tho first nistanoo 
of oourao there is no boiibo in speaking of the area of a logiou wJuoh oxfceuds 
to infinity yot ono may attompt to define suoh an aioa by moans of a passage 
to the limit fiom a bounded region with a finito area Eor oxamplo tho 
above results foi tho famotion 1/a* imply that tlio area bounded by tho 
X axis tho lino 'U = 1, tho hno t and tho omvo y^\j% tends to a 

finite limit as c 0 provided that o? < 1 and that it tends to infinity if 
oc ^ 1 Ihis fact may bo simply expressed as follows tho aica between 
the a axis tho y axis tho oiuvo and tho lino a ^ I is fmiio or infinite 
noooiding as a < 1 or a i 1 

Intuition can of oourso givo oia no preoiso mfoimation about the 
finltoness or infinitoncss of tho aioa of a region atrotohing to infinity Of 
suoh a legion wo oan only say that tlio moro closely its sides appioaoh one 
another tho moro likely it JS to liavo a hmto area In this sense fig 6 jllua 
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tTOtefi tho fftot that for a < 1 tho aroa iiiulor om' oiirvn reniniriH liiiito, 
whilo for a ^ 1 it in 


In order to find out wJiethor a Iiiii(ition/(a;) wliicjh lifiB an in- 
iinito discontinuity at tho point x h can bo integrated iij) to 
b, wo can often save oursolvos a special iuvoatigation by using 
the following criterion: 

Let tho function f{x) bo positive^ in tho interval a i, 

and lot lim /(oj) = oo. Tlion tho integral f f(x)dx converge^'i if there 

exist both a positive number fi less than .1, anil a fixed nmnl)er 
M independent of x, snoh that everywhere in tlie intervai 


M 

« ^ a < J tho inequality/(a;) ^ is true; in othor woi'iIr, 

if at the point x = b the function f (x) hecomes infinite of a lowct 
order than the fmt. On tho othor hand, tho integral diverge.^!, 
if tlioro exist both a number 1 and a fixed mimber N, suol) 
that everywhere in tho interval a ^ a: < h the iniHuiality 
N 

/(®) S j ;—is true; in othor words, ^ at the point x ■■■■- b 

(0 X) 


the function f(x) hecomes irfinilo of tho fmt order at least. 

The proof follows almost immediately by comparison witli 
tho very simple special case discussed above. In order to prove 
the first part of tho theorem wo observe that for 0 <e <b-~ a 
wo have 


ogy f{K)dx^f 


M 


(6 — 0 ))“ 


fte, 


As € -»- 0 tho integral on the right, which is obtained from the 
integral J~ (p. 128) by a simple ohango of notation, has a limit, 
and therefore remains bounded. Moreover, tho values of 

J/—e 

f f(3>)dx iuoroaso monotonically as c->-0; since they are also 

bounded, they must possess a limit, and tho integral f f{x)dx 
therefore converges. 

Tho parallel proof of tho second jjart of tho tlicorom is loft 
as an oxoroiso for tho reader. 


* In tho Appendix to OIwp, VIII (p. 418) wo fllmll boo tlmt tliln roalrlotlon 
of Bign oan oasUy bo romovod. 
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We lilcewise Boe at once that exactly analogous theoiems hold 
whole the lowe) limit of the integral is a point of inhmto dis 
continuity If a point of infinite discontinuity lies m the intenoi 
of the interval of xntogiation, wo merely use this point to 
divide the inteival into two sub intervals and then apply the 
above consideiations to each of those sopaiatcly 


Ab a furfchor oxamplo wo coiisidci tho olliptio lutctral 
dx 


I 


^0 V(l —tV) 


< 1 ) 


Prom tho identity 1 — ^ (1 — a;)(l 4 a) wo sco at onco that as 1 

tlio integrand beeomca mfiiiito only of order J wlienco it follows that the 
irapiopor integral exists 


3 Infinite Interval of Integration 

Another important extension of the concept of mtogial 
consists m taking one of tho limits of integration as infinite 
In Older to make this extension precise, we introduce the 
following notation if the mtegial 

I 

wheio a is ixool, tends to a defimlo linul when A meioases poai 
tivoly beyond all bounds, wo denote the limit by 

/ /(^^)^?^, 


and c^all it tho mtegial fioin a to 00 of the function f{%) Of 
coiiise such an mtegial does not noocssaiily exist or, as we often 
say, wnvogQ 


Simplo examples of the vuiious possibilitios aio again yielded by tho 
funotions /(a) — 



1 (^ 1 - 0 - 1 ) 

I — or 


Hero wo aoo that, if wo again oxoliido tho oaso ot 
exists for iho oaao > 1, and m faot 



I 

a - 1' 


1, tho mtcgrid to infinity 


on the contrary when a < 1 tho integral 110 longer exists lor tlio 
oaso oc — 1 tho integral again oleaily fails to oxisl sinco log a toncia to m 
Unity aa x does Wo soo, ihoroforo, that with rogaid to intcgiation over an 
(»708) 9* 
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infinite interval the fnnetioiiB l/x'*- do nob heliavo in tho Hamo way wi for 
integration np to the origin. Tliiw Htaienu'iit a!st> in nnido planhihlo by a 
glance at fig. 6, For wo hco bliiib the larger a in, tlin more eloHoly do tljo 
ourvea draw in towavda tho nj-axia when x ia large, ho that oan readily 
euppoHo tliab the area under eonaideratioii tenda to a del Ini to limit for 
snfiiciently largo vnluea of a, 


Tlio following critoriou for tho {^xinlioiKa^ of m iuiH^gral with 
an infinibo limit i» often iiHoXul Wo ugiiiu annumo that for ouIU- 
oiontly largo valuo» of nay for a, tho inbogrnud huH alwaya 
tlio Bamo Bign, whhJi without Iohb of gc.iamility wo ojin (diooiaj 
to bo poBitivo.*^ Thou wo havo tho following Htat^ninnit: 

The integral / f (x)tlx € 0 )ivcrg (}8 if thofundion lix) va7iishc8 at 
*'0 

infiniUj lo a higher order limn ihc fml, tliiit iw, if liluiro in a niimlinr 
M > 1 aucli tliali for all valiica of x, no inattev Jiow lal't't), Uio 
M 

relation 0 <f{x) in true, whore il'f ia a Hxed luimher iiule* 

pondont of x. Again, (fai integral divergeH if the Junction reniainn 
posiiive md vanishes at mjmity to an order not higher than the 
firsts that ia, if tlioro ia a lixiul jiiunhor NX) Hindi that aj/(y.‘) N. 

Tho proof of tlu^tto (U’itoria, whioh rnim i^xaidJy parallol to 
tho proviouB argiimont, mn bo )(jfb to tlio roador. 


A very ftimplo o.xiiin])lo tho Integral / ‘ :> 0). Tho integrand 

vaniHliort at infinity to tho Hocond ord(*r, Ah a matter of fiiet, we Heci at 

J f»A I 11 

f ....(lx inul therefore 

,, a /i 


i 


yy J I 

(IX 

a 


Another oqiially Blmplo oxainpio la 

rW I 

/ ..... . (lx lim (are tan/i — are tan 0) 

Jo 1 d*' 


It 


L Tho Summa Function. 

A further oxainpio of parthmlar importiuioo in analyeiH in 
ollorocl by tho Bo-oallod gamma function 

yiCiO 

r(n)—-• («>l)). 

♦A« we Rliall floo In tlio Appendix to Clmp, VIII (j). 418 ), IIiIh rcHtrhdlon 
uf nign can ciiBily ho romovod. 
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Hero aho the oritonon of convergence js satisfied, eg if wo 
choose p~2, wo have lima: since the expo 

X '—^00 

nontial function e*"" tends to zero to a liiglier order than any 
power 1 /x^^ (m > 0) Tins gamma function, which we can thiolc 
of as a function of the nnmbex n (not necessarily an integer), 
satisfies a remaikablo relation, wluob we can arrive at in the 
following way by intcgiation by paifcs To begin with, we have 

J ==== — (n — 1)J 

If wo take this formula between the limits 0 and A and then 
let A mcreaso beyond all bounds, we immediately obtam 

r(?i) ^ (n — l)J^ e~®x^'^^dx = — l)r(n — 1), 

and by this rcouaonce formula, provided fx is an integer and 
0 < /a < n, 

r(n) == (ii —«1) (ti — 2) {n — fx)J^ 

In particulai, if w is a positive integer, we have 

r(?^) — (n — I)— 2) 3 2 ij e“^dx, 


and since 


/ e~^dx = 1 , 


it follows finally that 

r{n) = (w ^ l)(n - 2) 2 1 (n - 1)1 

This expression of a factoiial by an integral is of importance 
m many applications 


Tho integiala 


dx 


also Qonvergo as wo may easily convince oursolvcs by means of our 
oritonon 

B The Diriohlet Integral 

A convergent integral, important lu many applications, 
whoso convorgonoo docs not follow diiectly from our oritonon, 
and which is a simple case of a type mvestigatcd by Dinchlet, la 

jr-T —da; 

do X 
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Tills integral is easily seen to bo convergent if the upper Hniit 
is finite, for 1 as (v -> 0. Its coiivorgonoo in the infinite 

X 

interval is duo to the periodic cliango of flign of tlio integrand, 
wliich causes tlio contributions to tho integral from noiglibonr- 
ing intervals of length almost to cancel one another. In order 
to make nso of this fact wo write the expression 


in tho form 



Ja X Jn X JA-Vn t 


introduco in the last of the three iJitegrals on tho right tho now 
variable a; = i — yr, whouco siiU ==5 —sina?, and obtain 

Ja X X JA X -h ’w* 

Addition of this to tlio original expression for gives us 

^JJau ^ ^ ^ f '-r—:—r 

^A X *'^1 X JA x(x * h '^) 

From this it follows, if wo assume that B> A > 0, that 


for wG may «80 tho motliod of p. 127, observing that 

l^sin®,^! 

— ~ S»- 

a; a; CO 


and 


1 ^ einsj ^ 1 
X {x tt) ”■* x^ 


for positive values of x. Tho integral on tho right is couvor- 
gent, by our criterion, and our formula shows that | (-v 0 

as A and B both tend to infinity. Now 


■®OiJ ~ ^OA I " I ^AB |» 


and it follows from Cauchy’s convorgoiico tost tliat tends 
to a definite limit as N -► oo. In other words, tho integral I 
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exists Another proof of this is given in the Appendix to Chap 
VIII (p 418)j and on p 450 wo shall further show that 1 has the 
value w/2 

6 Substitution 


It IS obvious that all rules for the substitution of now variables, 
&c, remain vahd for convergent impioper integrals As an 



f xe~''dx=l^f 6~'‘du = lm ^(1 — 6""^) = ^ 
Jo 2Jo ,4->«2' 2 


Another example of the use of substitution in the mvestigation 
of impiopei integrals is given by the hhesnol integials, which 
occur m the theory of drftraction of light 

coB(a:®)(la! 


The substitution a;^ =» « yields 


_ 1 r sinM j j, 1 r 

^ 2Jo 2^0 




Integrating by parLs, we have 
Bint* , cosyl 


/ 


COsB 1 /’^COBW 7 


As A and B tend to co the firet two toims on the right tend to 
0 , and by the ciiterion of p 260 the integral also tends to 0 
Hence by the same aiguraont as for the Dnichlct integral wo see 
that the integral converges The convergence of the integral 
is proved m exactly the same way 

Those ITiesncl integrals show that an improper mtegial may 
GXiSt oven although the mtegraud does not tend to /eio as aj oo 
In fact, an impiopor integral can exist oven when the mtogrand 
IS unbounded, as is shown by the example 

/ 2wcos(u'^)(?t^ 

When — wtt, i e when ti ^ 0, 1, 2 


the m 
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togmnd bcooinos 2 Vn7rcofln7r— :h2v/?i7r, ho Huit tlio iiiti^gruiKl 
is luiboiindocL By tlxo BubbtitLitiou x, liowovor, t)io iiilngiul 
IB I’odiKiod to 


which wo liavo jimt bIiowh to bo convorgoiifc. 

By inoaoH of a HiibBtitution an improper may 

bo traiiaformod into a proper ono. Eor oxuniplo, the tranHh>r- 
imitioii x-~i Binti givoB 





It 

2’ 


Ou tlio other Iniud, iutogralB of (U)iitinuonH fumvtionfl may bo 
teuiftformod into improper intogralH; tliia 0(iourB if the tranH' 
formation ^(aj) is buoIi that at tho end of the interval (d 
iutogmtioii tlio derivative ({/(x) vanislios, so tliat (h/ih is iulinito. 


ExAMrnicB 

TohI) tho convorgonoo of tho improper intogmlH in JiJx, 1-Ih 


1 


2. 


a. 


<h 
i/^cq i j ' 


dx 

, dx f. dx 

0, / wliero «„ Mj, rtfl, a* are 

Ja V{x - a^){x - a.Mx - (h){io - ^ 4 ) 


111 I dliTeront and lio hefcwoon A and Jh 
r*” are tan x 
^0 


aro tan x 

Jn * 


8. 

0. 10. 11. £'"h 

12.* Provo tliat J Bin® dx does not oxiut, 


13.* Provo that lim f 

->•«> */o 1 "h 

IL For wliiit valiioB of s in («) / ™ dx, (h) / .. L'^dx oonvor^ 

nt? Jo >"l'“ Jo ie* 


Jq 1 


... csss 0| 

W A.#.— t 


gont? 

15.* Doca 


X 


'0 1 + t 


(U oonvorgol 







IV] IMPROPLR INTEGRALS 25 

10 * (a) If a a fixed poaiUvo number prove that 
hm f — dx^Tz 

(&) If/( t;) la continuous m the interval —1 ^ a, ^ 1 prove that 


MisocLLAKFOua ExAWTLiaa 
Evaluate the integrals in Ex 1-7 
1 


J garcsinv^jj^ 

2 /sm" acos^aidte (By a shorter method than that of the text 
using tugonomotnoal identities) 


/(log*)“ 


dx 


/ 


sin ^ da; 

3 + Bin®® 


6 fVl-r^da 


J ' tan»»^a, 7 gm (te 


8 * PiovG that lim 




i e““‘ f 
« Jq 


h 

e^^dt = 0 


0 Assuming that [ a | | (B |, prove that 

hm — / sin a® sin 0® d® = 0 
i^a^TJo 

10 Evaluate f cos 2® da? 


•fj 


11 * Piove that the substitution x == | where ah — yP 4* ^ 

transforms the integial ^ 


/; 


dx 


Vax^ I bx^ + c^® H- d® + e 
Into an integral of similar type and that if the biquadratic 
+ bx^ + c®® h d® + ® 

has no lopoated faotors neither has the now biquadratio in t whioli takes 
its place 

Piovo tliat the same atatemonts are true for 

Ju{x Vax^ + fc®® H c®® + d® -) e)dXp 
whore R la a rational function 
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12. Find tho limit as n -> oo of —i— -H —+ • ♦ • '1" 

” n -I- 1 ?H- 2 ' 2n 

13, * Find tho limit of 

b s= -j- — ^ ^ ^ ^ ^_ 

^ Vn® — 0 V?i^“ 1 4 Vn^ — (?^ — 1)^ 


, ^Inl 1 
im A — s= -• 
y ?i« e 


14.* Ptovo that lim 

H->00 

16.* If a is any real number greater than —1, ovahiato 


lim 

rt->» 


1« + 2» + so + ... -H 

»“+l ‘ 


Appendix to Chapter IV 

The Second Mean Value Theorem oe the Integral 
Calculus 

TIio method of intogration by parts affords us an easy method 
for proving an impoitant theorem on tho estimation of integrals, 
usually called tho second mean value theorem of tho integral 
calculus. 

Let U3 suppose that tho function ^(x) is monotonio and con¬ 
tinuous in tho interval a and that tlio jiorivativG 

is continuous; and let us fiud/hor suppose that f{x) is an arbitrary 
function continuous in tho same interval. Then the second moan 
value theorem of tho integral calculus is expressed as follows. 
There exists a number such that a ^ ^ ^ 6, for which 

fj{x) (a) fj{x) dte + ^ (6) ^/(») As. 

To prove this wo notice first that wo can assume that 
^(6) = 0; for replacing <j}{x) by (j}{x) — changes both sides 
of the equation by tho same amount, and gives us a function 
which vanishes at x^b» Moreover, we can assume tliat 
<l>{a) > 0; for if (;A(a) < 0 wo need only replace by — 
which changes tho sign of both sides of tho equation. (Tho case 
(f,{a) ^ 0 is trivial; for if both (f>{a) and <^(6) vanish, ^(a;) must bo 
identically sjero, and our equation becomes 0 ^ 0.) We thoroforo 
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uccd only prove tliat if ^(a;) is oontinuons and monotomo de 
cioasing and <f>{b) = 0, then 

fj(%) (a:) da, ==:<[> (a) jT /(a?) dx 


Wo now put F('c) —^ f{o>)doD aiul apply the formula for 


integration by parts to the left hand side of the last equation, 
we then have 


J f{x)<{>{x)dx^F{x)(l){x) + J F{x){--<l>\x)}dx 


The integrated part vanishes, since F (a) and ^ (6) are ^ero The 
expression — is ovoiywhere positive, so that we can apply 
the fust mean value theorem of the integral calculus Wo thus 
find that the integral on the right has the value 

F(C)fj-<l>'{x)]dx, 


But 

F{^)^ f f{x)dx and <;^'(a;)}rte=== (]J(a) — ^(&) === 

and our theorem is established 

This theorem can bo extended (although we shall not carry 
out the proof) to more general classes of functions For the theorem 
remains true for all continuous monotomo functions ^(a;), whether 
they have derivatives or not In fact, it is true for any discon 
tmuous monotomo function for wluch wo are m a position to 
mtegrate 



CHAPTER V 


ApplicatioiivS 

Jn tliia oliaptor, aftor (liapositig of ii fow prolimiimrii'H, wo 
Hhall illuHtvftto ]io\v wluit wo liavo now Ic-ai'iKwl may bo uppliial 
in a groat variety of ways in gconiotry and idiymca. 


1. lliiwiKSKN'm’ioN oj? CuuvEa 
1. Paramolrio Roproaontatlou. 

Ae wo saw in CJliap. I {p. 17), in roprosonting a onrvo by inoarifl 
of an oquation y ^f{x) wo mnot alwayo roatviot ouihoIvoh to a 
Hinglo-valnoil branoh. Ilonoo it in oftoji inoro (JOUVoiiuMrt- • wlion 
wo ai'o doaling witli a oloaod onrvo, in particular--to introduce 
othor analytical motboda of roprosontation. 'I’lio nioaO gonoral 
and at tlio eiuno time tho most iiaofiil roproBontation of a onrvo 
ifl paramclm repmmUation, Inatoad of coiiHidoring ono of tho 
rootangidar co-ordinates as a function of tlio othor, wo think of 
both tho co-ordinates ® and y as fnnetionH of a third, indopoiulont 
Variable, a BO-callod paramelo", tho poitit with tho co-ordinat(!B 
» and y then dosoribos thocurvo as t travorBOS a doflnito interval. 
Such paramotrio roproBontationR have alroady boon onconntorod. 
For oxainplo, for tho circle a:® -|- y*a® wo obtain a paramotrio 
roprcBontation in tho form (»!» acoa/, ys=: OHini, Hero, as wo 
already know, I has tlio gooraobrioal meaning of an angle at tho 
contro of tho oirolo. For tho cllipso «« 1 wo liko- 

wiso have tho paramotrio roprosontation x r--=s a cosi, y~-=^ b sinf, 
whoro t is tho so-oallod occonbrio anglo, that is, tho auglo at 
tho contro corresponding to tho point of tho oircumsoribod cirolo 
lying vertically above or below tho point P{a cost, bsiui) of 
tho ellipse (lig. 1). In both those eases tho point with tho co¬ 
ordinates ®, y dosoribos tho comploto oirolo or oUipao as tho 
parameter t travorsos tho interval from 0 to 2ir, 
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In general, wo can seek to represent a curve parametrically 
by taking 

x^4{t)=^ x{t), y ^ 

that IS, by GonsidcLing two functions of a paiameter tho shorter 
notation x{t) and y{t) will henceforth be used where there is no 
danger of confusion For a given curve these two functions 
<l){t) and ijj{t) must bo determined m such a way that the totality 
of pairs of functional values x(t) and y{t) corresponding to a given 
mtoival of values of t gives all the points on tho curve and no 
points that are not on the curve If a curve is in the first 
instance given m tho foim 
y^f{x)f wo can arrive at a 
representation of this land by 
first writing x = ^(^), whore 
^){t) IS any continuous mono 
tome function which m a 
definite interval passes exactly 
once through each of tho values 
of X m question, it then follows 
that y=:f[(j)(t)^^ that is, the 
second function j/r(4) is deter 
mined by compoimding/ and ^ 

We thus see that owing to the 
arbitral mess in tho choice of the function ^ we have a groat 
deal of freedom m representing a given curve parametrically, 
in particular, we may actually take x and may thus thiulc 
of the origmal representation y^f{x) as a parametric repre 
sontation with tho parameter i = a? 

Tho advantage of tho parametric representation is that this arbitran 
nosa may be ntilivied for purposes of simplifioation For example we ropro 
sent the ourve by talcing a?=sa bo that <^(t) = 

Tho point with the eo ordinates x y -vidll then deaonbo the whole 
ourve (somionbioal parabola) as t varies from — oo to |- oo 

If, on the other hand, a curve is originally given by a para 
motno representation y = and wo wish to obtain 

the equation of the curve in non parametiio form, that is m the 
foim y^f{x\ we have only to elimmate the parameter t from 
the two equations In tho case of tho parametric representations 
of the circle and ellipse given above we can do this at once by 
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squaring and using tlie equation sin®^ + cos^^ 1 . (For a further 
example see below.) In general, we should have to find an expres¬ 
sion for t from the equation x = ^[i) by means of the inverse 
function t = <b(a;) and substitute this in y == in order to 
obtain the representation '^' y — Ih such an 

olimination, of coui'so, we must ordinarily restrict ourselves to 
a portion of the curve; in fact, to a portion whicli is not out 
twice by any lino parallel to the j/-axis. 

The parametric representation has associated with it a de¬ 
finite sense in which the ciu*vo is described, corresponding to the 
direction in which the values of the parameter inoreaso; this 
direction wo shall call the positive sense. If, for example, the 
point X — a;(i), y — y{t) describes a emve G as t traverses an 
interval ^ ^ ^ the end-points Pq and P^ of th 6 curve 

correspond respectively to and 4 , then the curve is traversed 
positively in the direction from P^ to If we introduce r = — 
as a new parameter, the curve 0 will correspond to the values 
^ T ^ —^0 of the variable r, and the points Pq 
will correspond to r := and r = —^ respectively. If we 
now traverse the curve from Pq to we proceed in the direction 
in which the values of the parameter r decrease, that is, in tlie 
negative sense. In gonoral, a change of parameter t = ^(t) pre¬ 
serves the sense in which the curve is described if the function 
iJ(r) is monotonic increasing, but reverses it if the function tir) 
is monotonic dGoreasihg, 

2. IhterprelUtitiii of the Parameter. Change of Parameter. 

In many cases we can give an immediatO physical interpre¬ 
tation to the parameter t, namely, time, Any motion of a point 
in the plane may be expressed mathematically by the fact that 
the co-ordihates x and y appear as functions of the time. Those 
two functions therefore determine the motion along a path or 
trajectory in parametric form. 

Aa an oxamplo of this wo have the oyoloids which arise when a oirolo 
rolls along a straight liiio Or 'another oirole, H6ro We limit ourselVoa to 
'the sihipleat case, jh Which a 'bircle of radius a rolls along th6 .a*-axis, aUd 

* It limy Jiappon, howover, that tlie equation y >*> /(a?) obtained in tliia way 
ropresonta ^^larc than the original paraiAotrid ropre'sontation. Thus for oxainplo 
the equations on *= a ein y ^ bnint represent only the finite, portion of the 
lino y =» b^la lying hotwopn the points x <= y =» — ^ and x a, y ^ b, 
whereas ‘thC’oqu'atio'n y bxja jfopfCS^nts the whole of the lhi6. 
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W 0 oonsidor a point on its oiroumforonoo Ihis point then desoiibea a 
** common * cycloid If we ohooae tlio origin of the oo ordinate system 
and the initial time in such a way that foi time t^O the oonesponding 
point of the oiirvo coincides with the origin wo obtain (of fig 2) the 
pararaotrio reproaontation 

0 ! = — BmO> y — a(l — oosQ 

for the oyoloid, here t denotes the angle tlirough which the circle has 
turned from its original position in the case whore the velocity of 
rolhiig 13 uniform it is proportional to the tune 



By eliminating the parameter i wo can obtain the equation of the curve 
in non parametric form, at the cost, however of neatness of expression 
Wo have 

= i arc cosain^^g zb a/|i — 

a a V t j 

and honoo 

a; = a arc cos - —^ T V ((2a — 
a 

thus obtaining aj os a function of y 

In tho paramotuo ropresontation of a given curve we have a 
great deal of freedom m the choice of parameter (p 259) For 
example, instead of the time t wo could take the quantity 
r = ag paiamotor, or indeed any arbitrary quantity r which 
IS related to tho original paramotoi I by an arbitrary equation 
of tho form r — oij(i), where wo assume that for tho whole interval 
of values of i consideied this function has a umque inverse t ^ /c(r) 
If increasing values of r correspond to increasing values of t, 
the positive souse of description remains tho same, otherwise 
it IS reversed 

Parametric lopresontation is, of course, not limited to rect 
angular co ordinates, o g it can just as well bo used with the 
polar co ordinates i and Oy which are connected with the rect* 
angular co ordinates by the well Icnown equations a? = r cos d 
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y^fmO,oxT-= V{^^+f)> 

of tlio curve vvonld thou be r = r{t), & ~ &W- 

As an oxamplo, tbo atraight lino may bo i-opreaonted paramotnoally 
(see fig. 3) in the form 



J 0 = 

cos^ 


:a+t 


(p and a being constants), from ^vbioh yo 
immecliatoly obtain tlio equation of tlio 
line in polar co-ordinates, 

cos(0 — oCf 

bv eliminatins the parameter U 


3, The Derivatives for a Curve Represented Parametrically. 

If on the one band a euivo is given by an equation y 
and on tbo other hand it is given parametrically by »—aU), 
y—y{(], then wo must have 
rule for differentiation it follows that 


iy _dyd<B 
dt dxdt 


or 


^ dte it’ 


where as an abbreviation for differentiation with respect to the 
parameter t wo use a dot over the variable (Newton’s notfrtion), 
instead of the dash the latter we shall reserve for djQeren- 
fciation wifcli respect to a?. 

For fcho cycloid, for oxamplo, wo have 

«5 a{\ — cos^) 2a flin^ L 

A 

t t 

I) a smi « 2asin- cos 

Tlieao forraulm show that the cycloid has a cusp with a vertical tangent 
at the points ; = 0, ±2n, ... at which it meets ^ 

approaching theao pointa the derivative y = y/i« cot(//2) becomes 
infinite. At these points y is equal to Oj everywhere else y > 0. 
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The equation of the tangent to the cuive is 
{^—x)y—{vi — y)xr=^Q, 

where f and r) aio the ** curient co oidmatea, that is, the 
variable co oidinatos corresponding to an aibitraiy point on the 
tangent Foi the equation of the noimxl, le the straight bne 
thiongh a point of the curve perpendiculai; to the tangent at 
that point, we likewise obtain 

(^ —a:)a,+ {ij~2/)y=0 


The diiection cobines of the tangent, that is, the cosmos of the 
angles a, /S which the tangent makes with the x and y axes 
respectively, are given by the cxpiessions 


cosa — 


X 

±V(^^T¥)' 


COSj9=: 


y 

± + y f 


as wo may verify by elementary methods The coiiospondmg 
direction cosines of the normal aio given by 

cos a' = -^. cos ff —- - - 

iVi^ H y^) ±V(®^ + 2/^) 

(See fig 4) 

TJieso forinuloe sliow us that at every point at which x and y 
aie continuous and a’ -| 2 / + 0 the direction of the tangent 
vaiits continuously with t This is 
the most important case for us, it 
IS interesting, howovoi, to illustrate 
by examples the various possibilities 
that aiiso wlion our assumptions aie 
not fulfilled and wo cannot state 
directly that the tangent keeps on 
turning continuously At a point at 
winch a? = 2 / == 0 the tangent may 
or may not turn continuously 
As one example wo have the omvo 
y^t discussed on pp 99, 

269, which has a cusp at the oiigm 
oven tliouglr x and y are continuous cvoiywhore As 
anotlioi example we consider the curve whioli is 

Uio stiaight line y^x This crave has the same tangent diiec 
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tion everywhere; the latter is therefore continuous, although 
tlio derivatives (t and y both vanish for i = 0 , Moreover, at a 
point at which oO and ^ are discontinuous the direction of the 
tangent may or may not bo continuous. For let bo any 
continuous monotonio increasing function, defined for ^ ^ ^ ifg, 
which has a sharp corner at i^tQ^ Then the curve 

(j){t)^ which is tlio same oinve as j/ ^(o;), has a sharp 
corner at a; == t^\ while the curve x = 0 (^), y ^ cj){t)y which is a 
segment of the straight line a?, has a constant tangent direction, 

oven though the derivatives x and y do not exist at ^ = ^ 3 . This 
indicates that if we wish to investigate the behaviour of tlio 
tangent at a point where our theorem does not apply, wo should 
first use the formuloo to find cos a or cos /8 as functions of t and 
then investigate tlieso direction cosines themselves. 

From a wolHcnown formula in trigonometry or analytical 
geometry wo find that the angle between the two curves repre¬ 
sented parametrically by Xi=^Xi{t)y y^yi{t) and x = x^{t)y 
y = y^it) respectively (that is, the angle between their tangents 
or normals) is given by the expression 


0038 = _ + 

±ViA^+yiWW-\-yi) 


The indeterminacy of the signs of the square roots in the 
last few formnleo suggests that the angles are not completely 
determined, since we can still specify cither souse of direction on 
the tangent or normal as ” positive Taking the square root 
as positive, as is usually done, corresponds to choosing for the 
positive direction on the tangent the direction in which the 
parameter increases, and for tlio positive direction on tho normal 
the direction obtained by rotating the tangent through an angle 
7 tJ 2 in the positive ^ sense. 

dhi 

Tho second dorivativo y*' — is obtained in tho following 

way by moaiia of tlio chain rule and tho rule for difforoiitiating 
b quotient; 

(lx (U dx dt \x/ (c a} 


♦ 1 . 0 . in tho oountor-olookwiflo eouso. 
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d Change of Axes for Curves Represented Parametrically 

If wo rotate the axes through an anglo a in the positive direo 
tion, the new rectangular co oidmates and the old ones 
Xj y are related by the equations 

OJ — cosa — sma, f = a; cosa + V ^^na, 

2 / = ^ sina + '»? cosa, 7 } —x sma + y cosa 


Thus the new co ordinates i and rj are specified along with x and 
y as functions of the parameter t By difEorentiation we at once 
obtam 

^ cosa — 7 } sma, f — a,cosa + ysma, 

|^sina+ 7 ? cosa, ri^ —aj 8 ma + ycosa 


Lot us suppose that the curve is given m polar co oidmates 
and that both polar co ordinates and rectangular co ordinates 
aio given as functions of a parameter t Then by differentiation 
with respect to t we obtain from the equations a? = rcos 0 , 
y = f Bind the formulto 

rcos 0 “ rsind 
y = r sm 0 -h r CO 80 



which are frequently used in passing from rcctangulai co or 
dinatcs to polai As an example we consider the polar equation 
of a curve, ^‘ = /(<?), which might, for example, arise from a paia 
motno representation r = r(^), 0 — by elimination of the 
parameter t The angle ^ between the radius vector to a point 
on the curve and the tangent to the curve at that point is 
then given by 


tan^ ” 


m 

m 


We can convince oui&olves of this 111 the following way If we 
think of the curve as given by an equation y ^ F{x) and use 6 
as paiameter, so that ^ 1 and r ^f{ 6 ), we have 


tana — y' — 


y ^ ^tan0+ r 
X r—-rtm,6 
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(cf. fig, 5 aiifl equations (a) above). In addition, i/r := a — 0, 
and bonce 

^ y' —taii0 _ r + rtan^0 _ r 

1 + y' tail 6 r + ?* tan^ 0 ? 



Tills formula can also be established by geometrical methods* 

6. General Keinarks. 

In discussing given curves wo sometimes consider properties 
which do not assert anything about the form of the curve 
itself, but merely something about the position of the curve 
with respect to the co-ordinate system; for example, the ocour- 
ronco of a horizontal tangent, expressed by the equation y = 0, 
or the occurrence of a vortical tangent, expressed by aJ = 0. 
Such properties do not persist when the axes are rotated. 

In contrast to this, a point of inflection will still bo a point 
of inflection after the axes have been rotated. According to the 
formula on p. 266 the condition for a point of inflection is 

Aij — xij = 0. 

If on the loft wo replace the expressions tc, x, ij by their values 
in terms of tho new co-ordinates % wo readily obtain 

dy~&j= 

Hence from tlie equation aiy == 0 it follows that — 0, 

SO that our equation expresses a property of the point of tho 
curve which is independent of tho co-ordinate system, 

We shall often see later that properties which are truly 
geomotrieal arc expressed by formule© which are unaltered in 
form by rotation of the axes. 
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EXiMPIBS 

1 Find tbo equation, in non paramotiic form of t!ie ouivo 

x = a 00320 C 03 O 
y ^ a 008 20 sui 0 

2 A oirole 0 of radius r rolls on tho outsido of a fixed circle Q of radius 
R The point P on the oiroumfoicnco of c moves ■with c and dcaoiibea a 
ouivo called the epicycloid I'lnd the painmotrio representation of the 
opioyoloid (consider c to rotate with constant velocity, and meaauro time 
BO that at ^ =5 0 the point P is in contact with tho on do 0) 

3 Sketch tho epicycloid for tho special case r = P and find its para 
raotrio equations (This paiticular epicycloid is called tho caidtoid ) 

4 If m Ex 2 the radius r is less than R and c rolls imido 0, tho point 
P describes a hypoctjclotd Find its parametric equations 

6 Sketch the hypooycloid (a) for P 2r (1I>) for P = 3r 

0 Sketch tlio hypooycloid for P — 4r (tho aslrotd) and find its non 
parametric equation 

7 Find the parametric equations for the curve a® + Saxy (fohuin 
of Descurtes) ohoosin^ as parameter t tho tangent of tho angle between 
tho a a\is and tho radius vector from tho origin to tho point (a? y) 

8 Show that tho length of tho tangent to tho hypooycloid a; 

= intercepted between the two 00 ordinate axes is constant 

9 Show that tho tangent and normal to tho cycloid pass through tho 
highest and lowest points of the rolling cirolo at each position 

10 Find the formula for the angle a botwoon two oiirvoa r = /(O) and 
r = (/(O) m polar 00 ordinates 

11 Lob 0 be a fixed curve and P a fixed point with 00 oidinatos Xq 
Tho pedal curve of 0 with respect to P is defined to be the locus of tho foob 
of the perpendicular from P on the tangent to 0 Find tho parametric 
ropiosentation of the pedal of <7, if (7 is itself given parametrically by 

= t/=^0(O 

12 Find tho pedal curve of tho circle 0, (a) with respect to its centre M 
(&) with respect to a point P on its oiroumforonco 

2 Ajpplioations to thd Tiidohy or Planh Curves 

We shall consider two different kinds of geometrical proper 
ties or quantities associated with curves The first type consists 
of properties or quantities which depend only on the hehainour 
of the mrve %n the smally 1 e m tho immediate neighbourhood of 
a pomt, and whmh can be expressed analytically by means of tho 
dcrivativ^e at the pomt Properties of tho second type depend on 
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fche whole course of the curve or of a portion of the curve, and are 
expressed anal 3 d)icalljr by means of the concept of integral. Wo 
shall begin by consicloriug properties of the second type. 

1 . Orientation of Areas. 

The idea of area was our starting-point for the definition of 
the integral; but the connexion between definite integral and 
area is still somewhat incomplete. The areas with which wo are 
concerned in geometry are bounded by given dosed curves; on 

the other hand, the area measured by the integral / f{x)d/x is 

Xx 

bounded only in part by the given curve y =/(aj), the rest of tlio 
boundary consisting of lines wliich depend on the choice of the 
co-ordinate system. If we wished to determine the area interior 
to a closed curve, such as a circle or ellipse, by means of integrals 
of this typo, we should have to use some such device as breaking 
up the area into several parts, each of which is bounded by a 
single-valued branch of the curve and also by the cc-axis and the 
corresponding ordinates. 

For the discussion of this general case it is convenient first 
to make some remarks on the determination of the sign of the 
area considered. For any surface bounded by an arbitrary 
closed curve which does not intersect itself, wo can relate the 
sign of the area to the purely geometrical idea of the sense in 
which the curve is described, according to the following con¬ 
vention. We say that the boundary of a region is described in 
the fositwe sense if we go round the boundary in such a direction 
that the interior of the region is on the loft;'*^ the opposite sense 
we call negative. If then wo consider a region whoso boundary 
is traversed in an assigned sense, a ao-callod oriented region, we 
reckon the area as positive if this sense is positive, and negative 
if this sense is negative (cf, fig. 6). 

Suppose, in particxilar, that in the interval a the 

function f{x) is everywhere positive. We consider the closed 
curve obtained by starting at the point y — 0> 

traversing the oj-axis back to the point a^ Xqx y=^ Oy then 

* If wo wish to avoid tlio words right ” and “ loft ” in 8Uoh a context, 

, we flay that tho ti'ianglo, whoso vortices in order are tho origin, tlio point a? 1, 
y Ot and tho point «? •=- 0, y ^ 1, is dosorihod in tho positive sonso if tha 
vorfcioes are pasaod in tho order jnontionod. For overy other region, wo say 
that tlio boundary Is positivoly dosorihed if it is doaoribed in tho same aonao 
08 this triangle; othorwiao it is nogativolv desorihod. 
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proceeding along tlie ordinate to the ciirvo y^f{x\ then along 
this ourve to the ordinate x^b, and finally along this ordinate 
to the X axis (of fig 7) The absolute value of the area interior 
to this curve—the number of square units contained in it—^is, 

as we know, J f{x)dx Hence, denoting by the area with 

its sign as dotonmned above, the integral gives us the value 
except for sign To dotormine the sign we need only observe 




that the boundaiy of the region is traversed m the negative 
fionso, so that ^01 negative, hence we have 

Similarly, if a > 6, we find that according to our convention 
Aqi la positive, while the integral J f{x)dx is negative, hence 
m either case Aqi is given by the above equation 


2 The General Formula for the Area as an Integral 

After these preliminaries, the difficulties mentioned at the 
beginning can now bo avoided m a simple way by representing 
our curve parametrically If wo introduce t formally as a now 
mdepondont variable in the above mtegral, wntmg x=^x (i), 
y = y{t) =/{®W}. w have 

fh 

^01 = -/ y{i)«>{t)^, 

whore and ^ are the values of the parameter corresponding to 
the abscissae a?o = a and respectively Here we suppose 

that the branch in question of the ourve y =^f{x) is related to 
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an interval correspondence,* that f{x) is 

everywhere positive, and that never vanishes in this interval. 
As wo have seen, our expression thou gives iis tlio area of the 
region bounded by the curve, the lines a? — a and a) — i, and 
tliG ic-axis. It is, of course, still subject to the disadvantages 
mentioned above* We shall now show that if the cui've = 
x{t), y^y{t)y tQ^t< 4, is a closed curve bounding a region 
of area the area is given by an integral which in form 
is exactly the same as the preceding* 

Let us then consider a closed curve which is represented para¬ 
metrically by the equations x 5 = x{l)y y = y{t)i the curve being 



described just once as t describes the interval t ^ 

In order tliat the curve may bo closed it is essential that 
= x{t^ and y{t^ = Wo shall assume that tlio deri¬ 

vatives are continuous oxcoi)t for a finite number of jump-dis¬ 
continuities at most, and tliat is dilferont from zero 

except perhaps at a finito number of points which may bo 
corners f of the curve. 

Wo shall first consider a closed curve whicli has no corners 
and is convex and of such a typo that no straight line intoraocts 
it in more than two points. Wo denote by and points 

at which the curve possesses a vertical tangent; tlicso tangents 
are said to bo ** lines of support ” at Pj and P^ respectively, 
because the points of the curve in the neighbourhood of P^ and 
Pg lie entirely on one side of the lino. We can tlion (cf. fig. 8) 

* I.e, in Huoh that overy point of it oorresponds to a einglo valuo of Mn tlio 
Interval and ootivoraely, 

I A continuous ourvo x ^ x{l)t y y(l) is said to Imvo a oornor at < « h 
tho positive direction of tho tangent appimolies a limit as {t — ^o) ^>' through 
positivG values, and approaches a limit as (< — fo) ^0 tlirough nogatlvo values, 
but tho two limits are not tho same. 
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regard the area bounded by the curve as the sum of the area 
bounded by the closed curve P^MF^ABP^^ formed as in the pro 
cedmg section, and the area A^i bounded by tlie closed curve 
assume that the curve as described in 
the positive sense, as in the figure, by our sign convention A^^ 
18 then positive and negatne We suppose that the point 
2/(0 describes the upper jiait of the curve from P^ to P as 
t goes from to r, and the lower part from Pg ^ goes from 

r to ^ Wo then immodiaioly obtain 

Ai2 = — r 2/ (0 ^ (0 

‘'Z 

/♦Zi 

and 4^1=— y («) -»(<) dl, 


honco, ioi the total area bounded by the convex curve, we have 
A=^J^ y{t)(ib{L)dt 


If wo denote by “ absolute area of a region the number of 
square units contained in it—which is of course, never negative 
—then the above expression always gives us the absolute area 
bounded by the curve, except perhaps foi sign In order to see 
what happens when wo rovdso the sense in which the curve is 
dcsoiihed, wo simply tal o the same integral from to /q instead 
of from ^0 to our lutegial becomes 



which is equal to Wo thus rocogmze the truth of the follow 
ing statement 

The area lepresented by our formula %b posihve or negahvei 
acoonUng as the sense in which the boundary is described is positive 
or negative ^ 

In drawing, tlio wo havo assumod that > 0 for all points of tho 

outvo Lina really does not lostnob Iho t,onorality of tho result lor if dis 
place iho omvo Ihroui^h a distauco a pnuillol to Iho y axis without rotating it 
m olhci words loplaco y hy y \ a tlio area is uiiohaii£,ocl tho value of tho 
intcgial 18 111 OW180 unaltoiod for tho abo\o Integral is replaced by 


and Bineo tho curve is olosod 



{y I a)ic{t) dt 



acedi ^ 
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Two simple observations onablo ns to extend onr results, 
Tirstly, our formula remains valid for closed curves whiob do 
not intersect tbemselves, even wlion they are not convex, but 
have a more general form as illustrated in fig. 9. Secondly, 
the derivatives may have jump discontinuities or may both 
vanish at a finite number of points, wliicli may represent 
corners; aocording to Chap. IV, § 8, p. 245, the function yx 
remains intcgrable. (The ordinate to a corner-point is considered 
to bo a lino of support if the curve in the neighbourhood of the 
point lies enthcly to one side of the ordinate). We assume that 
the curve has only a finite munbcr of lines of support, corre- 
spondiug to the points ■Pl> ^2.Pn, and we subdivide the 



ciu:vG into the single-valued brandies Pip 2 > • • • * 

Then as in fig. 9 wo obtain the area bounded by the curve 
in the form A “h ^23 “b • • * “t“ n H" ^ni* (Sgo 
fig. 9, which illustrates this for the case n = 6.) If wo express 
each of these portions of area parametrically and combine 
the expressions into a single integral, wo find that the area 
bounded by the curve ia given by the expression 



which as before has the sumo sign as the sense in which the 
boundary curve is traversed. 

Our formula oven gives us tho area, in a oorfcain senao, in the oaso wliero 
the oiirvo intorseots itself. But wo ahall not enter into auoh a disouaaion 
here; tho reader may if ho wishes turn to § 2 of the appendix to this chapter 
(p, 311), 
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We can express our formula for the area in a more elogan-fc 
flyimnetncal form if we first transform tho integral by integration 
by parts 

f wydt + xy 

t 

Snico the curve is closed, 

y{k) = y{k)> 


aud therefore ^ 


yxdt^J^ xydt 


If we form tho aiitlunetic mean of tho two expressions we obtain 
tho symmetrical m 

A = ~lj^\yx-xy)dt 


3 Remarks aud an Example 

In connexion with these expressions wo must make a lemark 
of a fundamental nature Both tho proof and the statement 
of tho formulae depend on a particular system of rectangular 
CO ordinates But the value of the area, a puiely geometrical 
quantity, cannot depend on tho particular co ordinate system 
chosen It is therefore important to show that our integrals are 
unaltered m value by a change of co ordinates 

If tho axes are moiely displaced without rotation the integrals 
are cleaily imaltered (see tho footnote on p 271) Lot us then 
suppose that the axes are rotated thioiigh an angle a, instead 
of x and y we now have new variables ^ and 17 , defined by tho 
equations ^ cos a — 7^ sin a, y — ^ sm a H- cos a, tho new 
variables being also functions of tho parameter t If we recall 
that a; =: f cosa — 7 ? sina and 2 /:== ^sma+ 7 ^ oosa, a shoii 
calculation gives us yx — xy so that 

(tjx — mj)dt = ~ ~ J\rji - ^ri)dt 

* Instead of finding tho second expression for tho area by integration by 
parts wo could have derived it by using tho fact that ns rognida tho definition 
of area the a; nxia and tho y axis axe mtoiohaiigoahle except that tlio sonso 
of rotation which bungs the ^ axis into the y axis in the shoitcst way is 
opposite to tlio Bonso which bungs tho y axfs into the x axis in tho shortest 
way 


(b798) 


10 



m ArPLiCA'riONS [Cuai>. 


TIuh oqualfiou tli(J faot tlmfc iiroa is iiulopoudcjiit 

of tlio co-ordiluito sysfom. 

Our nxprusHum for Oio anui is uIbo iiuliqxuulout} of 

tlio rlioiuu of piu'ain(^t(u\ supposo Chut w(^ iuCroduoo a now 
pummotur r by Clio oquaCion r? ’ r{t)\ wv, luivo 


(lx (lx (Ir (Ijf (hf dr 
dt dr (It* dt dr dt* 


so CluiC 




rti ( dx dy\ dr . 

i.. V's. 




wlioro To and iiro tlio iuiCiul and final valnos of Clio now 
pammotor, (un'iimpondiiqj Co tlio imruinoCrio valiios (q and 
rospooCivoly,^ 

Ah an (wunpla of iho apjilifiaClon of oiir forinnla for tho ar(5a wo oun- 
fihliT liio ollipno y V(fi*' * iu®)* III order to find its area wo tfiko 

(I 

tho upper and lower Indves of tho ollipHo sopamCtly and in thin way 
expremi tiio urea by tho iiiti^nrnl 

2 ^ V (a^ - “ dx. 

If, however, wo uho tho parainotrio ropresontatioaaJ aeon/, y hninit 
wo find imnuHlhiloly iiuit tlio urea Ih given by tho ex^aeHHiou 

ab I sin* t dl. 

d{\ 

TIiIh oun bo Integrated as on p. 21fi; it has tho value ahre* 


♦ In 11 1 in Hootien wo have humid tho dell n 111 on of the area on the ooneept of 
iniegi'ui and liavo aliown that thin analytieul dednll ion han iv truly geomntriiiid 
dharaeter, Mlitne it yiehln a (pianiily linlopuiKhuit of tho oo^erdinaUi nystein. 
It in, liowover, euny to glvo a dlreiit geonielrleal cleilnition fd tlie urea hounded 
hy a iilonml ourvn wldnh dooH not InterHout llnelf, na followH; tho ania ia tho 
upper bound of the ar<?an of all polygons lying Interior to tho enrvo* The profd 
that 1110 two delhdtloiiH aro oipi [valent in (piito nimplu, hut will not bo given 
huro. 
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d Areas m Polar Co ordinates 

T?oi many purposes it is important to be able to calculate 
areas using polar co ordinates Let » =/(0) be the equation of 
a curve in polar co ordinates Let A(0) be the area of the region 
which IS bounded by the x axis (that la, the Ime 6 ~ 0), the hne 
through the origin making an angle B with the x axis, and the 
portion of the curve between 
these two lines Then 



Fig 10 —Element of area in polar co ordinates 


Foi if we consider the radius 
vector 001 responding to the 
angle 0 and that coirespond 
ing to the angle 9 + ^9^ and 
denote the smallest radius 
vector in this angular mterval 
(of fig 10) by ?o the greatest by the sector lying 
between the radius vectoi 0 and the radius vector 6 + Afl 
will have an area Ad which lies between the hounds 
and Consequently 

Ad^l 


1 . 

2’“° == Ad 


. 2 . 




and on passing to the limit as A0 0, we obtain the relation 
given above By the fundamental theorem of the integral cal 
cuius, the aiea of the sector between the polai angles a and j3 
IB then given by the expression 



If jS > a, this oxpicssion cannot bo less than zero Smee we 
readily see that as 0 incroascs the point with co ordinates (r, 6) 
describes the boundaiy of the icgion in the positive sense, this 
18 in agiccment with our piovious convention for sign 

Aa an example, let ua consider the area bounded by one loop of a lemma 
oato ilio equation of the lommacato (of p 73) la 2a’^cos20 and 

wo obtain one loop by lotting 0 vary fiom j Tine givea us the 

expression 

I cos 20 dO 
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for the aroa. This oan be integrated at onoo by introducing the new vari¬ 
able u ^ 20; wo find the valuo of the integral to bo a\ 

6 , Length of a Curve. 

Another important geometrical concept associated with a 
curve leads to an integration. This is the length of arc. 

“We shall first explain geometrically how we are led to a 
definition of the length of au arbitrary curve. The elementary 
process of measuring a length consists of comparing the length 
to be measured with rectilinear standards of length. The sim¬ 
plest method is to apply our standard length to the curve, with 
its ends on tho curvoj and count the number of times that wo 
have to repeat the process in order to pass from the beginning to 
tho end of the curve; wo can refine tho method as required by 
using smallor and smaller standards of length. By analogy witli 
this elementary intuitive idea, wo set up tho definition of tho 
length of a curve in the following manner. We suppose that our 
curve is given by the equations (c = x{i)y yy[t)y p, 

(This includes curves in tho form J/=/(a?), since these can bo 
written y —/(O? the interval between a and /S wo 

choose points tQ = a, j = A in tliat order. Tho points 

on the curve corresponding to these values 4 we join in order by 
line segments, thus obtaining part of a polygon insoribod in tho 
curve; we now measure tho porimotex of tliia polygon. This 
length will depend on tho way in which the points or, as wo 
may also say, the vortices of the polygon, are chosen. We now 
let tho number of the points iuoreaso beyond all bounds, in 
such a way that tho length of the longest sub-interval in the 
interval a ^ ^ ^ at tho same time tends to 0; tliis makes tho 
number of sides of our polygon increase without limit, wliilo tho 
length of tho longest side tends to 0, The length of tho curve 
is then defined to bo tho limit of the perimeters of these insoribod 
polygons, pivvided that such a limit does exist and is independent 
of the particular way in which the polygons are ehoson, It is 
only when this assumption that the limit exists (assumption of 
reclifiability) is fulfilled that we can speak of the length of tho 
curve. Wo shall soon see that very wide classes of curves can bo 
proved to be rectifiable. 

To express the length analytically by an integral, in fact, wo 
think of tlie curve as represented in the first instance by a function 
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y With a oontinuous doiivativo y' By tho pointa a — 

!K 2 ) divide up the interval a^x^b of the 

X axis, ovei which our curve lies, into (n — 1) sub intervals of 
lengths A!%, , Aa3„_j In tho curve wo inscribe a polygon 

whose vortices he vertically above these points The total length 
of this inscribed polygon is given acooidmg to Pythagoras’ 
theorem (of fig 11) by tho oxpiession 

But by tho mean value tliooxom of tho diGcrential calculus the 
diilerenco quotient Lyjtix, is equal to whore is an 



intormcdiato valiio m tho interval A®,, If wo now lot n moreasc 
beyond all bounds and at tho same time lot the length of tho 
longest sub interval A®, tend to roro, then by tho definition of 
integral our expression will tend to tho limit 

Since this passage to tho limit always loads us to tho same result, 
namely, the int( gial, no matter liow tho subdivision of tho interval 
IS made, wo have established tho following tlioorom 

Every ourva y — f(x) for whoh the derivative f'(x) is con 
tinuous IS a rectifiable curve, and its length between x = a and 
I = b (b ^ a) ts given by thefmmula 




AlT!,l(‘AT10Nri 


«7H 




ii by H wo (brufe iho Inngl-li nf unr inoannnMl finin iiit arlot raiy 
fixod point tn tho point witli ulw'tiMn t\ thn uhnvo iupiafEMn 
f^ivoH UHtlio follnwin)' (txjnriiMiun fur tbn ili rivalivi^ uf f bu 
of arc with nmpoAit to x: 

i A^c i 


Our oxpnwdun fur thu Imptli of ant ia afiil aubj* * t |u tlm 
Hpottial luul urtifiniul jimiuiuptiuii tlait tlut i'tirvit <*un?«fMfi uf unu 
aingin-valund bruunh ulu^vn tlin iiraxia, l*anniii |ria 
tatiou frocH im from thia If u onrvu nf tla^ blial wbii li 

wo liavo boon <aumiiloring in givon in paiana f rin fnnu l^y fbo 
0{pmfcionH X’ ’ X{l)t if //(Oi tiuui by inl,ru<liit‘)U|» fin* patain^ fi r 
I in tlio al»ovn oxprousion wn obtain iJm paraun tiiu fiirio uf Uio 
lo])gth of aio 

«K/i) [%/(# I //'*).//, 


wl>or(( a nml /I iir« tlio viiluitH <t( t wliirlii nim'MjMiiiil 
to tho iioiiitH of fclio (iiirvo!«■ ft tiiul x l>. 

Thin ititniinotrio osjH’i'.sHittii for tlio loiii'tli of ji fin V(> lifin h 
ooiiHiiloi'iiI)lo (ulvimtitji'o iivor tlio inovinim form in ilmt- if. im nol 
roHtriotuil to iiinKlo vitliii'tl lintncItoM of iiiit'vi'\ ro|iri‘fM’»(lrtl 
by tlio (iqtialloa 1 / f(x), lint iiiHtiwl IioMh for iiny Hrl.iirdry iiri M 

of oiirvoH, iiiolu(liii}.i[ iitomiil oitrvoH, jiroviib'il tlnit tjio l^>■rivllliv^w 
ami ij lire ooiitiiiuoim along tlio uri'/i. 

Wo mogiiizi) tlilH nnmt oiiMily if wo go buok nguin {o iho 
formula for tlio loiigtli of tiui iiiMcriliotl jiolygoii. Wo iiiijt|Miiio 
that along tlio iiro ami nro min(.innonn. A« in Uio liolimliim, 
wo Bubiliviilo tho intorvnl «i <; ft by jHiinl^ n, 
> 111 tn p, with tho diHoromMiH Afj, anil imo (liortorroitpoii.ling 
pointw on tho oiirvo a« vorticoH of mi iniioriliiMl imlygon; in tho 
piiKHago to tho limit n-* w wo imHiiniit that tho gmatfiat, tlilTormu-o 
A<^ tomlB to 0. If wo now writo tlm loiiglh of tho jtolygoii in tho 
form 


il VlAx/d - Ay,*) 

V*<mI 


sVKi:: 




)''■ VAi.71 




wo BQo at oncfi that IhiH Hum UouIk to tho intognil / \/(i® y jjfstj 
WO nood only rooali tlio goaoraliiigotl iriatlMHl «f fornniliun of an 
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intcgial (of p 133) If the curve is composed of several arcs of 
this type, which may join one another at corners, the expression 
for the length of the curve is simply the sum of the correspondmg 
intogials Collecting the results, wo have the following statement 

If %n the interval a ^ t ^ /8 the functions x (t) and y (t) are 
continuous and their denvatives x(t), y{t) ate also continuous, 
exceft perhaps for a finite number of pimp discontinuities, the 
arc of x~x (t), y = y (t) has a length given by the expression 

where this integial if necessaiy, is to bo taken as an improper 
integral m the sense of Chap IV (p 215) In virtue of tW for 
mula, in which a must be less than jS, theie is a meamng in 
ascribing a negative length, given by the same formula, to an 
are of a ourvo tiaversod in the direction in which the value of the 
paiametoi t docicnses Tlio sign of the length of arc therefore 
depends on the choice of the parameter If wo introduce a new 
parametric expiession foi the same curve which does not le 
verso the sense of dosciiption, that is, if wo mtioduco a new para 
metoi by the equation r — r(0, where drjdt > 0, wo see a frion 
that our integral foimuh should give the same value no matter 
whether i oi r is used as paiamotei, foi the two integrals give 
the lengLh of the same ourvo and must theiefore be equal This, 
however, may also bo verified directly, for 

{!)> 

Wo now give tlio o^piossion loi the length of arc when the 
ourvo 18 oxpitsscd in. folar co (yrdxnates In tlio last expression 
wo have only to subsUtuto for and y their values as given m 
formula (a) on p 206 m order to obtain 

wlionco 

s(a, /?) — / v/O"" + ^ 0"^) dt 
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If we now cLango over from tko parametric oxpressioii to tiio 
equation in tho form f=f(d), ky introducing as parameter 
t~ 8 itself, so that 0=1, wo have tho expression 

s(6^,e^)^rVif^-hr^)dO 

for the length of arc. 

A eimplo oxamplo of tho explicit caloulation of tho length of an aro is 

given by tho parabola y = i a;®; for ita length of aro wo immodiatoly obtain 

the integral / V{1 x^)dx, which with tho substitution aj==Hinliw 

becomes 


Aar &mhb j ^arainho l 

I oosli^udu^- I (l + oo8h2tt)ff?4“-ooslitO 

*^ftr filnh a " ''ar si nh a " 


{uainli^ 

» 

nrsinho 


BO that the length of aro of tho parabola between tho absoiasm x ^ a and 
a: = & is given by tho expression 

s(a, h) — i{ar sinh^ + b V(1 + h^} — ar sinha — 0^(1 + a®)}. 

For the oafconary y ^ cosh a? wo find that 

s(a, &)=r V(l + 8inh®a?)f^T;=: r oosh»e^», or fl(a, i^)^sinh&—sinha. 

da 


Finally, let it be noted that in many oases it is convoniont 
to introduce as parameter the length of arc reckoned from some 
fixed point on tho curve, that is, to take a? 5 = a; (^) and 
y^y{s). Points of the curve on opposite sides of Pq will 
respond to values of s with opposite signs. In this case wo liavo 



whence by differentiation 

these two relations find frequent application, 

6 . Curvature of a Curve, 

Tho area and the length of aro of a curve depend on tho 
complete course of tho curve. Wo now insert a discus¬ 
sion of a concept which has reference only to tho boliaviour of 
a curve in the neighbourhood of a point, namely, tho Cfo/tvalxires 
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If we think of the ciiTve as desciibed uniformly in the posi 
(live aonso, in such a way that equal lengths of arc are passed 
ovei m equal peiiods of time the dneetion of tho ciuve will 
vary at a definite rate, which ve take as a measure of the curva 
tuie of tho curve If, theieforo, we denote the angle between 
the positive direction of the tangent (p 264) and the positive 
X axis by a, and if wo think of a as i function of the length of 
arc fi, we shall define tho curvatiuo I at the point corresponding 
to tho length of arc s by tho equation L dajds We know that 
a= aictan^', and hence by tho chain rule 

da _ da ds _ y" I 

ds dx dx 1 + 

(whore the positive sign of tho square root means that mcroasing 
values of x coriespond to increasing values of s) The curvatuio 
18 consequently given by tho expression 

I- y'' 

fi+y)" 

Using the parametiio formulco for y' and wo obtain the 
following simple (xpiession for the ouivaturo of a curve icpie 
soiitcd paiamctiically 

I - 

FTTF*' 

which, of com so, can also bo found directly from tho equation 

a = aio tan ^ := aio cot - 
0 ? y 

In contrast with the previous expression which is dependent on 
the equation y^f (x) and consequently involves a special 
assumption about ilio position of the arc with respect to tho 
% axis, the paramctiie expiession for tho curvature holds for all 
arcs along which a?, ?/, a?, and j/ are coutmuoua functions of t and 
a^^ + 2/^ M In paibiculai, it holds for points whcio a; = 0, 
1 e wh( re dyfdx bee om< s infinite 

n we mtioduco the lingtli of arc s as paiamctor and recall 
that \ 2/" == 1 and xx -\ yij ^ 0, wo have 


(n70S) 
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Wo tluiH olifcaiti a i)arl;i(Uiliirly ftiinplo oxproHMioii for tlio ourva- 
(juro. 

Tlio Rupi of tlio curvature ifi clian^od if we reviuvMi 1*1 lo mciimo 
of (lnH(anptiou of tlie curve, that ia, if wc noplace the paruiiM^ter 

t or s by tlio now paranu^luu' rf-* . t or <r - ..v. Kor (;lien it 

aiul f/ cluinf^e but nob di, ?/, or f/^y aa blu^ following aiinple 
culculatiou ahowB: 


(I 

iir 


a;{<(T)} 


(h> ill 
di dr 


{it) ( -1); 




a!{i{T)} 


dr 




//.V: dt 
d( dr 


(. ^^0(1). 


(A aiuiilar cahailatioji (uin bo made for //.) In the caMO. of the 

yff 

cxproBHion h'-- —found, thia fa(sb ia (uineeuled, 

flitioo it ift natural and eimtomury to thiiilc of tluj curve uh d*!- 
Hcribod from left to right, in wliioli eaH«) the mpian^ root (!an only 
bo ponitivo. 

Ah ail example wo eonttider the eurvutun^ of a p(»KitiveIy ih^ 
Boribod (drele with rndiim a. If W(i Htart from i-he paramelrie 
rcprcHontation aeoH^, y^-aaiiU, wo inmeuliutely obtiuri 

a 


The ourvalure of a jwsilivdy desarilwd ciroh it thenfoiv (ho re¬ 
ciprocal of its ntdins, TJub nmult uHsiirea uh that our <I(d)ni(<ion 
of oiirvatun^ in really a Huitahle one; for in tlie (niho of a circle 
wo naturally tliink of the reciprocjil of tlui rad inn an a iiuMuiure 
of the curvature, 


the radius of curvalure of the (uirve at tlu^ point in tjuuntion, 
l*'or a given point on tlie curve, that circle whitOi touchcH 
th(^ curve at the point and tluu’e Iihh tlu^ Hiune hcdhc of dencrip' 
tion and the Hiimo curvature uh the curve, and, more¬ 
over, luiH itB contrii on tlie ponitive or negative aide <d tlie normal 
according m k iw poaitive or negative, in called the drvie of oumh 
tttro fiornmponding to the point. Let uh tliiuk of the <a|uatinu 
of tlio circle (or an are of the <5ircle containing tlui point in qmtH- 


1 

n , j m generally called 


1 

Let UB put p — r-. The quantity | p 
Ic 
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tion) aa wiitton m the form y = g{x) Then, it the point m quea 
bion wo have not only f{x) = glx) and / (a:) = g'{x), as follows 
from tlio fact that the cncle and curve touch, but m virtue of 
the relation 


/" (ic) _,_ g' (x) 


we also have 

r(x):^g'{x) 

The centre of the circle of ouivatiire is called the centre of 
cm vature corresponding to the given point Its co ordinates 
are expressed paranaetucally hy 

— // ap 'n = y+ 2x 

■\/{x + 2 /*) + y) 

To prove this wo need only make use of the formute for the 
diioction cosines of the normal, on which the centre of curvature 
lies at a distance lj\h\ — | p| from the tangent These for 
muH give us an expression for the centre of curvature m terms 
of the paramoioi t As t describes its range the centre of cuiva 
turo dosciibes a curve, the so called evohite of the given curve 
and since, with x and y, wo liavo to regard a;, j/, and p as known 
functions of /, the formulae above give paramotrio equations 
for tlus ovoluto 

For special examples the reader may be referred to § 3 (p 287 
et seq ) and to the appendix (p 307 et seq ) 


7 Centre of Mass and Moment of a Curve 

Wo now come to some applications which bring us into the 
realm of mechanics We consider a system of n paiticles lying 
in a plane Let %, mg, , bo the masses of these particles, 
and lot bo tlieir respective ordmates Wo 

then call 

u 

= nhVi H %2/a + + 

tho moment of the system of particles mth respect to the x axis 
The expression rj = TjM, whore M denotes the total mass 
+ wia + -f- of tho system, gives us the height of the 

centre of mass of tho system of pirtiolcs above the x axis We 
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define the moment witli respect to the y-axis and tho abscismi of 
the centre of mass in a corresponding way. 

We shall now see that this idea can easily bo oxtondod to 
give us a definition of tho moment of a curve along which a 
ifi uniformly distributed, and of tho co-ordinates ^ and 97 
centre of mass of such a curve. Merely for tho sako of brevity 
we assume that tho density has a constant value, say /i, along 
the curve; any continuous distribution could equally well bo 
discussed. 

To arrive at this extension we go baclr to tlio consideration 
of a system of a finite number of particles and then pass to tlio 
limit. For this purpose wo suppose that tho longtli of arc s is 
introduced as a parameter on the curve, and that tho curve is 
subdivided by {n — 1) points of division into arcs of longtlis 
Asj) . *. > of each arc ASi wo roprifsciit 

as concentrated at an arbitrary point of tho ai’o, say that witli 
the ordinato 

By definition the moment of this system of particles with 
respect to the ir-axis has tho value 

If now the greatest of tho quantities As< tends to 0, this sum 
tends to a debate limit given by the expression 

fifyds=^ fij yi/(l + y'^)dx, 

which we shall therefore naturally accept as the definition of 
the moment of the oui’vo with respect to tho a?-axis. Since tho 
total mass of tho curve is equal to its length multiplied by /x, 

pSi 

nj ds = (i.(si— Sfl), 

‘'fo 

we are immediately led to the following expressions for tho co¬ 
ordinates of the centre of mass of the curve: 



These statements are actually definitions of the moment and 
centre of mass of a curve; but they are such straightforward 
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extensions of the simpler case of a number of particles that we 
naturally expect that—as is actually the case—^any statement 
in mcchamcs which involves the centre of mass or the moment 
of a system of particles will be valid foi curves also In 
particular, the position of the ccntie of mass with respect to 
the curve is independent of tlio system of co ordinates 


8 Area and Volume of a Surface of Revolution 

If we lotato the curve y^f{(c) foi which f{'c) ^ 0 about 
the X 1 X 18 it describes a so called surface of revoluHon Tlie area 
of this siuface, whose abscisseo we suppose to lie between 
the boiiuds Xq and x^ > a?o, can be obtained by a discussion 
analogous to the preceding For if wo replace the curve by an 
inscribed- polj gon, instead of the curved surface we shall have 
a figure composed of a number of thm tiimoated cones Foi 
lowing the suggestions of intuition we define the area of the 
surface of levolutioii as the iinxit of the areas of these conical 
smfaccs when the length of the longest side ol the msoribed polygon 
tends to 7010 We know from olemoutary geometry that the 
area of each tninoaied cono is equal to its slant height multiplied 
by the ciioumfeience of the oucular section of mean radius 
If wo add these expressions and thou cany out the passage to 
the limit, we obtain the expression 

for tho aioa Expressed in words, thm icsult states that the area 
of a auifaco of revolution is equal to tho length of the curve 
generating it multiplied by tho distance tiavorsed by the centre 
of mass {Guldm’s rule) 

In tlio same way wo find that tho volume mtorior to the 
suifaco of lovolution and bounded at the ends by the planes 
» = iTfl and is givon by tho expression 

7 cs tt f 

This foimula m obtained by following tho suggestion of intuition 
that tlio volume m question m the limit of tho volumes of 
tho above monlioned figmos consisting of truncated cones Tho 
rest of tho proof is left to the reader 



386 APPLICATIONS [Chap, 

9, Moment of Inertia. 

Ill tlio study of rotatory motiion in mechanics an important 
part is played by certain quantities called moments of inertia. 
These expressions 'will bo briefly mentioned here. 

We suppose that a paifiiclo m at a distance y from the a-axis 
rotates uniformly about that axis with angular velocity co (tliat 
is, in unit time it rotates through an angle oj). The Jdnetio energy 
of the particle, expressed by half the product of the mass and 
the square oi the velocity, is obviously 

We call the coefficient of that is, the quantity the 
moment of inertia of the particle about the 

Similarly, if we have n particles with masses %, ma, . • ., 
and ordinates yg, ♦ * » , J/n we call the expression 

= S miyf 

i 

the moment of inertia of the system of masses about tho oj-axis, 
Tho moment of inertia is a quantity which belongs to the system 
of massoB itself, without reference to its state of motion. Its 
importance lies in the fact that if tlio whole system is sot in 
rigid rotation about an axis, without change of the distances 
between pairs of particles, the kinetic energy is obtained by multi¬ 
plying the moment of inertia about that axis by half tlio square 
of the angular velocity. Thus tho moment of inerfcia about an 
axis plays tho same part in rotation about an axis as is played 
by tho mass in rectilinear motion. 

Suppose now that we have an arbitrary curve y^f{x) lying 
between the abscissa) a?Q and (> (Tq), along which a mass is 
uniformly distributed with imit density. In order to define tho 
moment of inertia of this oiuve wo proceed just as we did in the 
sub-section 7 (p. 281); as before, we arrive at an expression 
for the moment of inertia about the a;-axis, namely, 

^0^— f 'y^ds ^ f VV(i + dx. 

‘'Afo 

For tho moment of inertia about the 2 ^-axis we have the oorro- 
sponding expression 
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i Examples 

The theory of pHno curves with its great variety of special 
forms and pioportics oilers us a rich store of examples of 
these abstract concepts But to avoid being lost in a mass of 
detail we must limit ouiaolvea to a few typical applications 


1 The Common Cycloid 

Prom tho eqiialiona (of p 201) smi) y = a(l — cqbI) wo 

at onco oLtain O/ == a(l — cosO y = asin^ whonco tho length of aro is 

rvi'i +y)dt^ rv{2a^l- C0Bi)}dt 

do da 

13ub smeo 1 — cos / = 3 ^111 - tho integrand is equal to 2asin- andhcnco 
for 0 ^ oc ^ 2;: ^ ^ 


/ / / 

s sss 2a / Bill - (Z/ = —4a cos - 

Jn Z 2 



a \ 

— la( 

1- 008-) 

0 ' 

2 ' 


: 8a 810*^7 
4 


If, m paitionlai wo consulor tho length of nio between two successive 
cusps wo must put cf 2tc smeo tlio interval 0 ^ g 27t of values of tho 
paramotor coircsponds to ono lovolution of tho rolling circle Wo thus 
obtain tho value 8a that is tho length of aro of tho cyoloid between sue 
00381 vo ousps IS equal to four times tho diametci of tho rolling ciiclo 
Similaily, uo caloulato tho area bounded by ono arch of tho cycloid 
and tho a axis 


f d/ a^ / (1 — cos/)^ a 
0 ^0 

f (1 2 003/+ cos^O 

0 

/ ^ / , sm 2A p 

. a >({-2 8 . n <+- 1 — j |^ 


Xhis area is thorofoio tliico times tho area of tho rolling cirole 
Xoi tho radius of omvatuio p = l/Kv,o have 


(ai° f y . 
— l/i 


-2uV[2{l — cos/)} — —4a biiit « 


afc tho points / ^ 0 / — ± 27 V, this expression has tho value zero 
These aro aotually tho ousps wlioio tho oyoloid meets tho a? axis at right 
angles 
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area of fcho aorfatio of revolution formed hy rotating an im^h of 
lUo oyoloid alout Iho a'-jLxi^ i» given aeoording to oiir formula (p. 




pHU I 

I yds / a(l cuh/} . 2a m\ - 

^0 A) ^ 


^2fr I pir 

e=3 8a®jt/ mx^ 

^ lOa^K f (1 — ooH®«) 

'I'lm laflt integral oan bo ovahutted by moan« of tlH> aubatitution oohu «■ > a; 
wo llnd that 


A ^ 10«%(—OOHU 'b ”<50 .T*?a) 

i> 


I'.-.5 .. 

0 8 


Ah an oxoroiHo tho imdcir may ealeulato for liimnelf tiio helglit •() of llio 
coiiU'o nf m«M» of tho oyoloid above tho aJ-axin, and aim) tluj inonmnt of 
inertia 2^^. Tho rcsiilta aro 

d A , « 2fi0 . 

rrr: .. „ and T„ «»* 

^ 3 IG 

2. Tho Catenary. 

Tho length of aro of tho oatonary Imfl already boon oaloulaled an nn 
oxampio in tho preeoding flooth)U (p. 280), and wo fouml U-h vuIuo Ui bo 

I coshajffaj --- 8lnhf» — ainha, 
do 

For tho aim of tho Hiirfaeo of rovolution obtaincHl by rotating the 
oatonary about tho a*-axiH, tlio wo-oalled oatenohl, wo lit id 

A fi 1 n j ex I + OOhIi 2 iV , 

A ^^2v: oomi^ajda; *=-*3 2 k / .i. dx 

da da ^ 

« 7r(6 — a -h ^ B]nh2& — J Hinh 2ft)- 

4U A 

li’rom thifl wo further obtain tho height of tho centre of maen of tho are 
from rt (;0 h 

1 1 

^ j!>«« rt d- - Binh26 — - Hlnh2a 

^ 2irtf 2(HiaiW/ hiniut) "™* 

Filially, for tho onrvatiiro wo havo 


(1 + ooah“a* C08h®»* 
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3 The Ellipse and the Lommsoato 


Iho of aio of thcso two curves cannot bo reduced to elemental y 

{unctioiifl but belong to the olasj of * elliptic integrals ** mentioned on 
P 213 

Eor the ollip&o y = ^ V (a® “ wo obtain 

a 


8 


1 ‘--’g 

aJ \ ^ V(1 — c,) (1 — ^^^ 3 ) 


wlicio wo have put a./a ^ 1 — Ir^/a^ ^ By the substitution ^ s= sin 9 
this jiitLoial can bo oxini ssed in tlio form 

j V{a* — — b^} 8m3 9 }d 9 ^ aj V{1— 611139)^9 

Hero to obtain tho somi poiimolor of the ellipse wo must let x traverse 
iho inteival fiorn —a to +a winch oorrc^iponda to the interval 

—1 S ^ +I or “k/2 ^ 9 ^ ^7^/2 


Eoi the lommsoato whoso equation m polar 00 ordinates is = 2a^ cos 21, 
wo sinulaily obtam 


V{i^ I- )>)<?<= yy^2aaoo92i+ 

= a ^2 = aVif _ - 

J V (cos 20 */ V(1 — 2 sin^O 


If wo introduce “ taiU ns mdopondont vaiiable in tho last mtegral wo 
have 




mr® 


dt 


du 
1 d- 


and conscquontly 


aV2j 


V{i- 


In a comploto loop of tho loinuisoato u iiiiis from “1 to +1 and iho length 
of arc IS tlicioforo equal to 


a 



du 

V(I - u'^) 


a spooml olhptio integral which played a gieat part ui tho researches of 
Gauss 
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ExAMIMiICH 

1. Calonlato fcho area hounded hy tho Boniioublnal piiraliola y ^ 
tlio A’-axifl, and tlio linen x — a and a; :=== h. 

2. Caloulafco tho area of tlio ro|i(i()n hounded l>y tho lino ij -- x and tlio 
lower half of tho loop of tho folium of .l)f>n()iu'lea. (Uho tlio paraniotrio 
ropresontation found in lOx, 7, p. 207*) 

3* Calonlato tho area of a nootor of tlio Arohimoih^an Hpind r<-"i aO 

{a > 0 ). 

4* Calonlato tho area of tho oardioid (]3x. 3, p. 207), ufiinf^ polar eo- 
oid ilia tea* 

C. Calonlato tho area of tho a«troid (J*lx. 0, p, 207). 

0. Calonlato tho area of tho pedal ourvo of tho eirolo x^ 1 witli 

fcapoot to a point P (.rp, 0) on tho a’-axia. BJiow that thin area in leafit when 
P ifl at tho origin. 

Ip 

7» Do tho flamo for tho oil ipso H * !♦ 

8. !Find tlio parametrio representation of tho oardioid when tlio length 
of aro is used as i)aramoter* 

9. Do tho same for tho oyolold. 

10. Calonlato tho length of aro of tho som ion Ideal jiarabola y esa 

11. Calonlato tho length of tho astroid. 

12. Calonlato tho longtli of aro cih 

(a) Tho Arohimedoan spiral r ^ «0 (a > 0). 

{b) Tho logaritlnnio spiral r s=-- 
( 0 ) Tho oardioid (Ex. 3, p. 207), 

{(1) TJio onrvo r ^3 a (0^ — 1), 

13. Eind tho radius of ourvaturo of (a) tho pamhola y a’j {h) tho 
olllpso ajew aoostp, y /^sinep, as a fiinotioii of x and of 9 respnotivoly, 
Eind tho maxima and minima of tlio radius of ourvaturo and tho points 
at which these maxima and minima ooour* 

14. Skotoh tho ourvo 

p^oosM , /’^sinw , 

ftj TO / (lu, y csi j —du 

Jfi Vu Jo Vi( 

and dotormino its radius of ourvaturo (p), 

10 , Show that tlio expression for tho ourvaturo of a ourvo ai x{iu 
y s=5 y(l) is unaltered hy rotation of axes and also hy ehango of pnrumotnr 
given by i «« 9 (t), wlioro 9 '(t) > 0 , 
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16 Lot r == /(O) bo tho equation of a onrve in polar oo ordinatea 
■^rovo that tho ouivatuio is yvon by tho formula 

, )a/a » 

"'VllOrO f ^ ^ =r=: ^ 

^^0 dl) 

17 bind tho voliimo and siiifaco aroa of a /ono of a sphere of radius r 
^ c of tho portion of tlio sphcio cut oft by two parallel planes distant hz 
^oapootivoly fiom tho oentio 

18 Jhnd tho % olumo and sin face ai ea of tho torus or ancJi or ring obtained 

rotating a ciiolo about a lino ivliioh does not mtorseot it 

19 ITind tho aioa of tlio calenoid tho smfaco obtained by rotating an 

of tho oatenaiy ij = coshaj about tho ^ axis 

20 Skotoli tho ouivo defined by tho oquationa 

f Qos(^nt^)di [ Hm{^‘P:t^)dt 

do Jq 

Wbat is tho bohavJoiir of tho oiuvo as t runs fiom ^co to +co? Cal 
oiilato tlio oiuvatuio ^ as a function of tho length of are 

21 Iho ouivo foi wluoli tho longtli of tho tangent intercepted between 
tliG point of contact and tho y a\is is always equal to 1 is called tho iracin^ 
i*'ind its equation Show that tho radius of oiuvaturo at eaoh point of tho 
our70 IS inversely iiropoilional to tho longtli of tlio normal mtoroopted 
botwoon the point on tho curve and tho y axis Caloulato tho length of 
fvro of tho tiaotrix and find tho iiaiamotrio equations in terms of tho length 
ol arc 

22 Lot ^ = 'b(^) ^ 55 = be a closed oiiivo A constant length %) is 
inoasuicd oil along tho noimal to tho curve Tho extremity of this seg 
xnont desciibes a curve Avhioh is called apa^aM Guive to tho oiiginal curve 
Xi'iud tho aiea tho length of arc and tho ladiua of ourvaturo of tlio parallel 
cuivo 

23 l?ind tho centre of mass of an aibitiary are (a) of a oirolo of radius 
(6) of a oatenaiy 

21 Caloulato tho moment of iiioilla about tho os axis of tho boundoiy 
of tlio rectangle 

26 Caloulato the momont of inoitia of an aro of tho oatonaiy y “ oosha! 
(<x) about tho x axis, (6) about tho y axis 

20 ilio equation y“/(a)H a a roprosenis a family of 

oiuvos, ono for oaoh value of tho parameter a Provo that in this family 
tho ouivo with tiio least momont of inoitia about tho x axis is that which 
bus its coulro of moss on tho x axis 
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4. SOMIS VI3UY SiMl'JiK PllOUMMS IN TIIW MrCOlIANIOS OP A 

I’abtioj.m 

Next to geomotiy tho diH’oroiitiiil und integral caloiiliifi uto 
espeoinlly inclobted to tlio soionco of intiohiuiPJH for tlioir oiii'ly 
dovolopmont. Mccluvnics rests upon oortain priiKiiiilos 

wliioh woi'o first laid down by Nowton; tho Htutoinoiit of tlioso 
principloa involves tho concoiit of tho derivutivo, and tlioir 
application rcquirca tho thoory of integration. Witlioot aiialyHiiig 
bheao basic principles in detail, wo shall illu.strato by soiiio 
simple examples how tho integral and dillorcntial oidoulns aro 
applied in mechanics. 

1. Tho Fimrlnmouta! Hypothosos of Moohanics, 

Hero wo shall restrict ouiHelvos to tho coimidoration of a single 
parfciolo, that is, of a point at which a mass is imagined to ho 
concentrated. Wo shall further assumo that motion (siti only 
take place along a cortaiu fixed onrvo, on whiiih tho position of 
tho partiolo is specified by tho length of aro s riieasiirod from a 
lixod point on tho curve; in pnrtioular, tho onrvo may ho a straight 
line, in which case wo uso tho abscissa a) ns tho co-ordinate of tho 
point instead of s. Tho motion of tho point is dotorniined hy 
expressing tho co-ordinato s — f^(l) ns a function of the time. 
By tho velocity of motion wo slinll moan the doiivutivo 
or, as wo shall also write, 

Tho socontl dorivativo, 



wo call tho acceleration. 

In moohanicB wo start from tho assumption that tho motion 
of a point can bo explained by means oi forces of dcfmito direc¬ 
tion and magnitude. Newton’s second fundamental law of 
moolianics may, in tho oaso of motion on our given onrvo, bo 
expressed as follows: 

TM mass multiplied hy the accaleration is equal to the form 
acting m the particle in the direclim of the curve; in symbols 

»?w ~ Jf*. 
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Thus tho direciiou of the force is always the same as that of the 
aocelciatioii, its direotxou is ihit of increasing values of s if 
the vclooity m that direction is increasing otherwise it is opposed 
to the diiection of inorc asmg values of s 

The law of Newton is m the fiist instance nothing more than 
a definition of the eoncept of foice The left hand side of our 
equation is a quantity which can be detormmed by observation 
of the motion, by means of which wc measure the force But 
this equation has a far deeper meaning As a matter of fact, it 
turns out that m many oases wo can determine the actmg force 
from othoi physical assumptions, without any consideration of 
the coiiosponding motion The above 
fundamental law of No’wton is then 
no longer a defimhon of f 01 ce^ but is 
instead a relation from which wo can 
draw important conclusions about the 
motion 

The most important oxamplo of a 
Imown force le given us by graniy 
From dirfct measurements wo Imow 
that the loico of gravity actmg on a 
mass m la duected vertically down 
waids and is of magnitude mgy whore 
the constant r/, the so called giavita 
fcional acccloiation, is appioximaicly equal to 981 if the time 
IS moasurod in seconds and the lengths in centimetres If a 
mass moves along a given curve, we learn by experiment that the 
force of gravity m the direction of this curve is equal to mg cos a, 
where a denotes the angle between the vertical and the tangent 
to the curve at the point uudei consideration (cf fig 12) 

In the case of motion on oiu given ouive the basic problem 
of mechanics is as follows if wo know the force actmg on the 
particle (eg the foico of gravity), wo have to determme the 
position of the pomt, that is, its co ordmate s or x, as a function 
of the time 

If we restrict ourselves to the simplest case, m which this 
fomo mf{s) IS known at the outset as a function of the length 
of arc—so that the force is independent of the time—we shall 

* rho soparation of the factor m In tlio exprosston for tho given force la not 
essential but makes tlio foiinulio simpler 
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bIiow how the coiirso of the motion along tlie curve can bo found 
from the equation 

m 

Hero wo have to deal with a differential equatioriy that is, an 
equation from which an iinlmown function—here 5(i)—is to be 
determined and in which the derivative of this function occurs 
as well as the function itself (cf. Chap. Ill, § 7, p, 178), 


2, Body Falling Freely. Resistance of the Air. 

In tho ooao of the free fall of a particle along tho vortical a;-axia, Now- 
ton’a law gives ns tho dilforontial equation 

(7* 

Fi’om this follows “ (7^ + % whore is a constant of integration, 
Its moaning is easily found by putting i = 0, Wo then find j£(0) ~ v^; 
that is, Vq is tho volooity of tho particle at tho instant from which tho time 
is, rookoiicd, tho inilial velocity* By another integration, wo obtain 

At) — + V + a-o, 

where cCq is also a constant of integration, whoso valno is again found by 
putting ^0; wo thus find that is tho inilial posUio 7 i, that is, tho oo- 
ordinato of tho point at tho beginning of tho motion. 

Convorsoly, wo can choose tho initial position a’u and the initial volooity 
l?o arbitrarily, and then obtain the comploto roprcaontation of tho motion 
from the equation V “h 

If wo wisli to tako account of tho olTeot of tho fnclio 7 i or air resistance 
noting on the pai'fciolo, wo have to consider this as a force whoso direction 
is opposite to tlio direction of motion and conoorning which wo must make 
definite physical assumptions,* Wo shall work out tho results of diflorent 
physical assumptions: (a) tho resistanco is proportional to tho volooity, 
being given by an expression of tho form — where r is a positive con¬ 
stant; (6) tho resistanco ia proportional to tho square of tho volooity, 
being of tho form In aocordanco with Howton^s law wo obtain for 

the equations of motion 

(a) 7^4} = wp — (&) -ni^^ 

If wo at first consider id n{l) as tho function sought, wo have ss* 

' (a) mu ^ mg-- ru, (&) === mg — ni\ 

♦These assumptions must bo ohoson to suit tho particular system under 
oonBidoxatlont for oxamplo, tho law of resistance for low speeds is not tho saino 
as that for Ingli (o,g, buflot volooitios). 
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Insteatl of dotormimng as a funotion of i by these equations we deter 
miuo t as a function of u wilting oui diffoicntial equations m the form 

(a) * = ■■ ^ _ (6) \ -- 

du j njm dll 

With the help of the methods given in the piecodmg chapter we can mime 
diatoly carry out the inlcgrations and obtain 

(o) <(w) = — - lofe (l-^ tt) + la, 

(&) «(«)-=-h 

2 Iff I 

wlioro wo have put V (m/iff) — I and whexo ^ constant of integration 
Solving these equations for u, wo have 

(o) tt{0 == - ’ii!? {e-'H-i )l»> - 1), 
r 

Ihcso equations at once lovcal nn irapoitant piopcity of the motion 
The velocity does not incroaso Avith timo beyond all bounds but tends 
to a dofinibo limit depending on the mass m For 

(a) hm u{i) ~ —, {b) Inn «(0 = 
t^co T <~>co Y f 

A second integration perfoimod on our oxpiessions foi with the 

help of the methods of the preceding ohaptei gives the icsults (which 
may bo voiiriod by diiforentiation) 

(tf) x{l) = oe~' W’" H yty-o, 

{h) as(t) ^ log oosli (< “ to) h o, 

wholo c IS a now constant of mtegiation I ho two constants of integration 
and 0 arc readily dotoi mined if wo knoi\ the initial posiiion a(0) — Xq 
and the initial velocity ji5(0) = w(0 ) =* Vq of the falling pai tiolo 

3 Tlio Simplest Typo of Elastic Vibration 

As a second example wo consider the motion of a particle which moves 
along the x axis and is pulled back townida the oiigin by an olastio force 
As logaids the elastic foico wo assume that it is always directed tOA/ards 
the origin and that its magnitudo is propoitional to the distance from the 
oiigin In othoi woids avo take the foico as equal to —/1 Avlioio the 
ooo/fioiont /v ifl a measuio of the stilTucss of the ohutio connexion binoo 
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h is fissumcd positive, the force is negative when rr is positive and positive 
Whoa X ia nogativo. Newton's Jaw now tells ua that 

mdi 

Wo oanaofc oxpeofc that this differential equation will determine the motion 
completely, but it is plausible to suppose that for a given instant of time, 
say i = 0, wo oan fU’bitrarily assign tlio initial position a’(0) ~ Xq aiul the 
initial velooiby — Wj,; tliat is, in physical language, that wo can start 
off the particlo from an arbitrary position with an arbitrary velocity and 
that thereafter the motion is dotormmed by the differential equation. 
Mathematically this is expressed by the fact that the general solution of 
our difforontial equation contains two constants of integration, at first 
undetermined, whoso values wo fmd by moans of tho initial conditions. 
Thfa fact wo flhall prove immediately. 

We oan easily state siioli a solution directly. If wo put co V 
we may at once verify by differentiation that our differential equation is 
satisfied by all tho funobiona 

ar(^) == Cj 008+ Cg siua^, 

where and O 2 denote constants chosen arbitrarily. On p. 207 wo shall see 
that there arc no other solutions of our differential equation and honco 
that every suoh motion under tho influence of an elastic force ia given by 
the above exprosaion* This expression can easily be put in the form 

a 8inco(l — 5) as —a sinco^ coswf + a oo3o>S ahicdi; 

wo need only write —aainwS— and eicosoS =* Cg, thus introducing in¬ 
stead of and Cg tho new constants a and S, Motions of this typo are said 
to be dmusoidal or simple fiarmonw. They arc pcriodioi any state (i.o. 
position and velocity iJ5(0) is repeated after tho time 27f/6>, which 
ia called tho period, since tho functions sinto^ and ooso^ have tho period 
T, The mini her a is called the maximum displacement or amplitude of tho 
oscillation. The number \jT o)/2ti? is called tlio frequency of the 
oaoillationi it measures the number of oscillations per unit time. We 
shall return to tho theory of oscillations in Chap. XI (p. 001), 

4, Motion on a diveu Curve. 

I'll!ally, we shall discuss tlio most general form of the problem stated 
above, namely, the problem of motion along a given curve under an arbi¬ 
trary pro-assigned force 

The point in question hero ia tho determination of the function s{t) 
as ft function of t by means of tho differential equation 

a = /( 5 ), 

where f(s) is a given function. This differential equation in s can bo solved 
completely by tho following dovico. 

Wo begin by considering any primitive function of f(s), so that 
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F ( 5 ) f(s)i and multiply both sides of fho equation 9 = f{s) = jP {$) 
by ^ Wo can thou writo tho loft hand sido m tlio foim ^ 5 ^^ ns u 0 seo 


nt onoo by diffcrontiatiHo tho expression tlio ii^^ht side If {s)a however 
IS the deiivativo of If{s) ^vith icspeot to tho time i if 111 ^^( 5 ) ^Y0 regard the 
quantity aa a function of I Ilenco wo immodialely have 


01 by integration 




whoio c denotes a constant yot to ho dotoimined 

(Is .- 

I ot us write this equation in tho form !=== V 2(i^ (s) + c) Wo see that 

fiom this wo cannot immediately find as a funotion of t by mtcgiation 
But wo arrive at a solution of tho pioblem if wo at first content ourselves 
witli finding tho inveiso funotion /(a) that la, tlio limo taken by tho paitiole 
to reach a defimto position a For this wo have tho equation 


thus the donvalivo of tho function <(s) is known and wo have 

. f 

t = / =»■ d Cl 

^ V2{jF(a)-{~c} 

whore Ci la another constant of integiation Ab soon as we have performed 
this last integration wo have solved tho problem foi whilo wo liavo not 
determined tho position 5 ao a funotion of t wo have mvoraoly found tho 
time i as a funotion of tho position a Tlio fact tliat tho two constants of 
integration 0 and Ci are still available enables us to inako tho general 
solution fit special initial conditions 

In tho above example of olaatio motion wo havo to identify sa with s 
wo have/(a) == and correspondingly say i'(a) — ^ 0 ^ 5 ^ Wo 

tlioroforo obtain 

(U ^ I 
da V (2c — 61V) 

and fmbhci 


This mlogral howovoi can easily bo evaluated by mlroduoing 
fts a now 'vaiiablo wo thus obtain 

.1 (AS , 

- are sin —=: b Ci, 

<0 V2o 
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or, forming tho invorso funotion, 

V2c . . 

8 = - Bin6>(^ — Ci). 


Wo aro thus lod to oxaofcly tho aamo statomont of tho solution as before. 

ITrom this examplo wo also see what tho constants of intogration moan 
and how they aro to bo dotormined. If, for oxamplo, we require that at 
tho time i ^ 0 tho particle shall bo at the point 5^0 and at that instant 
shall have tho velocity 6(0) s=« 1, wo obtain tho two equations 


0aincoOi, 1 — V2o 00a wc,, 

6 > 


from which wo find that tho eonsfcanta have tho values Cj =: 0, e « 
Tho constants of integration c and Ci can be dotormined in exactly tho 
same way when tho initial poaition Sq and tho initial volooity Sq (at tinio 
; 0) aro prescribed arbitraidly. 


ExATVnPLES 

1. A point A moves with constant volooity 1 on 0. oirolo with radius r 

and oontro tho origin. Tho point A is conneoted to a point B by a lino of 
constant length J5 is constrained to move on tho ir-axis (of. tho 

crank, conueo ting-rod, and piston of a steam ongino). Calculate tho volooity 
and aoooloratLon of 7? as funotions of tho time. 

2, A parfciolo starts from tho origin with volooity 4, and under tho 
influenco of gravity slides down a straiglit wiro until it roaches tho 
vortioa! lino » = 2. What must tho alopo of tlio path bo in order that 
tho point may roach tho voxtioal lino in tho shortest time? 

3. A particle moves in a straight lino subject to a resistance produoing 
tho retardation whore u is tho volooity and k a oonatant. Pind ox- 
proaslons for tho velocity (u) and tho time (1) in terms of 5, the distance 
from the initial position, and Vq, tho initial velocity, 

4, A partiolo of unit moss moves along tho a?-axis and is acted upon 
by a forco/(a:) == —sin*. 

(а) Dotorinino tho motion of tho point if at tinio ^ ^ 0 it is at tho 
point .!U==: 0 and has velocity Vq ~ 2. Show that as ^ co tho partiolo 
approaches a limiting position, and find this limiting position, 

(б) If tho conditions are tho same, oxoopt that Vq may liavo any value, 
show that if Wq > 2 tlio point moves to an infinite distance na ^ oo^ 
and tlint if < 2 the point oscillates about the origin. 

6. Chooso axes with thoir origin at tho contro of tho earth, whoso radius 
WG shall donoto by 21. According to Nowton^s law of gravitation, a partiolo 
of unit mass lying on tho ^-axia ia attracted by tho earth with a force 

whero \i ia the “gravitational constant” and M is tho mass of 

1 / 

the earth. 
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(ct) Caloulato tlio motion of tliG partiolo after it is roloased at the point 
^0 (> i?) that IS if at time ^ 0 it la at the point and has the 

velocity Vo = 0 

{h) hind tlio velocity with which the particle in (a) strihea the earth 

(c) Using the result of (&), calculate the velocity of a parfciole falling 
to the eaibh from infinity f 

6 * A partiolo of mass m moves along the ellipse r = ^/(l -- eoosO) 
Tha force on the partiolo is cmjr^ directed towards the origin Dosoribo 
the motion of the particle find its period, and show that the radius 
vector to the particle sweeps out eq^iial areas in e<iual times 


6 Fuutiieu Appiioaixons Pariioiu BLIDING DOWIX A OuRVe 


1 General Remaiks 

The case of a paiticlo sliding along a friokoiilcss ouivo under the m 
fiuoiioo of giavity can he treated very simply by the method just dosoiibed 
Wo shall first discuss this motion 
m general and then with special 
loforonco to tlie oases of the 
oidmary pendulum and iho oy 
oloidal pendulum Wo ohooso 
axes m such a way that iho y axis 
points vertioally upwards that is 
opposite to the direction of iho 
force of gravity and consider 
the curve as given in toims 
of a paiametor 0 by the para 
raotiio equations tr = 9(0) =«= a;(0), 

?/=3 f\){0) 2/(0) A poition of 

the cm VO for which the motion 
will ho studied IS sho^vn m fig 13 
At ovoiy point of Iho curve the force of gravity acta downvaids (that is, 
in iho dueotion of deoieasing y) on tho paitiolo with magnitude mg If wo 
denote tho angle between tho negative y axis and tho tangent to the curve 
by « aoooi cling to Uie hypothesis stated on p 293 tho foico acting along 
tho direction of iho ouivo is 

wpcoscc = —TMp- 



Tlg 13 


V 


VWTJ^) 


where 


y'. 

aO 




(Note that liero tho dash denotes tho doiivativo with respect to G and 
not with respect to a?) If m partioulai wo introduce the loiiglh of arc 3 

f rills is tho same as the least velocity with which a piojootilo would have 
to ho fired in ordoi that it should leave tho oai tli and never return 
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as paramoter in place ol 0, wo obtain tlio expression ~~tng~ for tboforoa 

Cl8 

along the curve. By Nowfeon^s law, thoroforo, the function 8(1) satisfies 
fcbo difiorontial eguntion 


3^ 


-0 


ds* 


Tlio riglit-Iiand eido of tiiia equation is a known function of s, since wc 
know tlio ourvG and muab tliorofore regard the quantities cc and y as luiO'^ra 
functions of a. 

As in the last SQ0tion> wo multiply both sides of this equation by k The 


left-hand sldo then beoomes the derivative of ^ 5^ with reapeot to f. If in 

S' 


the function yis) we regard 5 os a function of ^ the right-hand side of out 
eq^uation is the derivative of with respeot to t On intograting, we 
tliorofore have 


1 


« —( 7 ^ + ( 3 . 


where o is a eonsbanl of integration, In ordoi to fix the moaning of this 
constant, we suppose that at the time t c= 0 our particle is at the point 
of the eurvo for which the value of the parameter is Oq and the oo* 
ordinates oi'o «= 9(0o), ~ l^hat at this instant its velocity 

la zero, that is, j(0) «= 0- Then putting ^ csi 0 wo immediately have 
'-gVo + 0 “ 0, BO that 


Now instead of regarding ^ as a funotiou of t wo shall consider tho inverse 
function f(s)* ITor this wo at once obtain 
_ > 1 
* ^{MVo “ V)}’ 

which is equivalent to 


whore is a now constant ol integration. As regards tho sign of the square 
root, which fa the same os tho sign of 5, we notice that if tho paa’tiojo movee 
along an aro which is lower than everywhere except at the ends, the 
sign cannot ohango. Foi tho sign of $ eon change only whore i 0, that 
ia, wliero y ^ 0* The integrand on the right is known in terms 

of tho paramoter 0, sinco tho curve is known. Introducing G as inde¬ 
pendent variahlo, we obtain 




where tho funotions — 9^(0), y* <|>^(G), y — iji(6) are kno^vn. In ordez 
to doteriuine the constant of integration Cj wc note that for ^ 0 the 
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value of tlio parameter must bo 0 ^ Tins immediately gives ns our Bointion 
111 the form 


t=x/V(T^)< 

y^u(ya-y)/ 


Wlion intogratod this equation ropreaonta the timo bakon by the particle 
to move from the parametoi value 0<j to the parameter value 0 Tho in 
vorae function 0(0 of this function ^(0) enables iia to describe the motion 
completely for at oaob instant t wo can dotoimmo the point x == 9(0(0 } 
i1j{0 (0} whioh the imitiolo is then passing 


2 Disoussiou of the Motion 

From the equations just found without an explicit expression for the 
result of the inte^iatioii wo can deduce the general natuio of the motion 
by simple intuitive reasoning 
We suppose that our curve is 
of the typo Bho\7n m fig 14 
that IS that it consists of 
nn arc convex downwards, wo 
take s as increasing fiom left 
to right If wo mitially ro 
loose the poitiolo at tho point 
A with CO ordinates Xq 
y^ty^ coiresponchng to Oo 
the velocity moroasea for tho 
aocoloiation s is positive Tho 
paitiolc tiavels from A to tho lowest point with ever incronsing velocity 
After the lowest point la passed howovoi, the aocoloiation is negative, 

since the right hand side oi tho equation of motion is negative 

da 

The velocity thtrofoio doorcases ITrom tho equation s®— —2(7(2/ “ 2 /o) ''vo 
sec at once that tho velocity i caches tho value 0 when the paiUclo icnohes 
the point B wlioso height is the aamo as that of tho initial position A 
Since the aooelciation is still negative tho motion of the partiolo must be 
lovoised at tins pomt so that tho particle will swing baok to tho point A 
this action will lopeat itself indofinitoly (Tho reader will looall that friction 
has been disiegardod ) In ibis oaoillatoiy motion tlio timo which tho point 
takes to loturn from Bio A must oloaily bo the same as the time taken to 
move from A to i> If wo denote tho time required foi a complete journey 
fiom A to B and baok again by T tho motion will obviously bo ponodio with 
poiiod T If Oq and Oj aio tho values of the parameter coiTcsponding to 
the points A and B lospcotively, tho half poiiod is given by tho expression 

jdO 

VW(0o)-'i'(0)/ I 


rOi J/ rH v'^ 
2 v' 2 ci Joo yKyo-v 
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If 0^ ia the valtio of the paramotor oorrcapomling to tlio lowest point of 
tho curve, tlio time which the particle takas to fall from A to tins lowest 
point is 


1 

V2ff 


lf x'^ + y'‘ \ 
y\y(i~-y/ 


<ra 


3. The Ordinary Pendulum* 

Tho simplest example is given by the so-callcd simplo pendulum. 
Here the curve under oonsMeration is a oirolo of radius l\ 

x^l sin0, ^~ —f 00 aG, 


whore the angle 0 is measured in the positive sense from tho position of 
rest. Prom the general expression above wo at onoo obtain 


-vfr. 


11 


dO 

V (cos0 — oosa) Y p J 

Lv 

8in«|) 


where a(0 < a < tc) denotes the amplitude of oscillation of tho pendulum, 
that is, tho angular position from which tho particle is roloased at time 
t =55 0 with velocity 0* By tho substitution 

sin (0/2) du^ oos(0/2) 
dO 2 8 m(a 72 ) 


our expression for tho period of oscillation of tho pendulum becomes 


T 



_ ^ _ 

V(1 — u^){l — ein^(oc/2)7 


We have therefore expressed tho period of oscillation of tho pendulum 
by an elliptic integral. 

If wo assume that tho amplitude of the osoillation is small, so that 
wo may with sudioienb aoouraoy replace tho second faotor under tho 
equaio root sign by 1, wo obtain tho expression 

2 f 

'Vj7_iVa-w*) 

os mi approximation for tho period of osoillation. Wo can evaluate this 
lost integral by formula 13 in our table of integrals (p. 206), and obtain 

the expression 2 tpx/- aa an approximate value for !l\ 


4. The Oyoloidal Pondtilum* 

The faob that tho period of osoillation of tho ordinary pendulum ia 
not strictly independent of tho amplitude of oscillation caused Christian 
Huygens, in his prolonged efforts to oonstruot accurate olooka, to seek 
for a curve Biioh that tho period of osoillation is strictly independent of 
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the particular position on the cmvo at which the oscillating particle begins 
its motion * Huygens reoogni/Ld that the cycloid is siioli a curve 

In order that a particle may actually bo able to osoillato on a cycloid 
the cusps of tlio cycloid must point in the dircotion opposite to that of 
the force of gravity that la wo must lointo tho cycloid considered pro 
viously (p 201) about the x axis (of fig 16) Wo therefore write the equa¬ 
tions of tho ojoloid m the foim 

= a(0 — smO) 
ij =« a(l + oosO) 

which also involves a translation of the curve through a distanco 2a m 
the positive ij dircotion Tho time winch tho paitiolo takes to travel fiom 
a pomt at tho height 

= Hoosa) (0<a<TC) 



Tig IS —^PtUh described by a cycloidfll pendulum 


dow to the lowest point by the formula woikcd out on p 301 la 

Wo now use tho equation 

cos a — oosO ^ 2 * 


this gives 



We then woik out tho definite iiitogial making use of tho substitution 

0 a 0 ft a I 

oo3;-='WCQS- Bin-f^O =»—2 oos-d« 

2 2 2 2 


* Iho osoiUations aio thou said to bo tsoo/uonouB 




304 

Till a gives 


APPLICATIONS 


IChap, 


A 

■j 


. 0 


sm^ 





du 


V(i- 


—2 aro sinM, 


and wo tliorofore obtain 



Tho period of osoillntion 2', thoroforo, is actually indopondont of tbo ampli¬ 
tude a. 


6 . Work 


1. General Remarkfl* 

The concept of worh throws now liglit on tho oonsidorations of the last 
Bootioii and on many other questions of mcohanics and pliysics, 

Lot us again think of tho partlolo as moving on a curve under tho 
influence of a force acting along tho enrvo, and lot us suppose that its 
position is Bpeoifled by tho length of aro mGaaured from any fixed initial 
point. Tho force itself will then, as a rule^ bo a function of e. Wo assume 
that it is a continuous function /(«) of tlio length of are. This funotion 
will have positive values whore tho dircotion of tho force is tlio same as 
tho direction of increasing values of and negative values where tho 
direction of the force is opposite to that of increasing values of e. 

If the magnitude of the force is oonstant along tho path, by tho work 
done by the force wo mean tho product of tho force by the distanoo 
(jjL—traversed, whore donotoa tho final x^oiut and 8q tlio initial point of 
tho motion. If the force is not constant wo define tho work by means of 
a limiting process. Wo subdivide ilio iutorva! from 5^ to Si into n equal or 
unequal sub-inteiwals and notioo that if tho Bub-intorvals are Bniall, tho 
force ill each one is nearly constant; if a,, is a point chosen arbitrarily in 
tho v-th sub-interval, tlion throughout this sub-intorval tho force will 
be approximately /(a,,). If tho foroo throughout tho v-th Bub-intorval wore 
oxaotly /(cp), tho work done by our foroo would bo exactly 

whero as usual denotes tho length of the v-th sub-interval. If wo now 
pass to tho limit, lotting n inoroaso boyond all bounds while tho length 
of the longest sub-interval tends to zero, then by tho definition of an 
integral our sum will tend to 



which wo naturally call tho work done by tho force* 
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If the direction of the foico and that of the motion are the same tho 
work dono by tho force la positive wo then eay that th& force does worh 
On the other hand if tho direction of tho force and that of tho motion arc 
opposed the woik dono by tho force is negative, wo tJioii say that ivorJc 
IS done the force * 

If wo regard tho eo ordinate of position. 9 aa a fmiotion of tho time ^ 
so that the foioo/(s) = la also a function of t then in a plane with root 
angular 00 oidmatea s and p we can plot tho point with co oidmates 
5 = s{t) p — p (0 as a fimotion of the time Ihis point will desoriho a 
curve winch may bo called tho work dia 4 ,rain of the motion If we aio 
doahng ^vlth a pouodio motion aa m tho cose of any maohme then after 
a certain time T (one period) the moving point s(t) p[t) will return to tho 
same point that is tho work diagram will he a olosod ourvo In this case 
tho cm VO may consist simply of ono and tho same arc traversed first 
foiwaids and then baclniaids this happens for inatanoo m elastio 
oscillations But it la also possible foi tho curve to bo a more gonoral 
closed ourvo enclosing an area this ig tho ooao e g with maohinos in 
which tho presauro on a piston is not the saiiio dining tho forward stroke 
aa during the backward stroke Iho woik dono m one cycle, that is, m 
time fT, will tlion bo given simply by tho negative aica of tho work dia 
gram or in other woids by tho integral 


/ 

Ju 




where the interval of time from t(^ to /q + jT represents exactly ono period 
of tho motion If the boundaiy of tho area is ijositivoly tiaveised tho woik 
dono IS negative if negatnoly travoised the woik done is positive If 
tho curve consists of several loops some traversed positively and some 
tiaveraed negatively, tho woik dono is given by tho sum of the aieas of 
tho loops, oaoli witli its sign changed 

Theao considerations are illustiated in practice by tho %nd% ator dxagram- 
of a steam ongmo By a suitably designed moohanioal device a pencil is 
made to move over a sheet of paper, tho horizontal motion of tho pencil 
relative to tho papei is proportional to tho distanoe a of tlio piston from 
its extreme position, while tho vortioal motion is proportional to tho steam 
pressure, and hence propoitional to the total force p of tho steam on tho 
piston The piston therefore dosoribos the work diagram for tho ongmo 
on a known scale Iho aiea of this diagram is measured (usually by means 
of a planimotor) and the work dono by tho steam on tho piston is thus 
found Ilero wo also see that our oonvontion for tho sign of an area as 
discussed m § 2, No 1 of this ohaplor (p 271) iB not of exclusively 
theoretical mtorost For it sometimes happens when an engine is running 
light that tho highly expanded steam at the end of tho stioko has a pies 


* Note that hero wo must caiofiilly distinguish tho foico of wluoli wo aro 
speaking For oxamplo m lifting a weight tho work dono by tho force of gravity 
IS negative work is dono against gravity But from tho point of view of the 
person doing tho lifting tho work dono Is positive, foi tho person must oxorl 
a force opposed to giavity 

(B79d) 11 
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suTG lower than that requivod to oxpol it on tlio rotiirn Btrokoj on tlio 
diagram tins is shown by a positively travcrHcd loop; tho ongino 
Itself is drawing energy from tho flywlicol instead of furnisldng energy. 

2, The Mutual Atferaotion of Two Masses. 

Lot us suppose that a partiolo attracts anotlioi* particle aanordiiig to 
Nowtoii’a law of attraotioiij aa a first example wo shall ooiioklor tim ^vork 
done by tho force of attraction aa tho second partiolo moves along the 
lino joining tho two particles. According to Newton’s law of gravitatimi, 
tho attracting force is inversely proportional to tho square of tlio distal ujo, 
If wo imagine tho first partiolo at rest at tho origin and tho second particle 
at tho distance r from tho origin, tho attracting force is given by tlio 
expression 

/(r)=. ~(xl, 

whore g is a positive oonstant, Tho work dono by tills force wlion the 
partiolo moves from tho distance r to tho distance ri(<r) is therefore 
positive and equal to tho integral 




If, by moans of an opposing force, tlio particle is moved fartlicr away 
from tho origin, going from tho distance r to a tllstanoo > r, tho woric 
dono by tho foroo of attraotlou will, of course, still bo given by tliis integral 
(now negativo), Tho work dono by tho opposing force has tho sanio luunori* 

oaJ value, but tho opposite sign; it is thoroforo equal to If wo 

thinlc of tho final position aa being ohoson further and farther away, tliis 

approaoUea tlio limiting value whioh avo may call tho work wldoh must 

f 

bo done against tho forco of attraction in order to move tho partiolo from 
tho distance r to ** infinity This important expression is called tlio 
mutual pote7iiial of tlio two partiolos, lloro, thoroforo, tho potontlal is 
defined as tho Avork required to soparato two attvaoting masses oomplotoly; 
for example, tho work required in order to tear an olooUon completely 
away from an atom (ionr/iablon potential). 

3. The Strotoliing of a Spring. 

As a second example wo consider tho work dono in stretohlng a spring, 
As is usual In the tlicory of olastioity, wo assumo (of. p. 205 also) that tho 
foroo needed to strofcoh tho spring is proportional to a?, tho increase in tho 
length of tho spring, that is, kXf Avhoro h m a constant. Tho work 
which must bo dono in order to strotoh tho spring from tho unstrossed 
position aj ^ 0 to tho final position x ^ is thoroforo given by the integral 
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4 The Charging of a Condonser 

The concept of woil in other branohea of phjsio^ enn bo treatal m a 
Bimilar way bor oxaniplo wo may consider the cliar^ing of a oondonsor 
If we denote tlio quantity of elcetnoity m tho oondoiiscr by Q its capacity 
by 0, and tho difloionco of potential (voltage) across tho condenser by V, 
then wo know from physios tluxt OV Moicover tho work done in 
moving a ohargo Q through a dilforonoo of potential V is equal to Q F 
Smeo m tho chaiguig of tho condenser tho difforonco of potential V is not 
constant but mci eases with Q we peifoim a passage to tho limit exactly 
analogous to that on p 301 and as tho oxpicssion for the work done 
m ohaigmg tho condenser wo obtain 




wboro Qi 18 tho total quantity of oleotrioity passed into the oondenser and 
Vi is tho differonoo of potoutial across tho condenser at the end of the 
ohaigmg piooess 


Appendix to Cliaptei V 

1 PaOPERTILS OF IHL EvOLmE 

Tho paramotrio equations 

. y ^ A 

^ = a? - P '-T, -;—o\» 

V(a-® + V) v/(® + /) 

for the ovoluto of a given cnivo x = x{t)^ y — y{t) (c£ p 283) 
enable ns to deduce some intoiesting geomotiical lolations 
between it and the given curve Eor eonvcmonce wo use the 
length of are s as paiameter, so that 

L and + yy^ 0, 

p i» y 

or pij—^ ftiwi />» = —V 

We thus have ^ — x~py, p^t 

on difierentiation. these give 

^=0}— py — pij= —py, 1} = y + pai + / 3 sS = p*. 

and therefore ^x + rfy—O 
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Since the flirection cosines of the normal to tlie curve arc given 
by —y and it follows that the oiormal to the aurvo is tangent to 
the evolute at the centre ofcurvatnre\ or, the tangents to tlio (ivoluto 
are the normals of the given curve; or, the evolute is the envelope 
of the normals (of. fig. 10 ). 

If further wo denote the length of aro of the evolute, measured 
from an arbitrary fixed point, by o, wo have 

From the above formulco, since H- — 1 , wo obtain 

Or^ == 

SO that if wo choose tlio direction in which a ia moaHuvocl in a 
suitable way> 

cr== p, 

provided that a 4 = 0 , 
or on integration 

aj —. 0*0 Pi — pq , 

That is, the length of arc of the evolute hcMveen two points is equal 
to the diffeimcG of the con'csponding radii of curvature, provided 
that p mnains different from zero for the aro mder considet'alion. 

This last condition ia not Buperfluoua, For if p oluingofl sign, 
then from the formula cr =3 p wo see that on passing the corre¬ 
sponding point of the ovoluto the length of aro a has a maximum 
or minimum; that is, on passing this i)oint wo do not simply 
contimio to rcclcon or onward, but imiat reverse the sonso in wlneli 
cr is measured. If wo wish to avoid this, on passing such a point 
wo must change the sign in tho al)OVO formula, i.o. put & — p. 

It may also bo noted that tho centres of curvature wliicli 
correspond to maxima or minima of tlio radius of curvature aro 
cusps of the evolute. (Tho proof will not bo givon lioro.) 

The geometrical relationship which wo liavo jusfc found can 
bo expressed in yet another way. If wo imagine a flexible iJiox- 
tensiblo thread laid along an aro of tho ovoluto and stretciied 
so that a part of it extends away from tho ourvo tangentially to 
it, and if in addition the end-point Q of this thread lies on tho 
original curve G, then as wo unwind tho tliread tho point Q will 
dofloribo the curve 0, Tliis accounts for tho namo ovoluto 
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{evolvere^ to unwind) Tlio curve 0 is c'llled an involute of the 
ovoluio E On ihe othox hand wc may start with an aibitrary 
ourvo E and constiuct its involute 0 by this unwinding process 
We then see that E conveisely is the ovolute of G 

To prove this wo consider the curve S, which is now the 
given curve, as given 111 the foim ^ — |(or), tjI == ^(a)^ where the 
oiiirent rectangular co ordinates are denoted by ^ and and 
the parameter a is the length of aic The winding is done as 
indicated in flg 17, when the tbread is completely wound on to 
the evolute JS, its end Q coincides with the point A oi E corre 




sponding to the length of arc a If the thread is now unwound 
until it IS tangent to the ovolute at the point P, correapoudiag 
to the length of arc or ^ a, the length of the segment PQ will ho 
{a — a) and its direction cosines will be ^ and tj, where the dot 
denotes differoutiation with respect to cr Thus for the co 
ordinates x, y of the point Q wo obtain tho expressions 

® (o ” O')^. y = 1? + (* — V'f], 

which give tho equations fox tho involute described by the point 
Q m. terms of tho parameter or By differentiation with respect 
to a it follows that 

j/ = ij — ^ -1- (ff — or)ij = (a — 0)17 
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PROPERTIES or THE EVOLUTE 


3i> 

we ehmmato t in the usual way wo obtain the equation of the evoluto in 
non pararaetno form 

This ourvo is oallod au aMroid Its graph la given in fig 20 By moans 
of the paramotno equations wo may readily convinco ourselves that tho 
centres of curvature corresponding to tho veiticca of tho elhpso ore actually 
tho ousps of tho aatroid 



ExAi^n?iES 

1 Show that the ovoluto of an opioyoloid (Ex 2 p 267) is another 
epicycloid similar to tho first, wluoh can bo obtained fiom tho first by 
rotation and contraction 

2 Show that tho ovoluto of a hypooyoloid (Ex 4 p 267) is another 
bypooycloid, which can bo obtained from tho first by rotation and ox 
pansion 


2 AuEAS BOUNDrD BY CLOSED CURVES 

Wo saw m § 2 (p 271) that the area bounded by a closed 
curve X ^ x{t\ y = y (i), which nowhere mtorseots 

itself (a BO called simple closed curve) is given hy tho mtegral 

~fy(t)«(t)dt, 

where the value obtained is positive or negative according 
as the sense m which the boundary is described is positive or 
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negative* Wo shall now extend tliia result to more general otirves* 
Sui)posG that tile cui’vo C, given by the equation, a;— 
y ^ y{i)> mtersectis itself in a finite number of points, thus divid- 
ing the plane into a finite number of portions , . Sup¬ 

pose further that the derivatives are continuous, except perhaps 
for a finite number of Jump discontinuities, and that + 2 /® 4= 0 , 
except perhaps at a finite number of values of t which may 
correspond to corners. Finally, it is, assumed that the curve 
has a finite number of lines of support (p. 270), 

To each region wo then assign an index defined in tho 
following way: we choose an arbitrary point Q in Ri, not lying 
on any line of support, and erect the line extending fiom Q 



upwards, in the direction of the positive j/-axia. We count the 
number of times tbo curve 0 crosses tho half-line from right to 
left, and subtract the number of times the curve 0 crosses from 
left to right; the difference is tho index fXi. For oxamplo, the 
interior of tho curve illustrated in fig. 6 (p. 269) has the 
index /x + 1 ; and in fig. 21 the regions , ijg have tho 

indices == —1, := + 1 , jag == +2, ^4 = — 2 , ^ —L Tliis 

number fXi actually does depend on the region and not on tlio 
particular point Q chosen in as we readily see in the following 
manner, We choose any other point Q' in Ri, not on a line of 
support, and join Q to Q* by a brolcon line lying entirely in tho 
region Rf, As we proceed along this broken lino from Q to Q' 
the number of right-to-loft crossings minus the number of left- 
to-right crossings is constant; for between lines of suppoit the 
number of orossings of either type is unchanged, while on 
crossing a liao of support either tho number of orossings of both 
types increases by one, or else both the numbers decrease by one; 
in either cose, the difference is unaltered. In the case where the 
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line of support meets the curve at soveial diiJeront points, say 
By , Hy wo consider it as several diftcicut lines of support, 
FAy FBy , Flly whole F is the point of tlio x axis vertically 
below all the points Ay B y II Our argument then applies 
to each of these lines Ilonoo the niimbei has the samo value 
whethei wo use Q 01 Q* 111 determining it 

Ill pariioulai, if our curve does not inteiacet lisolf, the interior 
of the GUI VO consists of \ single icgion U whose index 13 +1 or 
—1 according as the sense in whioli the boundary la described 
18 positive or negative To see this wo diaw any vertical line 
(not a Ime of suppoit) intersecting the curve, on this line wo 
find tlio highest point of inteiscctioii (P) vith the curve, and in 
jB wo choose a point Q below P and so near it that no pomt of 
mt Cl section lies between P and Q Then above Q theio lies one 
crossmg of the curve, which if the cuivo is travciscd positively 
must bo a light to left ciossing, so that /x = +1, otherwise 
/a — —1 As wo have just seen, this samo value of ft holds 
for oveiy othoi point of R For such a curve, and m fact for all 
closed curves, one of the logions, the outside of the curve, 
extends unboundedly m all diicctions, we see immediately that 
tins region has index 0, and henceforth neglect it 

Our theorem about the aica is now as follows the value of 

the mtegial —^xdi is equal to the sum of tho absolute areas of 

the regions R^, each area Rf being counted times, m symbols 

—yxdi = S/t( I aioa | 


The proof is simple Wo assuino, as wo aio entitled to do, 
that the whole of the eiirvo lies above tho x axis (of footnote, 
p 271 ) Tho hncs of suppoit out R^ into a finite number of por 
tions, let r bo one of these poitions Then on talcing the integral 


—Jyxdt for each single valued biauch of the ourvo, wo find that 
tho absolute aiea of r is counted d 1 times for each right to loft 


branch over r and —1 times for each left to right branch over 


r, in all /x< times The same is true foi every other portion of 
hence Ri is counted /x; times 11ms tho mtegial round tho com 
pleto curve has the value S/x^ | area ii; j, as stated This for 
mula agrees with what we have found for simple closed ouives, 

(B 708 ) 
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as we xecogaizo from the discussion of the values of jtt for such 
curves. 

Tho definition given for the index Ims tlio disadvantage 
of being stated in terms of a particular co-ordinnto system. As 
a matter of fact, however, it can bo shown that the value of fxi 
is independent of tho co-ordinate system and depends solely on 
tho curve; but wo shall not prove this hero. 



CHAPTER VI 


Tayloi’s Theoiem and the Appioximate 
Expression of Functions by Polynomials 

In many respects the rational functions are the simplest 
functions of analysis They are formed by a finite niunbcr 
of applications of the rational opeiations of calculation, 
while in the last resort the foimation of every other function 
involves a more oi loss concealed passage to the limit fiom 
rational functions The questions whether and how a given func 
tion can bo oxpiossod appioximately by rational functions, in 
particular by polynomials, are therefore of great importance both 
m theory and in practice 


1 Tnn LoaAniTHM and thu Invduse Tangent 


1 The Logarithm 

Wo begin by considering some special cases m which the 
integration of the geometrical progiession leads almost at once 
to the desired appioximations Wo fiist remind the reader of 
the following fact l?or ^ 4= 1 and for positive integers w, we 
have 

^ 1 + 2 + ga + gn-l + 


If I I < 1 tlio remainder r„ tends to 0 as « mcrenses, and we 
then obtam (pp 3d-35) the %nfimte gcometr'io series 


I + 2 + + 


with the sum 


1 


$15 
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As oxir starting-point wo take tlio formula 
Iog(l-|-9;) =^ 

and expand the integrand in accordance with the above formula, 
putting q — — t. Then by integration wo at once obtain 

log {1 + ») “ a — ~ ^ — -j- -|-••• + (— 1) ^ 

^ o 4 tl 


where r„ dl = 


Henco for any positive integer n we have expressed the 
funotion log(l + x) approximately by a polynomial of the Ji-tli 
degree, namely, 


_ 4 - — . 

2^3 


+ 1 )»-^ 


—> 
n 


at the same time tbo quantity i2„, tlie reminder, specifies the 
amount of the error made in this approximation. 

la order to estimate the accuracy of this approximation, 
WQ need only have an estimate for the remainder i2„; and such 
an estimate is given us immediately by the integral estimates 
on p. 12c. If at first wo suppose that OJ ^ 0, then in the whole 
interval of intogratioii the integrand is nowhere negative and 
nowhoro exceeds i”. Consequently 



wTi' 


and wo therefore see that for every value of x in the interval 
0 this remainder can bo made as small as wo like by 

choosing n largo enough (of, p, 32). If, on the other hand, the 
quantity x is in the interval — 1 < a; ^ 0, the integrand will 
not change sign and its absolute value will not oxccod 1 1 \ ”/(l "h 
and wo thus obtain the estimate for the remainder 

ij.i^ 1 


We see, therefore, that here again the romaindor is arbitrarily 
small when n is sufficiently large. Of course, our estimate has 
no moaning when we put a? — 1. 
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Summing up, wo can say tliat 
log(l + a!) = »-^+^-+ ~| 


wtoro the romainclor tends to zero as n incieases, proYidod 
that X lies m the mteivil ^ — l<a5gl Fiom the above 
inequalities we can, m fact, find an estimate for the remainder, 
independent of £D, vliich is valid foi all values of x in the intcival 
—Id where h is a rnimbei such that 0 < A ^ 1 

For then 




and tbs formula shows us that in the whole interval the function 
log(l -h £c) IS expressed appxoximatoly by our polynomial of the 

1 1 

nth degree, the oiior being nowhere greater than ~ - 

H + 1 

We leave it to the reader to convince lumsclf that foi all values 

of X for wboh | a [ > 1 the lemamdor not only fails to appioach 

zero, but, m fact, incroasos numoncally beyond all bomids as 

n increases, so that foi suoh values of x our polynomial does not 

give us an approximation to the logarithm 

The fact that m the above interval the remainder tends 

to zero may bo expressed by saying that in this interval we have 

the infimte smea | 

1 / 11 % x^ . a? x^ . 

log(l + aj)==:a?^ g ““ j-l - 


for the logarithm If m tbs sonos wo insert the paitioular 
value aj == 1, wo obtain tho remarlmblo formula 

This 18 one of tho lolations whoso discoveiy made a deep 
impression on tho minds of tho fiist pionoers of tho dillerontml 
and integral calculus 

* It Ib to bo noted that this interval ia open on tho loft and closed on tho 
right 

■f Infinite sonos will ho oonsidorod m detail in Chap VIII (p 866) 
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Tho above approximation for tbo logarithm leads us to 
another formula which is useful for many purposes, particularly 
in numorical calculations. Provided that —1 < a: -< 1, wo have 
only to wi’ite ~x in place of x in tho above formula to obtain 

log (1 - »)= -35- - - - - J 
Talcing n as oven and subtracting, wo have 

+ ®_ ,y ,y , I < p 


llogl±^. 

2 ^1 — 3) 


^ + V + r" + * • * H -^ 

3 6 n— 1 


whoro is given by tlio expression 

= rJL. dt. 

Jo l-fi “ ’ 

On acooimt of tbo relation 

\R 

' ^n +1 1-35®’ 

tbo remainder touda to zero as n increases, a fact which we 
again express by siting the expansion as an infinite sories: 


llogl±l = 

2 ^1-35 


®=artanh35 = a5 + ^ + f + f + ..., 
X 3 6 7 


for all values of x such that | a? | < L 

An advantage of this formula is that as x traverses tho in¬ 


terval from —1 to 1, tho expression ^ 


' ranges over all positive 


riumbois. Hence if tho value of x is suitably ohosen this series 
enables us to calculate the value of tbo logarithm of any positive 
number, with an error not exceeding tho above estimate for jB„. 

% The Inverse Tangent. 

Wo can treat tho inverse tangent in a similar way if wo 
begin with the formula, true for every positive integer n, 

1 ^ 1 _/(2 <4 _ ^ ^ 
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wliero r,. == (—1)’* —-— 

V ' l-fr 

By integration, wo obtain 

arc tan® = 01 -I-h I-+ + + J?„, 


R, 


„=(-l)"/V' 
*^0 1 


f2n 

+ 1 


dt. 


and wo seo at onco tliat m the interval —1 ^ ® ^ 1 the re 
mamdor tends to zoio as n increases, fox 




|a;|2r»H 

2n+ 1 


3?rom the foimula for the remainder wo can also show fairly 
easily that for | a; | > 1 the absolute value of the lomaindor 
increases beyond all boiinda as n increases Wo have accord¬ 
ingly deduced the infinite series 


arc imx = aj — 


t + t-4- 

3 6 


f 


valid for I # I ^ 1 


Tor ® == Ij Binoo arc tan. 1 = - , wo bavo 



I 


as remarkable a formula as that previously found for log 2 


1 Provo that » — — + 


Exatmplls 


Honoo find log ^ to 2 places 


2 ■ 3(1 + 0 :) 


< log(l Ho?) ^ I ^ (aJ> 0) 


2 Caloulato log ^ to 3 places using the series 
0 


log(l + ») c=3 ft? . 


2 3 


Prove that the result is accurate to 3 places 

3 How many terms of the series for log{l + a?) must bo used in order 
to obtain log(l + a?) to within 10 per cent if SO g a? g 31? 
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2. Taylor’s Theorem 

An approximate representation by rational funotions, as in 
the special oases above, can also bo obtained in tlio case of an 
arbitrary function/(a;), about which wo assume only that for ail 
values of the indopeiidont variable in an assigned closed interval 
the function possesses continuous derivatives up to the 
(W“)- l)-bh order at least. In most of the cases which actually 
OGCin the existence and continuity of all the derivatives of the 
fuuctioii is known to begin with, so that for n wo can choose 
any arbitrary integer. 

The approximation formula which we shall now derive was 
discovered in the early days of the differential and integral oal- 
ouliis by Taylor, a student of Newton’s, and is known as Taylor’s 
theorem 

1* Taylor’s Theorem for Polynomials. 

In order to get a oloar idea of the problem, wo shall begin by 
considering the case where /(a;) + + . ». 

is itself a polynomial of the n-th degree, Wo can then easily 
express the coeiBoients of this polynomial in terras of the deri¬ 
vatives oi f {x) at the point 0. Eor if we diifercntiato both 
sides of the equation onco, twice, &o., with respect to x and 
then put a; — 0 , wo at onco find that the coeffleionts are 

«o Oi =/'(0), = i/"(O),.... a„ = i /<") (0). 

Any polynomial/(») of tlio n-th degree can tlieroforo bo ■written 
in the form 

+ ®/'(0) + p"{0) + I*/'"(O) -h . . . + ^V('0(0). 

Ibis formula merely states that the coofficionts % can be ex¬ 
pressed in terms of the derivatives at a ;=0 and gives the 
expressions for them. 

We can generalize this “Taylor series” for tho poly¬ 
nomial slightly if wo replace ® by (• = »+ A and consider 
tho tanotioa f{^)=f(ce+h)^g{h) as a function of 7 t. for 

*A spooldl oaao of this thoorom is often rotorrod to, without historical 
lustifioation, as Madaurin's theorem. Wo shall not follow this usogo, 
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tho inomGnt tliinlcing of x as fixed and 1i as the mdependent 
variable It then follows that 

and lionco, if we put A — 0, 

, 5<"\0)=/(">{a:) 

II WO apply the piovioiis formula to the function/(a; \-h) = g (h), 
which 13 itself a polynomial of the ^^th degree m A, wc im 
mediately obtain the Tiyloi senes 

/(o=/(M h)=f{x)+hm i-|r(®) t-!'/"(»>) + 

2 Taylor’s Tlieorom for an Arbitrary Function 

Those formulas auggest that wo should seek a similar formula 
in tlio case of au arbitrary function f{x), not necessarily n 
polynomial, in this ease, however, tho formula can load only 
to an approximation to tho function by a polynomial 

Wo wish to oomparo the values of tho function / at tho point 
as and at tho point ^ = a: A, so that /i = ^ » If now n la 

any positive mtegor whatovor, tho expression 

fix) +{$- x)f'ix) + + /<")(») 

will not, as a rule, bo an exact expression for the functional value 
/(f) Wo must thoroforo put 

M ==m + - *)/'(*) H + 

n\ 

where tho expression denotes the remainder when /(f) is 
replaced by the oxpiossion /(a?) +/^(a?)(f ^ aj) + tho 

first instance this equation is notiung but a formal definition of 
tho expression 2 i!,, Its signihoanco lies in tho fact that wo can 
easily find a neat and useful expression for this remamder 
For this purpose wo thinlc of tlio quantity f as fixed and the 
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quantity x aa tlio independent variable. Tlio remainder is tlion 
a function By the above equation tliis function vanishes 

for x=! 

Further, by differentiation, wo obtain 

For if we differentiate the equation defining the remainder 
with respect to x, we obtain 0 on the left, since /(^) docs not 
depend on x and is therefore to bo regarded as a constant. On 
the right wo differentiate each toim by the rule for products, 
and find that all the terms cancel out except the last one, which 
is written above with a minus sign. 

Now by the fundamental theorem of the integral calculus 

R„{x) = R^ix) - R„i^) == rR„'(l)dt=:>- f R„\l)dt, 

‘'f 

so that we obtain the formula 

If we introduoo a now variaWo of integration r by moans of tbo 
equation r ^ — tc, this becomes 

^ X 

Collecting these results, wo have tbo following statement! 

If the function f(x) has continuous derivatives up to the 
(n -j- l)-th order in the interval under consideration, then 

fix + h) =/(«) + hfix) + |/"(a;) + - /"'(») + ... 
or {the equivalent expression for h — ^ — x) 

/(^)-/(®) + (I - «)A*) + 
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where the remmnder K„ %s given by the formula 

If m paiticular we put a;:=: 0 and tlieii lophco h by a?, wo 
obtain the foimula 

m -/(O) + ^,/'{0) ++ -I (0) + Rn 

with the remainder 

Rn=-~Jj^-rYf”'^^(r)dT 

Those formulae are Icuown as Tayloi’s theoiom They give 
expressions foi the functions /(cc (- h) and f(x) respectively m 
terms of polynomials of degree n m It and m x icspcctivoly (tho 
BO called polynomial of approximation), and a icmainder Tho 
polynomial of approximation is clmiactoii/ed by tho fact that 
when 0 (or 0, as tho caso may bo) its valuo and 
that of its first n doiivatives aro tho same as those of tho 
given function and its liist n dciivativcs In contrast 
with the Taylor senes foi polynomials tho romamdor and the 
expression for it aro esseixhal hero The sigiulieanco of tho 
formula lies in tho fact that tho romamdor, oven though it 
has a more complicated foim tlian the other torms of the 
formula, nevertheless afloids us a useful moans for estimating 
tho accuracy with which tho sum of tho fust -f* 1 toxms, 

/(0) + j/'(0) + |'/"(0)-l-. 

represents tho function/(a;) 

3 Estimation of the Bemaiudor 

Whether tho first w + 1 terms of Taylor^s sonos actually give 
a sufficiently good approximation to tho function naturally 
depends on whether tho romamdor is sufficiently small Wo 
therefore now turn our attention to tho estimation of this re 
mainder Such an estimate can most easily be made by moans 
of the mean value theorem of tho mtcgial caloiilus (Clmp II, § 7, 
P 127) 

♦ Whoso roprosontfttion roq^uiros no romaiiidor 
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We use tliis tlieorem iu tho form 

J W ^ 4 (^^0 J p W 

whore jo{r) is a continuous function which is nowhere negative 
in the interval of integration^ and (^(r) is merely a continuous 
function there, while ^ is a number in the interval 
If in the formula for the remainder wo take (A — r)” to be p('r) 
wo obtain 

while if instead we put p(t) =j= 1 we obtain the expression 

which is less important for us and is stated hero only for tlio sake 
of corapletoness. In these formute 0 denotes a certain number 
in the interval 0 ^ d ^ 1, whoso value wo cannot in general 
specify more acoui’atoly; as a rule, of course, this value is dif¬ 
ferent in the two formulm for the remainder, and in addition 
depends on x, and k The first form of the remainder was 
given by Lagrange, the second by Cauchy, and they are 
correspondingly named.f 

Our interest will bo directed chiefly towards finding out 
whether the remainder tends to zero as n increases; if this is 
the case, the larger we choose n the more accurately is/(a? + A) 
represented by the corresponding polynomial in k In this case 

W6 may in faefc assume that 0 < < 1, but this is of no importanoo 

bero. 

t Tlieao expressions for the romainclor, as well «b others, can bo derived 
from the mean value theorem of the differential calculus and from the general¬ 
ized moan value tbeorom (p» 203) roapectivoly* Wo apply tlioao theorems to 
tho function and to tho pair of functions i?n(a;) and 

{x — respcotively, where we consider { as fixed and make use of the formula 

These methods of deriving the formulflo for the remainder throw more stress on 
the fact that TayIor*B theorem is a generalization of tho moan value theorem; 
they also offer tho advantage, which for many theoretical purposes is important, 
that we need only assume the existence and not the contmnily of tho (n + l)-th 
derivative. On the other hand, however, we lose the advantage of having an 
exact expression for tho remainder in the form of an integral. 
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wo say that wo have expanded the fimctton in an infmito Taylor 
seiles 


fix + h) =/{*) ^ h 4 + , 


or, in partionlar, if wo liist put a: = 0 and then write x jn place 
of h, 


fix) =/(0) + ' ( 0 ) h p" (0) H p'" (0) + . 


Wo shall moot with examples of this la the next section 

First, howovor, wo wish to point out tlio second important 
point of view aiising fiom consideration of Taylor*a soiios 
If in the fust foimala wo think of tho quantity h ns becoming 
smaller and tending to rcio, then m tho teimiuology of Chap III, 
§ 9 (p 195 ), tho vaiiouB toima of tho sciios will tend to zero 
^Vlth dilfcront ordois of magnitude, wo accordingly call tho 
expression f{x) tho toim of zoro order xn Tayloi^s soiies, tho 

oxpiossion hf'{x) tho toim of fust oidor, the expression 

the term of second order, and so on From the form oX otir 
remainder wo sco tho following fact 

In expanding afiincUon as far as (ho term of n th o^der ive make 
an enor which tends to zew toilh orde) (n + 1) a* li -> 0 

On this fact many important applications depend It shows 
us that tho ntaxci tho point a? + lies to tho point flJ, the bettor 
is tho roprosuitiition of tho function /(ik h ^0 hy‘tho polynomial 
of approximation, and that in a given case the appioximation 
in tho imm{ diato neighbourhood of tho point x can bo impiovod 
by increasing tho value of n 


IStXKmtm 

1 Lot /(i?) Imvo a oontmuoiia donvativo in tho interval a ^ ^ B 

and lot / (a?) ^ 0 for ovoiy vahio of % Then if ? is any point in tho inter 
val tho ourvo nowhoro falls below its tangent at tho point a? = J/ = /(^) 
(Usd tlio lay lor expansion to throe toims) 

2 Find tlio valuo of 0 m I agraiigo s form of tho reinamdor for tho 

oxpanaiona of and - m powers of 
^ 1 —1 hOJ 
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3 . Applications. Expansions op tih3 Elementary 
Eunctions 

We shall now use the general results of tho precodiiig section 
in order to express the elementary functions approxiinatoly by 
means of polynomials and to expand them in Taylor series. 
We shall, however, restrict ourselves to those fiinotions for which 
the coefficients of the expansion in series are given by simi)lo 
laws of formation. The series for certain otlior fimctions will 
be discussed in Chap, VIII (p. 405 et sej,). 


1, The Exponential Function. 

The simplest example is offered by tho exponential function, 
f[x) = e®. Here all tho derivatives are identical with f{x) and 
therefore have the value 1 for a; ?= 0. Hence by using Lagrango’s 
form for the remainder wo at once obtain tho formula 


^11^21 nl(n + 1)1 




in accordance with § 2 (p. 320 et 5 ej.), If wo now lot n inoroaso 
beyond all bounds the remainder will tend to zero, no ’matter 
what fixed value of a?.we have chosen, For | | ^ to begin 

with. We now choose a fixed integer m greater tlian 2 [ aj(. 
Then for n ^ w we have 





ml 


l»l , 

ml ' m -|-1 * ’ 

1 ^ I 2* I"* 1 

ml 2’*’ 


I® I 

w ~p i 


so tiat Un 1 ^ el*l 

m! 2” 

Since the first two factors on the right aro indopendont of n, 
while the number 1/2” tends to zero as n increases, our state¬ 
ment is proved. If we think of tho number x not as fixed, but 
as free to vary in the interval —a ^ g a, whore o is n fixed 
positive number, it follows from tho above that if wo choose 
m > 2a the estimate 


|2«h.„ 1 
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IS valid provided n'^m Tor tho loin under wo have tlioreforo 
specified a bound wliicli holds for all values of x in the interval 
—a ^ a; ^ a, and which tends to ^eio 00 Toi the fimc 

tion e» wo can theicforo wiite the expansion as an infinite senes 


21 ^31^ ,=^0 




the last expression being merely an abbieviatcd expression for 
tho senes Ihis expansion is valid for all values of x Thus we 
have again proved that the number e considered in Chap I 
(cf p 43) 18 tho samo as the base of tho naturil logarithms 
(cf Chap III, § G) For numciical calculations wo must, of course, 
make use of tho finite foim of Taylor^s theorem with tho re 
maindcr, for cc = 1, for example, this gives 




^n\^WT 


1 )! 


If WO wish to calculate e with an eiroi of at most 1/10,000, wo 
need only choose n so largo that tho remainder is certainly less 
than 1/10,000, and since this remainder is certainly loss'** than 
3/(w+ 1)1 il' sufhciont to choose n — 7, since 81 > 30,000 
Wo thus obtain tho appxoximate value 


6^ 2 71822 


with an orroi less than 0 0001 Ileio wo do not take any account 
of the error duo to neglecting tho figuies m the sixth decimal place 


2 HmXi cos a:, smh:v, cosh a: 

For tho functions sma;, cos a?, smha;, cosh a? we find tho follow 
mgfoimuleo | 


fix) = 

sma? 

COSO) 

Binho; 

cosh a?, 

m = 

cos a? 

— smtB 

cosh® 

sinhoj, 

fix) =:= 

—sin a? 

—cosaj 

siuha; 

cosh a?, 

fix) = 

—cos a? 

sma: 

cosho? 

sinha?, 


sino? 

cossr 

sniha) 

cosh a? 


* Horo wo have made uso of tho fact that e < 3 Thia followa immediately 

(of p 43 also) from our BorioB for e, for it ia always Iruo that i g and 
thcrofoio ^ 

+ 1/(1 -i) 3 

f If f{x) •» fitnaj OP f{x) ^ 00 aSJ, tho n th donvatlvo can always bo ropro 
sontod by tho oxproBsion 

" fix I iHTr) 
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Hence in the polynomials of approximation for sina) and Bmhx 
tUe coefficients of the even powers of x vanish, while in the poly¬ 
nomials of approximation for cosa; and cosha; the coefficients of 
the odd powers vanish. Thus in the first case the (2w + l)“th 
and the (2n + 2yth polynomials are identical, while in the 
second case the 2?i-th and the (2% + l)'-th are identical. If in 
each case wo use the higher of these polynomials wo at onco 
ohtain, using Lagrange^s form of the remainder, 


smaj a; — 

sr 6! 


- ... -f (“1)« 


^i«+i 
( 2)1 + 1)1 








^2n+2 

(2n + 2j! 


cos (to), 


sinlia;: 




*+ii+i( + 


+ 


(2»+“l)l 


+ 




cosh (to), 


cosh a? = 




1 4..,, 

^21 ^ 41 ^ 


r2n 


(2)))I 


+ 


g;2ll+2 


cosh (to), 


where in each of the four formula), of course, 0 denotes a different 
number in the interval 0 ^ ^ 1, a number which in addition 

depends on n and on a?, In these foiTnulee we pan also make the 
approximation as exact as we please for each value of cc, since 
the remainder tends to 0 as increases. We thus obtain the 
four series 


sin a; 


(f? . # 
-p . 

ar 61 


00 


+ ...-s(-ir 

^=0 


a-a.+i 


Gosa; 



2 r 41 


+ 


.s(~ir 

i'=Q 


a:®-' 

( 2 p}I’ 
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sinh® 


cosh a;: 


, ti/ . . 

'*+31 + 61 + 

1 i ^ I 1 

'+2i+a + 




+x 


o(2v+lf 

=:S 

(2v)l 


Tlio last} two can also bo obtained formally from tlio senes foi* 
c* m accord anco witli the dofimtions of tht hyperbolic functions 


3 The Binomial Series 

Wo may pass over tho Taylor series for tho functions log (1 + ») 
and aiotan®, winch have aheady been treated diiectly in § 1 
(p 31B) Wo must, however, take up the generalization of the 
binomial theorem for arbitrary indices, wluoh is one of the most 
fiuitful of Newton’s mathematical discoveiies, and winch repre 
sents one of the most impoitant oases of expansion in Taylor 
senes Our object is tho expansion of the function 

f{x)^{l + x) 

m a Taylor senes, whore a? !> —1 and a is an arbitrary mimbor 
positive or negative, rational or iirational Wo have ohoson the 
function (1 + xY instead of x because at the point a? = 0 it is 
nob true that all tho derivatives of x are continuous, except m 
tho tiivial case of non negative integral values of a Wo first 
oaloulato the deiivatives of/(a?), obtaining 

f'{x) ^ ail+ x) r(x) ^ a(a ^ 1) (1 + » 

)(aj) = a(a 1) (a h 1) (1 + 

In particular, for a? — 0 wo have 

/'(O) = a, /"(O) := a{a - 1), , = a(a - 1) {a - v +1) 

Taylor’s tlioorom then gives 

.L a(a-l)(^ — _j_ 

^ w! 

Wo have still to discuss tho remainder This problem is not very 
difficult, but novertholcss is not quite so simple as in the cases 
tioatcd previously Hero wo shall pass over the estimation of 
tho remainder, since tho general binomial theorem will be proved 
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complotoly in a somowhaii difEoront and eimplor way in Chap. 
VIII (p. 406 et seq.) cf, also p. 336). TEo result, wliich wo 
montion hero in advance, is that whenever | a? | < 1 the re¬ 
mainder tends to 0 and therefore the expression (1 -1- a?)“ can 
be expanded in the infinite binomial series 




V 0 \ 


where for brevity wo have introduced the general binomial 
coeffleionts == (for v > 0), — 1. 


EXAMPLlca 

1, Expand (1 + to two terms pins remainder* Esfcimato the ro- 
maindor* 

2* XJso the expansion of Ex, 1 (discarding the romainder) to oaloulato 
V2* Wliat is the degree of accuracy of tlio approximation? 

3, Wiiat linear function best approximates to -{/(I -|- a;) in the neigh¬ 
bourhood of 0 ! ^ 0? Between what values of ju is the error of the approxi¬ 
mation less than »01? 

4. What quadratic function best approximates to '^(1 + a?) in the 
neighbourhood of a? == 0? What is the greatest error in the interval 

6. {a) What linear function, (i) what quadratic function, beat approxi¬ 
mates to 4* m the neighbourhood of » =S5 0? What aro the groatoat 
errors when — •! 

0, Calculate 8in(»01) to 4 places, 

7. Do tho samo for (a) coa(-Ol), (6) 1,^126, (c) Vo?- 

8. Expand 8in(aJ+ A) in a Taylor scries in h. Use this to find sinSP 
(=5 siafSO* +■ I®)) to 8 places. 

Expand the functions in Ex, 9-18 in the neighbourhood of «0 to 
throe terms plus remainder (writing the remainder in Lagrange’s form). 


9, BLu®.r, 

14. e““’. 

10. ooa®ai« 

16. -i-. 

00302 

11, logcosa;. 

10, coto: — -♦ 
02 

12, taniv. 

17. J- -1, 

smo; X 

13. 

cos a? 

jg log(l-j-!r) 
* 1 + 02 ’ 
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19 (a) Expand to five terms plua lomnmdor (6) m tlio power 
Beries for substiUito for z tlio power senes for Bin a; taking enough torms 
to BGOuro that the coofliciont of is correct Compare vnth (a) 

20 Find the polynomial of fourth dogieo which heat approximates to 
tana m the neighbourhood of a; 5 = 0 In what interval does tins polynomial 
represent tana? to within 6 per cent? 

21 Find tho first 0 toims of the Taylor eoiica for y m powers of x 
for the functions defined by 

(a) + y, y(0) 0 (h) ^ ff 3/(0) = 1, 

(0) «• + y® = */ y( 0 ) == 0 

4 GEOMLTHIOAIi ApPLIOATIONS 

The bolmviour of a function f{x) m hho ucighbouihood of a 
point a; =2 a, or the behaviom of a given ciirvo 111 tho neigh 
bourhood of a point, can bo studied with incicased acouiacy by 
means of Taylor’s theorem, for this theorem resolves tlio inclement 
of the function on passmg to a neighbouring point a-\ h into 
a sum of quantities of tho first order, second older, &o 

1 Contact of Curves 

Wo shall now mako use of this inothod m order to mvosti 
gate tho concept of contact of two ciuvcs 

If at a point, say tho point a? — a, two ouivos y —/(aJ) and 
y^g{x) not only iiiteiseci, but also have a common tan 
gent, wo shall say that at this point tho cuivcs touch one another 
or have contact of the first order Tho Tayloi expansions of tho 
functions /(a+A) and /;(a+A) then have tho same terms 
of zero order and of iiist order m h If at tho point x ^ a 
the second derivatives of f{x) and 3 /( 0 ;) aro also equal to one 
another, wo say that tho oiirvos have contact of the second order 
In tho Taylor expansions tho terms of second order aio then 
also tho same, and if wo assume that both functions have con 
tmuous derivatives of tho third order at least, tlio dilloronco 
D{x) ^f{x) g{x) can bo expressed m tho form 

;,3 /i3 

+ A) -/W + A) -g{a + A)« I D'^'ia h Oh)^ 1 J'(A), 

whore tho expression J (A) tends to f"^(a) — as A tends to 
zero Tho difforonco D [a + A) thorefoio vanishes to at least 
the third ordoi with A 
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Wo can proceed in this way and consider the general case, 
where the Taylor series for/(*) and g (») are the same up to terms 
of the «-th order, that is, 

/(a) == g{a),f{a) = g' (a),f'{a) = g''(a) ./^{a) = 

We here assumo that the (n+ l)-th derivatives are also continuous. 
Under these conditions wo say that at this point the curves have 
contact of the n-th The diHoronco of the two functions will 

then bo of tho form 



Fig* l»—Osculflting pnrnbolns of e» 


whore sinco 0 ^ ^ 1 tho quantity JP{h) — + Oh) 

tends to as h tends to 0. Wo recognize 

from this formula that at tho point of contact tho difference 
f{x) — g(x) vanishes to the (n + l)-th order at least. 

Tho Taylor polynomials aro simply defined geometrically by 
tho fact that they are those parabolas of tho 7t-th order 
which at tho given point have contact of tho highest possible 
order with tho graph of tho given function. Hence they are 
sometimes called osculating parabolas, For tho case y 5 = c* 
fig. 1 gives US the first tliroo osculating parabolas ab the point 
a? = 0. 

If two curves y^f{x) and y^g{x) have contact of the 
?t”th order, the definition does not oxoludo the possibility that 
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the contact may be of still lugbor order, i o that the equation 
y(«+i)(a) =3 I IS also kuo If this is not the case, i e if 
J(’i I i)(a) 4: wo speak of a contact of exactly the n th 

order oi say that the ordoi of the contact '' is exactly n 

From our formnlso as well as fiom our figures we can at once 
state a remarkable fact winch is often unnoticed by beginners 
If the contact of two ouxvcs is exactly of an even order, that is, 
if an even iiumboi n of derivatives of the two functions have the 
same value at the point in question, while the (w + 1) th den 
vativoB difloi, then iii conformity with the above formuloe the 
difterence /(« + h) — g (ah) will have different signs for small 
positive values of h and for numerically small negative values 
of h The two ciiives will then cross at the point of contact 
This case occuia e g m contact of the second order if the third 
derivatives have diflcront values If, however, we consider the 
case of contact exactly of an odd order, e g the case of an or 
dinary contact of the first oidei, the diffor 6 nc 6 /( 0 't-/i)— h) 
will have the same sign foi all numerically small values of h, 
whether positive or negative, the two curves therefore will 
not cross in tlio uoiglibouihood of the point of contact The 
simplest example of this is the contact of a curve with its tan 
gent The tangent can oioss the curve only at points where the 
contact 18 of the second order at least, it will actually cross the 
ouivo at points wlioro the order of contact is even, eg at an 
ordinary point of inflection, whore /" (a) == 0 but (a:) 4= 0 
At points whoio tlio oidei of contact is odd it will not cross 
tho cm VO, as oxainplos wo may take an ordmary point of the 
curve where tho second derivative is not zero, or tho curve 
1 / = j:* at tho oiigin 

2 The Circle of Curvature as Osculating Circle 

When looked at from this point of view the concept of the 
omvaturo of a curve y==f{x) gams a newmtmtive s.gmfieance 
Thiottgh a defimto point of the curve with the co ordinates 
x = a, t/=b there pass an infinite number of circles wnio 
touch tho curve at tlio point Tho centres of these circles 
he on tho normal to tho curve, and to each pomt of this normal 


* lhat tho orclor of oontaob of two oarvoa 1 b a gonkno 
wWoMa uivvRoolo I by ohango of axes la a foot which con easily be oBtebliebed 
by moan 9 of tho fonniiloo foi ohango of axes 
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fcliexo concsponds just ono such tangent circle. Wo may expect 
that by proper choice of the centre of tho circle we can bring 
about a contact of the second order between the curve and tho 
circlo. 

As a matter of fact, we know from Chap, V (p. 283) that for 
the circle of curvature at tho point ay whoso equation is, say, 
y^g{x)y we not only have g{o)=^f{a) and 
but also g** := f* (a). Hence the circle of curvature is at 

the same timo the osculating circle at the point of the cuivo 
under discussion; that is, it is tho circlo which at that point has 

contact of the second order 
with the curve. In tho 
limiting case of a point of 
inflection, of in general of 
a point at which the cur¬ 
vature is zero and the 
radius of curvature is in¬ 
finite, the circlo of curva¬ 
ture degenerates into the 
tangent, In ordinary cases, 
that is, when tho contact 
at tho point in question 
does not happen to be of an order higher than tho second, tho 
circle of oiirvatuxo will not merely touch the curve, but will 
also cross it (cl fig, 2), 



Fig. a,—Osculating circle 


3. On the Theory of Maxima and Minima. 

As wo have abeady seen in Chap. Ill (p. 161), a point a 

at which/*' (a) 0 gives a maximum of the function f{x) (a) 

is negative, a minimum if /" {a) is positive. These last conditions, 
therefore, are suffident conditions for the oconrieuce of a maxi¬ 
mum or minimum. They are by no means necessmy\ for in tho 
case where /'' {a) = 0 there are three possibilities open; at tho 
point in question the function may have a maximum or a mini- 
mum or neither. Examples of the three possibilities are given 
by the functions y “ j/ = and y^x^ at the point 
tc 0, Taylor’s theorem at once enables us to make a general 
statement of siiffleient conditions for a maximum or a minimum. 
We need only expand the function/(a + h) in powers of h\ tho 
essential point is then to find whether the first non-vamshing 
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torm contains an even powei of h or an odd powei In tlio first 
case wo have a maximum or a mimmum accoiding as tlio co 
efficient of A is nogative oi positive, lu the second case wo have 
a horizontal inflectional tangent and neither maximum nor 
nummiun The reader may complete the argument for himself 
by using the foimula for the remainder ^ 

Exvmplus 

1 What 18 the order of ooniaofc of theouives y =5= c®and x f* 

at a: = 0? 

2 What IS tho order of contact oi slid a, and y ^ tan^aj at a? ^ 0? 

3 Doteimme the constants 6, c d in such a way that the curves 
y = e ^ and y = a coaa? + 6 sma; ] c ooa2a: p d 8m2ji; liayo contact of 
order 3 at a; = 0 

i What IS tno order of contact of tho ourvos 

xy p y« » 

at their points of mtorseotion? Plot the curves 

C What IS tho order of contact of tho oiirvcs 
x^-\ y^^ y, 9^^ t/ 
at their points of mtoraootion? 

6 Xho oiirvo y —/(ic) passes through tho ori^m 0 and touches the 
X axis at 0 Shovi that tho radius of curvaturo of tho curve at 0 is given 

by p = lun — 

-^o2y 

7 * if ifl a circle which touches a given curve at a point P and passes 
through a ncighbouiing point Q of tho cuivo Show that tho limit of the 
oirolo if as 0 ->'P IS tho oixolo of ouivaturo of tho curve at P 

8 * P IS tho point of mtorseotion of tho two normals to a given curve 
at tho neighbouring points P, Q of the curve Show that as <2 P» P 
tends to tho oontro of curvaturo of tho ouivo for tho point P (Tho centre 
of curvature is tho mtorseotion of neighbouring normals) 

0 * Show that the order of oonfcaot of a curve and its osculating oirolo 
13 at least tliico at points whore tho ladius of ouivaturo is a maximum or 
mimmum 

10 Botormmo tho maxima and minima of tho function y = 

(See p 330 ) 

♦Tho necessary and suffloiont condition given previously (p 101) how 
over, 18 more general and moio ooiivomonb in appHoations namely provided 
the first derivative / («) vamshoa at only a finite number of points a nocoaaary 
and sufiiciont condition for tho ooourronco of a maxunimi or minimum at one 
of those points Is that tho first donvalivo/ (r) change j sign as it passes through 
the point 
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Appendix to Chapter VI 

1, JjlXAMPLlS OI? A FuiSfOTION WHIOH CANNOT BE EXPANDED 

IN A Taylor Series 

Tko possibility of expressing a function by moans of a Taylor 
series 'vrith a remainder of the {n + l)-tli order depends essen¬ 
tially on the difierentiability of the function at the point in ques¬ 
tion, For this reason the function logo? cannot be represented 
by a Taylor series in powers of x, and the same is true of the 
function ^x, whose derivative is infinite at a; — 0, 

In order that a function may be capable of being expanded 
in an infinite Taylor series, all its derivatives must necessarily 
exist at the point in question; this condition, however, is by no 
means sufficient. A function for which all the derivatives exist 
and are continuous throughout an interval still need not neces¬ 
sarily bo capable of expansion in a Taylor series; that is, the 
remainder in Taylor’s theorem may fail to tend to ^ero as 
n increases, no matter how small the interval in which wo wish 
to expand the function. 

The flimploflt example of this plionomonon is ofiGrcd by tlio funpMon 
y ^ f(^) “ for a? 4= 0, /(O) == 0, ^yhioh wo liavo already oonsidored 
in the appendix to Chap. Ill (p. 106). This funotion, with all its dorivatlves, 
is oontinuoua In every interval, oven at a: «= 0, and wo liavo soon that at 
this point all the dorivativos vanish, i.o. that “ 0 for every value 

of n. Hence in Taylor’s theorem all the cooffioionts of the polynomials 
of approximation vanish, no matter what value wo ohooso for iu In other 
words, the remainder is and remains equal to the function itself, and 
therefore, except when fu = 0, docs not approach 0 as n inoroosos, elnao 
the funotion. is positive for every non-zero value of aj. 

2, PROOE THAT 6 IS IRRATIONAL 

EVom the formula c ==< 2 + i 4*.,. H- i.+ — - — wo immediately 

21 n\ (n+l)I 

deduce that the number e is irrational, For if the contrary is tnio, that 
is, if where p and q are integers, wo can certainly ohooso n 

larger than q. Then. n!e= nl? must bo on intogor. On the other hand, 

■♦if ♦ll 1 

rtte =3 2n-! -h ^ 4- ,,, + - 14 --- and since < e < 3, we must 

2! «I n + 1 



VI] CONVERGENCE 01 BINOMIAL SERIES 


337 


6p 

havo 0 <-< 1 Honoo tho latogor «!e «= the integer 2;i! + — + 

n (- 1 2 

+ 1 plus a non vamahiiig propci fraction, wlnoli is irapossiblo 

3 PllOOI? THAT THL BlNOMrAI Si RIDS CONTCIiaES 

Ill § 3 (p 329) wo postponed the catiination of the remamdor 
lifi m tho expulsion of /(ck)—( l + ^c) for |»|<1 This 
estimation wo sliull cany out hero It is most convenient to 
soparato tho oases x> 0 and a; < 0 

cxpiession 

If » > 0, wo write tho lomamdor in Lagi-wigo’s loim, 

» //v,\ _ _1 \ I" 




SO that 




a(a - 1) (a - w) a>”+i(l + «)“ 
(n+l)l 1"« 


Writing ft = [| a |] -|~ 1, where [| a |] mcana tho greatest integer 
which does not exceed | a [, wo have 

1 R„{x) I ^ 2'- 

‘ ' (at- 1)! 

1 2 (^+!)(«+2) (>^+&) ^K4.t 


(6~1)! 

2 » 


(» 1- 1)1 


and Binco b is fixed, il 0 < ® < 1, this appuoaohes 0 as » 
iiioroaBes 

For tho case — 1 < » < 0 wo wiito tho remamdor in Cauohy’s 
form, 


S .(.,=(1 - - 1 ) 


BO that 
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Since j»| < 1, tlie last factor cannot exceed a constant K, 
independent of n. Also (1 — 0) / (I — 01 a j) •< 1. As before, 
writing b^[\a\] + 1, we have 

I ^ A (n + 2) (» + 3)...(« + 6) 

which approaches 0 as n increases. 

Thus in either case when | a; | < 1 the remainder tends to 
zero as n increases^ justifying the expansion in § 3 (p. 330). 


4. Zeros and iNriNiTiES op Iukotions and So-OALled 
Indeterminate Expressions 

The Taylor series for a function in the neighbourhood of a 
point x=ia enables us to eharacterizo the behaviour of the 
function in the neighbourhood of this point in the following way. 
We say that a function f{x) at x^a has an exactly n4iiph zero 
or it vanishes there exactly to the order n, if /(a) = 0 , f{a) ^0, 
f'(a) =: 0,,.., s= 0, and ^ 0, Hero wo assume 

that iu the neighbolu^lood of the point the function possesses 
continuous derivatives to the n-th order at least. By our de¬ 
finition we seek to indicate that tlie Taylor series for tho function 
in the neighborhood of tho point can be mitten in tho form 


in which as A 0 the factor F{h) tends to a limit different from 
0, namely, the value /"(a). 

If a function ^(a:) is defined at all points in tho noighbour- 
hood of a point x~a, except perhaps at » = a itself, and if 


(l>{x) = 


M 


where at the point aj = a the numerator does not vanish, but 
tho denominator possesses a v-tuple zero, we say that the func¬ 
tion <j>(x) becomes infinite of the v4h order at tho point a? a. 
If at the point x^a the numerator also possesses n ju-tuplo 
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7oro and if /* > v, wo say thab the function liis a — p) tuple 
zero tivae, while if /* < r we say that the fiuietion has a 
(i^ ijl) tuple infinity 

M these dchiiilioiis are in agree ment with the conventions 
already laid down (of Chap III, § 9, p 194) regiiding the be 
Jiavioui of a fimrtion In older to make those iclations picoise, 
we expand numerator and denominator by Taylor’s theorem, 
usmg Lagrange’s form of the remainder, the function then, has 
the form 




/(a -h h) _vl ^(a + Oh) 

g{a 4- h) /ait -f 


in which 0 and 9i are two numhers between 0 and 1 and the 

factors by which -- and — are multiplied do not tend to zero 
IM vl 

as h does, smeo they appioaoh the limits and g^''\a) 

respectively, winch dillei horn zero If /x > v, we then have 

lim (f>{a + 70 = hm = 0 


The expression <l)(z) accordmgly vanishes to the order ju ~ v 
If V > jLt, wo see that the expression ^(a + h) becomes infinite 
of the order v ~ jj. as h->0 If /a = i/, wo obtain the equation 

We can express tlie content of the last equations in tlie fol 
lowing way if the numerator and denominator of a fonotion 

({){x) 5= both vanish at a? = a, wo can determine the limiting 
9 (^) 

value as (0 a by dillerentiating the numerator and denominator 
an equal number of times until one at least of the denvativea is 
other than zero If this happens for numerator and denominator 
simultaneously, the hmii which wo arc scelang la equal to the 
quotient of those two derivatives If wo encounter a non vanish 
mg deiivative m the denominator earliei than in the numerator, 
the fraction tends to zero If wo encounter a non vanishing 
derivative in the numeiatoi earlier than in the denominator, the 
absolute value of the fraction increases beyond all boundB 
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We thus have a rule for evaluating the so-called indoter- 
minato expression 0/0—a subject that is discussed at exaggerated 
length in many textbooks on tlio differential and integral cal¬ 
culus. In reality the point in question is merely the very simple 
determination of the Umiimg value of a quotient in which the 
numerator and the denominator tend to i:era. The name 
“ indeterminate expression usually found in the literature is 
misleading and vague. 

We can arrive at our results in a somewhat different way by 
basing the proof on the generalized moan value theorem * instead 
of on Taylor’s theorem (of. p, 136). According to this, i£ 
g*{x) 4= 0, we have 

/(g + h) —f(a) _ f'{a + Oh) 
g{a + h) — g{a) g'{a + Oh)' 


where 0 is the same in both numerator and denominator. 
Hence, in particular, when f{a) ==5 0 = g{a)^ 

/(g-f- h) /^(g + Oh) 

g{a + h) g'{a + Oh)* 


Hero 0 is a value in the interval 0 < d < 1, and if wo put 
Ohi we obtain 

lim fctil = lim feti), 

h~>ogia + h) k~>o g'ia + k) 


it being assumed that the limit on the right exists. If 


/'(«) = 


wo can proceed in the same manner until wo come to the first 
index for which it is no longer trao that = 0= 

Then 


h-^og{a + h) 


=i lim 


Mci+l) 

g^^\a + l)' 


in which we also include the case in which both sides have the 
limit infinity. 


* Thifl motliod of deriving our riilo liaa tlio ndvantngo that in it no ubo ia 
made of the exieknea of the dorivativo at the point x a itself: further, it 
inoludoa tlio case in whioh ia dofinod for a? ^ a only, bo that the paaeago 
to the limit a or A 0 is made from one eido only. 
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Ab examples wo consider 
Biiix 1 ooso; 

X X 

as a? 0 Wg have 


— 1 a^^tanai 

log(l I x)* V(l — 


Inn 


lun 

->.0 X 


sma; oosO 


= lim 


- . 1 — cosa, smO . 

=== 1 hm- ==5 s= 0, 

» i 


*^o log(l + x) 1/(1 h a;) 


2, 


V(1 - a,a) - 1 


5 hm 

sf -—^0 


2xtanaj'j x^Iqob^x 


xlV(l - 

—lim (2 taii£W + —^W(1 — a.**) i=* 0 
jc ^0 \ 00 s® a;/ 


(^0 

Wo furfehor iioto that other bo called uideternniiato forms can also he 

reduced to the oflso we have conBidored for example the limit of — i 

sma? a? 

as a? 0 being tho limit of the difforonco of two oxpicsslons which both 
beoomo infinite is an * indotorminato form 00 — 00 By tho traus 
formation 

1 1 a? — sina: 


Bm^ X 


x&inx 


wo at onoo aiiivo at an expression whoso lumb as aj -v 0 is dotormmod by 
our rule to he 

1 — ooBa smaj 


bm 


! bin 


K->o a COSOS (-smos «—>0 2oosa?^a;Bmaj 
Examples 

Evaluate tho limits in Ex 1-12 


1 hm 


a” 


a’ 


n 


«;-> a — a 
a? — szno; 


I„n( 2 ^ 1 N 


2 hm 




3 lim ^ 24. ooaa 

(sma)^ 

p»_ p-O) 

4 hm 


7 hm 
«f—>1 

8 hm (-i- ■ 
j{->o\8nra 


i) 



BinTJ 


5 

aro Bin a 

11 hm 


X 


0 

hm “ 

12 hm 


->«ir/a tana 


13 

Provo that tho function y fes* 

(*»r m =: 


log (14- O') 
a;lan» 



CHAPTER VII 
Numerical Methods 

PUELIMINARY REMARKS 

Anyone who has to use analysis as an instrument for 
investigating pliysical or technical pliouomona is faced by tlio 
question whether and how the theory can bo adapted to yi(dd 
useful practical methods for actual numerical calculations. Yet 
even from the point of view of the theorist, who desires only 
to recognize tho connexions between natural phonomona, not 
to conquer them, these questions are of no trifling iiitorcst. 
For a systematic treatment of numerical mebliods wo refer the 
reader to special textbooks on tho subject,* Hero wo oan only 
discuss some particularly important points wliich are more or 
less closely connected with the preceding ideas. Wo wish to 
direct special attention to tho fundamental fact tliat tlio mean¬ 
ing of an approximate calculation is not precise unless it is 
supplemented by an estimate of tho errors occurring, i.o. unless 
it is accompanied by definite Imowledgo of the degree of 
accuracy attained. 


1. Numerioal Integration 

Wo have seen that even relatively simple functions cannot 
be integrated in terms of elementary functions and that it is 
futile to make this unattainable goal tho aim of the integral 
calculus. On the other hand, the definite integral of a continuous 
function does exist, and this fact raises tho problem of 
finding methods for calculating it numerically. Here wo shall 
discuss the simplest and most obvious of those methods with 

« tinker and Robinson, The Oalculua of Observations (Blnokio 

Son, Ltd., 1929). ' 


842 
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tho aid of geometrical intuition and wo sh ill then consider tho 
estimation of eriors 



•'a 


a 18 less than 6 Wo imagine tho interval of integration divided 
into n cqiiil paits of length /i — (6~ a)/n, and we denote tho 
points of subdivision by = a, aq = a -f- 7i, , x„ — b, 

tho values of tho function at tho points of division by /o, fi, 
and smiilaily tho values of tho function at the mid 
points of tho iiitoivals by /j,^, fn , , /( Wo interpret 

our intogial as an area and cut up tho region under the curve 
into strips of breadth h in tho usual manner Wo must now 
obtain an appioximation for each such strip of suiface, that is, 
for tho intogial 



1 The Rectangle Rule 

Tho crudest and most obvious method of approximating to 1 
18 directly connected with tho definition of integral we replace 
the area of tho strip I, by tho rectangle of area/^/i and obtam 
for tho intogial 1 tho approximate expression * 

/«^/t(/o+/i I- +/«-i) 

2 Tho Trapezoid and Tangent Formulee 

We obtam a closer appioximation with no greater trouble if we 
replace tho aiea of tho stiip /,, not by tho above rectangular area 

but by the trapezoid of aiea i (/,, +/y+i)^» shown m fig 1 For 

the whole integral this gives tho appioximato expression 

/ (5SJ A {/j -I- /b + 4- /«-i) + ^ (/o + /«) 

(tho trapezotd formula), since, when tho areas of tho trapezoids 
are added, each value of the function except the first and tho 
last occurs twice 


^ Here and horeaftor the symbol means is approximately 6q.nal to 
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As a rule tlie approximatioa becomes even better if i!iHt(»*nl 
of clioosing the trapezoid under the chord AB as an a])pi(»xi 
mation to the area of I we clioose the trapezoid under tlui tnii - 
gent to the curve at the point with the abscissa x = x^. A/-L 
The area of this trapezoid is simply and the apprnxi'^' 

mation for the entire integral is 

I H-Zs/a + • • • +/(2«-l)/2)* 

whioli is called the tangent f<yt mula. 



5. Simpson’s Rule. 

By means of Simpson^s rulo we arrive, with very litOhj r\\or4% 
trouble, at a numerical result which is generally much 
exact. This rulo depends on estimating the area 1^, + Iv \ i ^ 
the double strip between the abscissee x ^ a?,, and x -| * *2 h 
by considering the upi)or boundary to be no longer n 
straight line but a parabola; to bo speoiSc, that parabola whni !i 
passes through the three points of the ouive with 
Xyy + h arid + 2/i (of. fig. 2). The ofpiuiit *j it 

of this parabola is 
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(TIio atudoiit may verify by dirccl; substitution that for the 
thu 0 value's of x m question this equation givts the proper values 
of y namely, /, / , and / ^ 2 lespcctivc ly ) If We mtcgi ito 
this ])olyixomial of the second degree between the limits x and 
X h 2A, wo obtain* afLer a brief calmlation, the following ex 
pression foi the aic i uudoi the parabola 

ly 'dx = 2 hl -I- 2 h{l 2(34-2/1^ il, 2-2/,+,+/,) 

= 3(/.+4/.k-1-/.+s) 

y 


rig % —Simpson a mlo 

This represents tho required approximation to the area of our 
strip, / 

If wo now nssumo that n — 2jn, 10 that n is an even numbex, 
by the addition of tho areas of such skips we obtain Simpson’s 
rule 

^ 3*^ (/i "h/s h + /sm-i) 

+ (/j +fi + + /ani-z) + 3 (/o H' Am) 



(KTuai 
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4. Esamples. 

Wo now apply these methods to the calculation of log^2 = / II 

Jy 

we divide tlio integral from 1 to 2 into ten equal parts, h will bo equal 
to and by the trapezoid formula we obtain 


a*, M 

/i = 0-00009 

ajg ^ 1*2 

= 0-83333 

% ^ 1*3 

/a = 0-76923 

a?! — 1*4 

U = 0-71429 

a‘fi 1-6 

/b == 0-60607 

1-6 

fa = 0-62600 

= 1-7 

/, = 0-88824 

rca = 1*8 

fa == 0-65560 

1*9 

/ 

fa = 0-62032 


Sum 6-18773 

a?Q= 1*0 

i/o=0-6 

(CiQ ^ 2-0 

J/xo=0-26 


6‘93773 X ^ 
log,2 0-09377 


This value, as was to bo expected, is too largo, since the ourvo has its 
convex side turned towards the a:-nxis. 

By the tangent rule, wo have 


Xq 4* = 1*06 

/i/j = 0-06238 

Xi + lh^ 1*16 

/a/a = 0-80067 

X2 + \li = 1*26 

/B/a= 0-80000 

ajg + s=3 1'35 

/7/a= 0-74074 


/a/a= 0-68060 

(Cg + = 1-66 

/i,/a = 0-84610 

fljg + J/i t=: 1*66 

/ia/a= 0-60600 

1.76 

fuh = 0'67143 

o-e + == 1*86 

/i,/a= 0-64064 

(To + — 1*05 

/ia/a= 0-61282 


0*92836 X ^ 
log,2 0-69284 


Owing to the convexity of the curve, this value is too small. 




5 Estimation of tbe Error 

It 18 easy to givo an estimate of tlio error m each of our 
motliods of mtegiation if the derivatives of tlio function f(x) 
are known tliroughout the interval of intogiation We take 
Mg, as the upper bounds of tbe absolute values of the 
first, second, derivatives, respectively, that is, wo assume 
that throughout the interval | {x) ] < Then the estimation 

formulas are as follows 
l?or the lectaugle lulo 

I-ZisV. <h4«/i2=bA(6-a)/i 

For tto tcingont riilo 

For the tiapozoid lulo 

For Simpson’s rule 
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From the last two estimates thero also follow estimates for 
the entire integral /. We see that Simpson’s rule has an error 
of much higher order in tho small quantity h than the other 
rules, "80 that where is not too largo it is very advantageous 
for practical calculations. To avoid wearying the reader with the 
details of the proofs of these estimates, which are fundamentally 
quite simple, we shall content ourselves with tho proof for 
the tangent formula. For this purpose we expand tho function 
f[x) in the d- l)~th strip by Taylor’s theorem: 

m = /h-i +(»-«.- I)/'(•- + ^) + i^) V'(fl. 


where ^ is a certain intermediate value in tho strip. If wo 
integrate the right-hand aide over tho interval ^ a: ^ x^-i- h, 
tho integral of the middle term is zero. Sinco 


1 

2 



24’ 


as is easily verified, it follows immediately that 


“}' h 


/" f{x)dx^hU, 


<^4, 


which proves our assertion. 


Examples 

1 . From the formula L dxy calculate tt 

4 Jq 1 + a;2 

(а) using tlio trapezoid formula with h = 0»1; 

(б) using Simpson’s rule with A = 0*1. 

2 . Caloiilatc / dx numerioally to within (of. p, 400). 

1 

3. Caloulato / —===== numerically with an error loss than 0*1. 

Jo Vl-pic’* 
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2 Appitcations or tiii Mean Value Theorem and of 
Taylor*s Tiilorem The Calculus or Errors 

I Tho Caloxilus of Errors 

Wo now como to qtuto a difforent typo of nnmoncal calcu 
latious These are applications of tho moan value theorem, or 
xnoio generally of Taylor^s theorem with remainder, or finally 
of tho infinite Taylor senes As an application winch, though 
simple, 18 quite important m practice we shall consider the cal 
cuius of errors This rests upon tho idea—^which lies at tho root 
of tho whole of tho diHerontial calculus—that a function f(x) 
which 18 differentiable a sufticient number of times can be re 
presented in the neighbourhood of a point by a linear function 
with an error of order less than tho first, by a quadratic fuuo 
tion with an error of order less than tho second, and so on Lot 
us consider tho linear appioximation to a function y^f(x) 
If y + Ay =/(ai + Act) =/(c» + A), by Taylor’s theorem we 
have 

wlioro f (0 < 0 < 1) IB an mtormediato value, which 

need not bo moio prcciaol7 known If k= Ax is Bmall 
wo obtain as a practical approximation 

Ay PH hf'{x) 

In other words, wo replace tho difference quotient by the den 
vative to which it is approximately equal and tho increment of 
y by tho approximately equal linear expression in h 

Wo use this faiily obvious fact for practical purposes in the 
following way Suppose two physical quantities x and y are 
connected by tho relation y=/{a:) Tho question then arises, 
what ofioot an maecuracy in tho moosurement of x has on tho 
determination of y If instead of tho “ tiuo ” value x wo happen 
to use tho innecurate value x + K then the corresponding 
value of y diflois from tho true value y—f(x) by the amount Ay— 
f{x + A) — f(x) Tho error is theieforo given approximately 
by tho above relation 
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Wo isliall xiudorstand tlio use of those relations bettor if wo ooii' 
sider a few oxamploa. 

Mx, 1, The iangmt galmnomeUf* In determining ourront by a tangent 
galvanometer wo use the formula y = c tnn a, whore a is tho angle of 
d^fieotion of the magnetic needle, c is tho constant of the apparatus, 
and y i=s 7 is tho intensity of tho current. Tlion 

da ooa^ a 


and therefore Ay ^ —— 
is given by ^ 

lOQAy 

y 


Aa. Tho poroontago error in tlio meosuromont 

lOOcAa 200 . 

^ 2 act* 

c cos® a tnn a sm 2a 


!From this wo see that tho accuracy renohoa tho greatest possible value, 
0 . to a given error in the meosuromont of tho angle thoro corresponds 



the least possible error in tho dotormination of tho current, when tho 
anglo « is equal to Tr/4 or 46®. 

In particular, let us suppose that it is possible to road the tangent gal¬ 
vanometer to within half a dogreo^ then | Aa | in radians < J X 0*01746,., , 

and tho poroentago error will bo If tho reading on the galvano- 

sm2a 

meter is 30®, sm2a = JV3 = J X 1*73206 , and tho percentage 

orror is loss than 2 X which is about 2 per cent. 

1*732 


JUx. 2, In a triangle ABO (of. 6g, 3) wo suppose that tho sides h and o 
are measured accurately, while the angle a = a? can only bo measured 
with an error | Aic | <3, Within wliat limit of error does the value 
y « a szs V + 0 ® •— 2&0 cos a) vary? 


Wo have 


Aa ^ sin a Aa; 
a 


tho poroentago error is thoroforo 


100 Aa 




—— sin a Aa. If wo take tho 
a® 


a 
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Bpooml oasa whcro b == 400 moires e= 600 metres and ««= 60 , then 
by the cosino formula y => a = 458 2o70 metres and 

. 200000 ^ I 

K A« can bo measured to wiUun ton Bcoonds of are that is if 
A« = 10' = 1818 X 10-8 radians 
WO fltul that at woiat 

Aa Rrf 1 83 ora, 

that IS, tho error is at most about 0 OOt por cent 

E'l 3 Tho following illustrates a typo of application of the above 
methods by whioli avo can often save omsolves oonsidorable trouble in 
physical problems 

It is known oxpeiimontally that if an iron rod has the length Iq at 
tomporaturo 0 then at tomporatmo t its length will be I ^ Zq(1 ^ al) 
whoro a depends only on tho matcijal of which the rod is made If now 
a pendulum clock keops correct time at toniperaturo fi how many 
seconds will it lose per day if tho tomperatiiro rists to tg? 

Por tho ponod of oscillation ayo have tho formula 

2^(1) — whence ^ 

V£/ (II 

Honoo if tho ohango of length la A? the corresponding change m the 
period of oaoillation is 

AS' 

Vf.ff 

where = ^o(l t £^nd A^ — ti) This is tho time lost per 

oscillation Xho time lost per second is ^T/T pi:s hence m one day 

tho olook loses 43200 A//^i seconds 

Hero the application of our methods has saved us a number of multi 
plications and two oxtiuotiona of tho square loot In the longer direct 
pioccsa moreover wo should finally have to subtract T{li) from the almost 
equal value ?'(/ ) and a voiy small error in calculation would cause a rela 
tively largo porcontngo on or in tho result * 

In this ease and in most coses where tho fimotion under oonsidoration 
has several faotois or fraotional indices, wo can reiluoo the calculation 
oven more by taking tho logarithms of both sides before differentiating 
In the present example wo Iiavo 

login log27( — i logy + i logf, 
by diflorontiating, wo Imvo 

dll 21 

* It is a point of tills nature that inakoa tho calculations of applied optira 
BO oxtromoly laborious 
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dT AT . * 

U wo replace - - by - this gives 
dl Al 

'T iV 

in agreement with the preceding result. 

2. Evaluation of 7 t. 

111 

Gregory's series * - — + - •••> wliicE wo 

4 3 5 7 

obtained in Chap. VI, § 1 (p. 319) using the series for tlio inverse 
tangent, is not suitable for the calculation of tt, on account of 
the slowness of its convergence. We may, however, calculate 
7 T with comparative ease by the following artifice. From the 
addition theorem for the tangent, 

^ tana + tanfi 

tan(a + P) = r-r- 

1 — tana taup 

if we change to the inverse functions a — arc tanw, = aro tanv, 
wo obtain the formula 


aro tant^ + hanti »= are tan 


\1 — uv/^ 


If wo now choose u and v in such a way that 


U-\- V 


1, wo 


1 — w 

obtain the value - on the right-hand side, and if u and v aro 
4 

small mimbors we can easily calculate the left-hand side by 

means of known series. If, for example, wo put t; 

2 


3’ 


as Euler did, wo obtain 


- ^ arc tan - + arc tan 
4 2 3 


If we further notice that 

111 
arc tan ~ — arc tan ~ -f aro tan so that 

^ 2 arc tan | + arc tan 

4 o 7 

Using this formula Vega calculated the number tt to 140 places. 

* SomoUmea oallod Loibnitz’a aories, 
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we 


furblior oblaiii 


111 
ato tan = arc tan - + arc tan - 

3 6 8 


or 


TT 111 

- = 2 arc tan - -|- arc tan ^ + 2 arc tan : 

4 5 7 ' 8 

This expansion is ('xtumcly useful for the calculation of 

w by moans of tho series arc tan® = a—~^ _|_ ^ for 

if wo substitute for x the value 1 L or - we obtain with but 

0 7 8 

few teims a high degree of accuracy, since the terms dimmiflli 
rapidly Wo cm, howovci, peiform the calculation oven more 
convomcntly if wo base it on the formula 

U 9 “ ^ B - ® 


arc tan 


obtained by coii’^iclerations similai to tlioso above 


3 Calculation of Logantlims 

T’or tho numoncal calculation of logarithms we transform 
the logarithmic scrioa ^ log + (|a;|<l) 

whore 0 < a; < 1 by tho substitution 

l-\-x _ _ 1 

X 2 ?® — 1 * ^ 2 ^?® — 1 

mto tho series 

logjj = - log (JJ - 1) + 2 log (jp +1) + 

"*"3(2/-1)3'^ ’ 

whore 2j)^ — 1 > 1, that is, > 1 Ifis an integer and p + 1 
can bo resolved mto smaller integral factors, this last senes 
GxpiGSsos tho logaiithm of p by tho logarithms of smaller integers 
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plus a series, wliose terms dimiiiisli very rai)idly and whose sum 
can therefore bo calculated accurately enough by use of only 
a few terms. Trom this series wo can therefore calculate 
successively the logarithms of any prime number, and benco 
of any number, provided we have already calculated the vahio 
of log 2, 

The accuracy of this determination of log^ can bo estimated 
more easily by means of the geometric series than from the 
general formula for the remainder. For the remainder of 
the series, i.e. the sum of all the terms following the term 




we have 




(u-h2) (2/-1)«+2 y 1)2+ 1)^ 

_ 1 1 
(n+ 2) (2/-1)» * 1' 



and this formula immediately gives the required estimate of the 
error. 


Let us for oxainplo ooloulato log ^ 7, using the first four terms of the 
aeries. Wo have 

2p3_i^07, 

log? ~ 2 log2 + i logs 4* ^ + * 4 •; 

i 0'01030928, py 0-00000037, 

97 3.97=' 

2 Iog2 Py 1*38620436, 1 log3 0-64930614; 

hence 

log,7 1-91691016. 

Estimation of tlio error gives 

7? C ^ y ^ ^ . 

” 6.97» 97^ - 1 36 X 10® 

Wo must, however, note that eaoh of the four mimbora which we have added 
is only given to within an error of 6 X 10'®, so that tlie lost place in the 
value of log 7 given above might be wrong hy 2. As a matter of fact, 
however, the last place is right also. 
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Txmihm 

1 To meoaiue tbo of a hill a to^^ci 100 inetics hijx on top of 

fcho hill 18 obseived fiom tho plum ilio aut,lo of elevation of the base of 
tbo tower is 42® and tbo tower itself sublemls an angle of 6 What axe 
tho limits of eiror m tho dotermmation of tho ho^it if tho angle 42 la 
subject to an oil or of 1 ? 

2 Calculate log 2 to three decimal places by means of an expansion 
m 801 les 

3 Calculate log 6 to bi\ decimal places using tbo values of log 2 and 
log# 3 given m tho text 

4 Calculate tc to five decimal places using any one of the formulae in 
Bub seotion 2 (pp 362-3) 


3 Numlrioal Soluhon or Equations 

la conclusion wo shall icld somo lemaihs about the nnmencal 
solution of tho eQuation/(a?) = 0, wheio/((») need not necessarily 
be a polynomial ^ Evoiy such numciical method is based on 
the plan of starting with some lciio\vn appioximation Xq of one 
of tho roots and then impioving this approximation Whence 
this first approximation foi the dtsiied loot of tlio equation is 
found, and how good tho approximation is, do not particularly 
matter We may poihaps tal^^o a rough guess as a first approxi 
matioiij or bettor, obtain it from tho giaph of tho function 
y=sjf(aj), whose intersection with tho ajaxis gives the lequiied 
root (of course with an orioi depending on tho scale and the 
accuracy of the drawing) 

1 Kewton^s Method 

Tho followmg proccduio winch comes down to us from New 
ton IB based on tho fundamental principle of the differential 
calculus—tho leplaoing of a oiuvo by a stiaight line, the tangent, 
m tho immediate noighbouihood of tho point of contact If we 
have an approximate value jlq foi a loot of the equation/(a;) 0, 

wo consider tho point on tho grapli of the function ^ —/(®) 
whoso CO oxdmates aio x^Xq^ y ^/{Xq) What wo wish to find 
is tho intoisoction of the curve with tho x axis, as an approxi 
mation to this wo find tJie point whoio the tangent at tho point 

*IIoro of ooiirso wo aio only ooiicomed with Uio dotoimination of real 
rootB of/(a;) - 0 
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y=/(^o) intersects the a;-axis. TJio abscissa of tliia 
intersection of tlio tangent with the ir-axia will then reproaont 
a new and, under certain circumstances, a better approximation 
than oOq to the required root of the equation. 

In virtue of the geometrical 
meaning of the derivative, fig. 4c 
at once gives 

]?i’om this we obtain tho formxila 
for the calculation of the new 
approximation ajj; 

f(x^ 

Fig. 4 .—Newton's method of 2^ = O/q — --— 

approximation f\^o) 



If by tbia procedure w© have found an approximation hotter 
than XQt then we repeat the process to find and so on, and 
if the curve is of the form shown in approximations 

will approach more and more nearly to the required solution. 



The usefulness of this process depends essentially on tho 
nature of the curve 2/ — /(a?). In fig. 4 we see that tho successive 
estimates converge with greater and greater accuracy to the 
required root. This is duo to the fact that tho curve has its convex 
side turned towards the x-axis. But in fig. 6 we see that if wo 
choose the original value Xq badly, our construction does not 
lead to tho required root at all. From this we see that in using 
Newton’s method wo must examine each individual case to 
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detormino witli what degree of accuracy wo have really solved 
the ocxuation We shall return to this subject on p 359 


2 The Rule of False Position 

Newton's method, in which the tangent to the curve plays 
a decisive part, is only tlie limituig case of an older method, 
known as the rule of false position, m whicli the secant appears 
in place of tlie tangent Lot us 
assume that wo know two points 
(xQy 7j^) and (ail, y^) m the nugh 
bourhood of the lequired inter sec 
tiou with the X axis If wo replace 
tlio curve by the secant joining 
tliese two points tlio nitcrscction 
of tins secant with tlio x axis will 
m ceitam circumstances bo an 
improved approximation to tlio 
required root of the equation 
If the abscissa of tins point is denoted by wo have (fig 6) 
the equation 

C — ^0 

/(^o) f(^i) ’ 

and from this we calculate ^ 



Tig 6 —^The nilo of false position 






or 


/(»i)—/(*o) 

/(“i) -/(»o) 

_ 

” {/(®l) ~ /(®o)}/(®i ~ ®o) 


This formula, which dctorminos the fiiHher appioximation ^ 
from Xq and is called the nth of false posU 7 on Wo can use it 
with advantage if one value of tlio function is positive and the 
other negative, say as in fig 0, whore yQ>0 and < 0 Rope 
tition of this pxocoss will always lead ua to the required result 
if at each stop wo use a positive and a negative value of the 
function, between wluoh the required root must necossarily ho 
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Tlio above formula of Nowtoji results from tlio mle of falso 
position as a limiting case if. wo let tend to Xq, For the 
denominator of tlio seoond term on the right-hand side of tho 
statement of the rulo of falso position tends to /'(Xq) as 
tends to Xq, 

3. Tho Method of Iteration, 

Another means of approximation to tho roots of an equation 
f{x) = 0 is tho method of iteration. Hero wo put (j> (a;) = f{x) + ^ 
and write our equation in the form x = (j){x). Wo then suppose 
that ^ is tho true value of a solution of our equation, and Xq 
a first aijproximation. We obtain a second approximation 
by putting x^ = ^ third approximation ajg by putting 

iavcstigato tho oonvergence of these approxi¬ 
mations, WG apply tho mean value theorem; recalling that 
^ we have 

i - »! = ~ ^{»o) == (^ - ®o) 

where ^ lies between ^ and a?Q. This shows that if for 

I ^ »I < I ^ — ifol 

the derivative is less in absolute value than & < 1, then 
tho successive approximations converge, for 

I ^ I < & I I — iCo |, 1 ^ — *21 < Af* 1 I — iCo 1,..., 

I ^ I < I ^ — a;o |, 

and tbo errors therefore tend to zero, Tho smallor the absolute 
value of tho derivative (f>'{x) near tho more rapid is the con¬ 
vergence. 

If > 1 in the neighbourhood of ^ tho approximations 
no longer tend to Wo can then use tho inverse function or 
else tho following device. Wo choose a first approximation a?o, 
calculate A =/'(^o)> write 

^(55) = -1/(03)-I- 

Then the equation f{x)^0 can be written x = and here 

+ 1, which has the value 0 at a; — a?o 

hence will usually bo less in absolute value than a constant 
k<l if I a;| <j ^ —iTpl. 
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EoUirniHg to No\vtoiTs metliod, we can now mvestigate its siut 
ability lor applic ition at any given point The equation/(a !)=0 is 

equivalent to x—(/){x) = x — provided that/'(®) 4:0 

•^PP^yi^S 1 '^® method of iteration to this last equation, from a 


first appioximatiou x,^ wo obtain a second, a:, = m 

/'(Xo)’ 

other words, the same second npiiroximation as Newton s method 
gives when applied to the equation f{x) = 0 We thus see that 
the smaller the value of 




U'W 


the more rapidly do the successive approximations converge 
In words, Newton’s foimula convciges rapidly for large values 
of /'(»(,) and small values of f{x^) and the curvature, as mtm 
tion would lead us to suspect 

Wo can also obtain an estimate of the accuiacy of Newton’s 
method, if wo recall that, snico f{$) = 0 , the derivative ^'(|) = 0 
Applying Taylor’s theorem, wo have 


i~x,=<!>{i)- <f>{x ,)= f'(a 

where ^ lies hotwcon C Tims, if the error of the origmal 

estimato is small, tho method couvoigcs much more rapidly than 
the method of iteration applied diiectly to f{x) — 0 
For example, if 

18 oveiywlieio less tliau 10, then a first approximation which is 
m criox by loss than 001 will yield a second approximation 
with an enoi of less than ( 001)^ X 10 “-2— 000005 


4 Examples 

As an oxamplo wo consider tlio equation 

fi'n) 5-^0 

Eor 2 we have /{Vq) = — 1, while for 'Ui — 2 1 wo have /(a-j) = 0 061 
By Newton b mcbliod 

ai, = a;, _ (jyA =21-— = 21 - 005431 = 2 094669 

/'M 3 ( 21)>~2 
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To esfeimato tlio error wo {incl from tho expression (a) above that 9 '''(£y), 
ifl about 1 and oortainly leas than 2 near a; == 2* Moreover, tlio error of 
our fiiBb approximation is certainly less than 1/160, for tlio secant joining 
tho points 2/=—1 and aJ=2*l, yi=3*061 cuts tho a^-axis at a 

distance less than 1/lCO from 2-1, and tho curve, lying under tho 
secant, outa it even nearer 2*1, So tho error * of our second approximation 
is less than 

I. = .,J_ < .00004. 

2 (160)= 26,600 


If this degreo of accuracy is not sulfioiGnt, wo can repeat tho process, 
{jaloiilatiiig /(.rg) and /'(a’g) for — 2*09<1609, and obtain a third approxi¬ 


mation ajfl with an error loss than —-- 

^ (26,000)3 


< * 000000002 , 


Aa a second example, let us solvo tlio equation f(x) — x logjQO? — 2 — 0. 
Wo have /(3) = —0*6 and /(d) =?* -1-0*4, and thereforo use Xq = 3*6 oa a 
first approximation. Then by using ton-figuro logarithmio tables wo 
obtain the aucoessivo approximations 

a;o=3*6 
a?! = 3*698 
3‘6972849 
3*6972860236. 


Examples 


1, Using Nowton*s method, find tho positive root of aJ® -f Oru — 81 = 0 
to four dooimal places. 

2 , Pind to four places the root of ca s® tana? between re and 27t. Prove 
that tho result is aoomute to four places. 

8 . Using Nowton^s method, find tho value of x for wliioh 



1 + 


du^ 


1 

2 


4. Find tho roots of tho equation 2 sino? to two places, 

6 . Uetorraiuo the positivo roots of the equation a;^ — or — 0*2 =! 0 
by tho method of iteration, 

6. Determine the least positivo root of x^ — Sa?^ lOx — 10 == 0 by 
tho method of iteration. 


7. Find the roots of — 7a?3 + 6*'^? + 20 = 0 to four dooimal places. 


* Another way of oatiinating tlio error, without reforenco to tho secant, is 
as follows; if wo estimate that tho error is loss than 1/20, tho error of our second 
approximation is loss than 1/20® =» *0026. Heueo tho root difiers from 2*1 by 
leas than (2*1 -* 2*0946) -h *0026 = *008. Tlioreforo tho error was not merely 
leas than 1/20, bub leas than *008, so thatis in error by less than (*008)* - 
*000064, 
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Appendix to Chaptei VII 

SriRTTisra’s Foumui^ 


In voiy many applications, e ipecnlly m statistics and in the 
tliooiy of piobahility, we find it necessary to hayo a simple 
approximation to n\ as an elementary function of Such an 
expression is given by the following tlicoicin, winch bears the 
name of its discoverer Stirling 

Asn-y CO -- ^ 1 , 

more exactly, 

<n\< 

In other words, the oxpiessiona 7i\ and '\/27rn"+^0”” AiKoi 
only by a small percentxgo when the value of n is large—as wo 
say, the two expressions are asymploitcalltj equal—^and at the 
same time the factor 1 + gives ua an estimate of the degree 
of acciuacy of the approximation 

We are led to this rcmaihablo formula if wo attempt to 
evaluate tho aica undoi the curve y ~ logo? By integration 
(p 220) wo find that tho exact nioa under this ourvo 
between the ordinates a — 1 and cc n, is given by 


/ « 

logxdx =2 X logo? — X 


■?ilogn— w + 1 


If, however, wo estimate tho area by the tiape/oid rule, erecting 
ordinates at a; = 1, a; 2, , a; — as m fig 7, we obtain 

an a])proximato value fox the aiea 

2’„===log2~| log3+ +log(n —l)-f ^logn 
= logni — ^ logn 


If WO make tho reasonable assumption that and aro 
of the same order of magnitude, wo find at once that nl and 
are of the same older of magnitudo, which is essentially 
what IS stated in Stirling’s foimula 



NUMERICAL METHODS 


[ClIAP. 


36a 

To make tills argiunent precise, we first sliow that the difference 
is bounded, from whicli it will immediately follow 

fcliat (1 — ~ ) is of the same order of magnitude as 

\ AJ 



The difference — aj^ is the difference between the area under 
the curve and the area under the secant in the strip A ^ ^ /c-j-1. 

Since the curve is concave down¬ 
ward and lies above the secant, 
is positive, and 

{an — ““ +♦.. + 

(ag -"%) + % is monotonio in¬ 
creasing. Moreover, the difference 
is clearly less (of, fig. 
8) than the difference between 
the area under the tangent at 
the area under the secant; hence wo have 



1 


x^h A- n 

the inequality 


0)1+1 — Ofc < log ^ j T I ^ + 1 ) 

= i%(l + 4)-^08(l + ^-^) 

4) " I C + 2 (tVl)) ■ 





VII] 


STIRLINGS lORMULA. 


363 


If wo add these inequalities for 7i. = 1 , 2 , , n — 1 , all the 

terms on the light oTOopt two will cancel out, and (since % = 0 ), 
we have 






Henco is bounded, and being monotonio mcicasmg it 
tends to a limit a as n ^ oo Our inequality for i — aj(, now 
gives us 

« - ». = £(..„ - »a < 1 ioe(i +1) 

Since by definition we now have 

logji! = 1 — a„ log««- n, 

or, wilting a,j == 

n\ — 

TIio sequence a„ is monotonio decreasing and tends to the limit 
a “ hence 

1 <^‘ = e"-" <e*'“8(1 H/2«)_ 

a V \ 2)1./ in 

Ilonce wo have 

<nl < 

It only lemains for us to find the actual valuo of the limit a 
Here we make use of the foimula pioved m Chap IV, § 4 (p 226) 

Vtt = lim 7 -- 
»-><o ( 2 )i)l yn 

Eoplaomg n\ by and ( 2 «)! by 

wo immediately obtain 

n“>a>a 2 „Y 2 ay 2 

whence a = \/2'it The proof of Stirhng’s formula 10 thua com 
pHed 
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In addition to its theoretical interest, Stii’ling^s formula is a 
very useful tool for the numerical calculation of n\ when n in 
largo. Instead of multiplying together a largo number of 
integers, wo have merely to calculate Stirling's expression 
by means of logarithms, which involves far fewer operations. 
Thus for := 10 we obtain the value 3598G96 for Stirling's 
expression (using seven-figure tables), while the exact value of 
10! is 3628800. The percentage error is barely | per cent. 


Provo fcLat 
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CHAPTER VIII 

Infinite Senes and Othei Limiting 
Piocesses 

PRLriMINARY RlMARKS 

Tlio geomotric sones, Taylor’s sones, and a number of special 
examples wbiclx wo liavo already mot in this book suggest tliat 
wo may well study those limiting processes which aro called the 
suiiimation of xnfimte sei les fiom a lathor more general point of 
view Piom its nature any limiting value 

/S = lim 5^ 

«—>C() 

can be written as an infinite series, for if n takes tho values 
1, 2, 3, , wo need only put a„ — foi n > 1 and 

% “ % to obtain 

-k ajj + + 

and tho value S thus appears as the limit of tlio sum of n 
terms as n increases Wo express this fact by saying that S is 
the sum of tho infinite series ” 

4 " ^ * 4 " 

Thus an infliuto soiies is simply a way of representing a 
limit where each successive approximation is found from the 
preceding by adding one more term Tho expression of a number 
as a decimal is in principle merely tho representation of a number 
a in the form of an infinite series a == % + cfg + ag H- , 
whore, if 0 ^ a ^ , the term a„ is put equal to a„ y 10***” and 
a„ IB a whole number botweou 0 and 9 inclusive Since every 
limiting value can bo writLcn in tho form of an mfinito series, it 
may seem that a special study of scries is supoifiuoua But m 
many cases it happens that limiting values occur naturally in 

800 
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the form of infinite sorieB, which often oxiiibit particularly simple 
laws of formation. Of course it is not true that every series has 
an easily recognizable law of formation. For example^ tho number 
7T can certainly bo represented as a decimal, yet wo know no 
simple law enabling ns to state the value of an arbitrary digit, 
say tho 7000th, of this decimal. If, however, wo set aside tho 
representation of tt by a decimal and consider Gregory’s series 
instead, we have an expression with a perfectly clear general 
law of formation. 

Analogous to infinite series, in which tho approximations to 
the limit are found by repeated addition of new terms, are 
infinite produdSi in which the approximations to the limit 
arise from repeated multiplication by now factors. Wo shall 
not go deeply into tho theory of infinite products, however; tho 
principal subject of this chapter and of the following chapter 
will be infinite series. 


1. The Concepts op Convergence and Divergence 


1. The Fundamental Ideas* 


Wo consider an infinite series whoso “ general term ’’ we 
denote ^ by a„\ the series is then of the form 

CO 

% % "h • • * S a^. 


Tho symbol on the right with tho summation sign is merely an 
abbreviated way of writing the expression on tho loft. 

If as n increases tho n4h partial sum 


fin == 4- + • - + == S a,, 

approaches a limit 

iS = lim 

«—>-00 


we say that tho series is coiiveiyentt otherwise wo say that it is 
divergerd. In tho first case we call S tho sum of the series. 

We have already met with many examples of convergent 

* Ifor formal reasons we inoludo the i)0S3ibilUy that certain of tho numbora 
may bo zero. If all tho from a number N onward (i.o. when n> N) vanish, 

wo apeak of a Urmimting eeriett. 
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senes, for instance, the geometric senes 1 + + » 

winch, converges to the sum 1/(1 — q) when | [ < 1 , Gregory's 
senes, the series for log 2 , the senes for e, and others In the 
language of infinite senes, Cauchy’s convergence test (of Chap I, 
§ 6 , p 40) is expressed as follows 

A necessary and suffimmt condition for the convergence of a 
sei les %s that the number 

1 1 ^ 1 ^n+1 4“ ^n+a 4" 4" \ 

beco7nes arhitm)ily small if m and n are chosen sufficiently large 
(m > n) In other words A s&iies converges if and only if, the 
follomng condition is fulfilled if a positive number e ^^5 given, 
no matter how small it is possible to choose an index N == N(€), 
which in general ino eases beyond all bounds as ^ 0, in such a 

way that the above eu^pression | — Sj^ | is less than e, provided 

only that in > N and n > N 


Wo can make tho meaning of the oonvor^^ence test clearer by consider 
mg the Leometiio aorios where g == i If wo ohooso e = we need only 
takoi^=»4 ITor 



and 




>4 


If wo ohooso s equal to ^ it iB sufficient to tako 7 aa tho corresponding 
7 alue of ^ as may easily bo verified 


Obviously it IS a necessary condition for the convergence of & 
aeries that 


limart=: 0 
«—>•«> 


Otherwise the conveigenco oiiterion certainly cannot he fulfilled 
But this necc&saiy condition is by no means sufficient foi con 
veigonco, on tho contiary, it is easy to find infinite senes whoso 
general toim appioachts 0 as increases, but whoso sum docs 
not exist, as the partial sum s,^ inoreasoa without limit as n 
mcreases 
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An oxamplo of thia is the soiies 




fcho geiiorfll term of whioli is -y~. We immccliatoly floo that 

vn 


Tilo 7j-fch partial sum inoreascs boyoiid all hounds as n increases, aiul 
theroforo the sorios diverges. 

Tho same is true for tho olassio oxamplo of the harmonic mica 


'+5+5+ 



+ + + + + Sta. 

n and m = 2w can bo taken as largo as \vq please, tlio series diverges, 
for Cauohy’s teat is not fulfilled; in fact, tho «4h partial sum obviously 
tends to mfiiiity, since all tlio toms aro positive, On the other hand, tho 
Berios formed from tho same numbers with alternating signs, 


2 3 d^C n 


cmivergea (of. Chap* VI, p. 317), and has the sum log2. 


It is hy no means true that in every divergent series tends 
to +00 or 00 ^ Tims, iu tho case of the series 

_ ^ ^ ^ ^ 

wo see that the paiivial sum has the values 1 and 0 alternately, 
and on account of this osoillatiou baeliwards and forwards 
neither approaches a definite limit nor increases numerically 
beyond all bounds, 

With regard to tho convergence and divorgonco of an inlinito 
series the following fact wJiioh, though solf-ovident, is very im¬ 
portant, should be noted, The convoyeiiCG or divetyence dfa series 
is not changed hy inserting a finite number of terms O)* by removing 
a finite number of terms. So far as convergence or divergence is 
concerned, it does not matter in the least whether we begin tlio 
series at the term or o^, or or any other term chosen 
arbitrarily* 
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2 Absolute Convergence and Conditional Convergence 

TJio series ^ “1“ 2 3 4 <3iverge8, but if we change 

the sign of every second term tbe resulting senes converges On 
the other hand, the gcometno senes —. 

converges and has tho sum 1/(1 + q), provided that 0 ^ j < 1 , 
and on making all tho signs plus we obtam the series 

l + !Z+3® + 3®+ , 

which 18 also convergent, having tho sum 1/(1 — j) 

Here there appears a distmotion which we must examine a 
little more closely With a senes whoso terms are all positive there 
are only two possible cases, either it converges or the partial 
sum increases beyond all bounds as n mcreases Eor the partial 
sums, being a monotomc mcrcasmg sequence, must converge if 
they remain bounded Convoigence occurs if the terms approach 
zero rapidly enough as n mcreases, on the other hand, diver 
genco occurs if tho terms do not approach zero at all or if they 
approach zero too slowly lu senes whore some terms are 
positive and some negative, however, the changes of sign may 
brmg about convorgonce, since a too great increase in the partial 
sums, duo to tho positive terms, is compensated by the nega 
tivo terms, so that tho final i^ult is that a defimte limit is 
approached 

CO 

In order to grasp this fact tho better, with a series S a having 

positive and negative ieims we compare the senes which has 
tho same terms all with positive signs, that is, 

1 I + 1 ^21 — S I I 

If this series converges, then for sufficiently large values of n 
and m > n, tho expression 

I ^n+i I + I I + "h 1 I 

will certainly bo as small as we please, on account of the relation 

1 “h "h 1 ^ 1 ^n+l 1 + + 1 1 

(H 708 ) 


13 
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fclie expression, on the left is also arbitrarily small, and so the 

CO 

original eerics S a,, converges. In this case the original scries is 

if=i 

said to be absolutely convergent Its coiivorgonco is duo to tho 
numerical smallness of its terms and does not depend on tlio 
change of the signs. 

If, on the other hand, tho series with all tho terms taken 
positively diverges and tho original scries still coiivorgos wo say 
that the original series is conditionally convergent Conditional 
convergence results from tho terms of opposite signs compen¬ 
sating one another. 

For conditional convergence Leibnitz’s convorgenco test is 
frequently useful: 

If the terms of a series are of alternating sign and in addition 

their absolute values [ | tend monotonically to 0 {so that 

00 

I I < I £^n|)> series S a,, co^ivoyes, (Example: Gregory’s 
series (p. 362)). 

In the proof we assume that > 0, wliioh does not essentially 
limit tho generality of tho argument, and write our Berios in tho 
form 

— 63 -h -1-..., 

where all tho terms b„ are now positive, b„ tends to 0, and tho 
condition ia satisfied. If wo bracket tho terms 

together in the two ways 

(^2 ^3) “ (^4 — — • • • 

and {b, - 63) + (63 - b.{i + (63 - 6«) . 

wo see at once that the two following relations are satisfied 
by the partial sums: 

*1 > S3 > Sg > . . . > S3„,.|.j > ,.. 

Sa < S4 < S3 < . . , < Sjjj, , 

On tbe other hand, Sj^ < and S2„.n > S3,, > Sa. Tho 

odd partial sums Sj, S3, ,.. therefore form a mouotouic docroasing 
sequence, which in no case falls below tho valixo hoiico this 
sequence possesses a limit L (p. 61). Tho even partial sums 
S2, S4) • • • likewise form a inonotonic inorecising sequence whoso 
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t(ims in no raso exceed tlio fixed numlax s^, and tliorcforo tlii^ 
Hoquenco lia\o i limiting viluo // Since tlio mimbors 
and s (lifiir Xxoiu one uiollur only by tlio numboi 62 ji+i 
wimli uppxoaclics 0 as n iikk ims the limiting values L ind L* 
are cqiul to one anothor That is, the oven and the odd paifcial 
sums a])proaGli the same limit, which wo now denote by (cf 
lig 1) Tins, ho wo vox, imjilics tint our senes is convergent, as 
was assoitcd, its sum is S 

In conclusion, wo make anothor general remark about the 

lundamoiit il diilcrouco between absolute conveigence and con 

<0 

(litional convirgoiico Wo consider a convergent senes Sa 

Wo clonoto tlio posifcivo lorins of tho sones by pi Pzy > 
and tlio iipgativo tonus by -q^, ~q —q^, If wo form the 

n 

n th paitiul 8um s„ = S of tho givon Boiies, a certun niimbor, 
say n', of positive toims and a coitain numbor say n", of nega 
_ S 

S 2 ^6 % Sj S/ Sjf Sf 

I la I —C Ofwou enco of an altcrnatinff sen 3 

tivo tpims nuist appi ai, wlioio n' \ n" = n Further, if tho 
numboi of positive ti mm as well as tho nurahor of negative teims 
in tho soiica m nilimto, then Iho two nnmbois n' and n" will 
inorcaso hoyond all bounds as n does Wo sco inuncdiately that 

IJ 

tlio iiaitiul sum s„ is simply oipial to tho paitial sum S p, of tho 

1 

It 

positive tdins of tho soiiis plus tho jiartial sum —'Zq of tho 
nogativo torms If tho givpn soiios coiivoigos absoliitoly, thon 

ot) 

the soiios ol positive U mm S j) and tlio sciies ol absolute values 

CO 

of tho nogativo Ifims i q, (orLainly both convcxgo I?oi as m 
» 1 

m tn 

indoasos tho paxLial sums p and L 5 nio monotomc non 

J - 1 

00 

dcoioasing scqnoncis witli tho uppd bound 21 j a,, | 

P I 

Tim su 7 n nf an absolutely convogent sows is thon simply equal 
to the sum of Ike senes consisting of the positive teims only plus the 
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stem of the scries consisting of the negative terms only, or, in otiior 
words, is equal to the difference of the two series toithpositive terms, 

n n' t/' 

For S — S S Jj.; as n increases rif and must also 

re=*l I'SiSll 

increaso boyoud all bounds, and tho limit of tho lofiJiand aido 
must tberoforo be equal to the dilloreneo of tho two sums on 
the right. If tho series contains only a finite number of tonus of 
ono particular sign tho facts are correspondingly simplifiod. If, 
on the other hand, the series does not converge absolutoly, but 

CO cO 

does converge conditionally, then tho series S and S q^, must 

both bo divergent. For if both wore convergent tho sorios would 
converge absolutoly, contrary to our hypothesis. If only ono 

CO 

diverged, say S f„, and tho other converged, then separation into 

p*wl 

n* n*' 

positive and negative parts, s„ = S3J^ —S q,, shows that tho 

n* 

series could not converge; for as n increases n' and S p,, would 

n** 

inorease beyond all bounds, while the term S q„ would approach 

a dofimte limit, so that tho partial Bum would inoroaso beyond 
all bounds. 

We see, therefore, that a conditionally convergent series cannot 
be thought of as the difference of two convergent series, the one con¬ 
sisting of its positive terms and the other consisting of the absolute 
values of its negative terms. 

Qosely connected with this fact there is another dilloronoo 
between absolutely and conditionally convorgout series which 
we shall now briefly mention. 

3. Rearrangement of Terms. 

It is a property of finite siuns that wo can change tho order 
of tho terms or, as we say, rearrange the terms at will without 
changing tho value of the sum. Tho question arises, what is tho 
exact meaning of a change of tho order of terms in an infinite 
series, and does such a rearrangement leave tho value of the sum 
unchanged? While in the case of finite siuns there is no difficulty, 
for example, in adding the terms in reverse order, in tho case of 
infinite series such a possibility does not exist; there is no last 
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term with which to begin Now a change of ordei m an infinite 
Berios can only mean this wo say that a senes % + «a + + 

IS tiaiisfoimed by xeanangement into a senes 61 + 62 + &3 + , 

provided that oveiy teim of the first series occurs exactly 
once in the second and oonvorsely Eor example, the amount by 
which IS displaced may increase beyond all bounds as n does, 
the only point is that it must appear somewheie m the new series 
If some of the terms are moved to later positions in the senes, 
other terms must, of course, ho moved to earlier positions Ror 
example, the series 

1 + 3 + 2 ® + 5 * I- 2® + 3 ® + 2 ’ + 2 ® + 2^ + 2 ^* + 

18 a rearrangement of the geometric senes 1 + 3 + 5 4- 

With regard to change of ordoi there is a fimdamontal dis 
tinctiou between absolutely convergent series and conditionally 
convoigent series 

In ahsolutdy convergent so m rearrangement of tJie tmm does 
not affect the convergence, and the value of the sum of the series w 
unchanged, exactly as %n the case of finite sums 

In conditionally come)gent so les, on the other hand, the value 
of the sum of the series can be changed at mil by suitable rearrange 
mmt of the senes, and the senes can even be made to dzv&rge if 
desiied 

The first of these facts, referring to absolutely convergent 
series, is easily established Let us assume to begm with that our 
floriea has positive teims only, and lot us consider the n th partial 

71 

Bum s„ = S All tho terms of this partial sum occur m the 
>-=1 

m 

m til partial sum of the rearranged senes, provided 

>-=1 

only that m is ohosou large enough Hence ^ On the 
other hand, we can doteimme an index n' so large that the 

ti 

partial sum s„ = S a„ of the first series contains all the terms 

|/K »1 

bi, 6a, , 6m tiion follows that ^ ^ A, whore A is 

tho sum of tho fust senes Thus for all sufficiently largo values 
of m wo have ^ t^n ^ to differ 

from A by an arbitrarily small amomit, it follows that the 
reairauged senes also converges, and m fact to the same limit 
A as tho original senes 
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If tlio al)Holu1inly (5(mvcn‘/.((»Mt nmru Imn IjoI-Ii pu^iiiivo nuil 
UGgativo wo may roijjaul it ns iljo dilt'oroiH'o of two im-irn 

oaoli of wliicli JuiH positivo torms only* Sim^o iu f lio 
moiit of tho ori/pnul sorioH <uu>h of t]i(*sn Wo sorii*:i minoly 
goG9 loarrangrnuoiit and iliondoro oonvcrgoM to ilio Mnnio valiHi 
as before^ tho samo ia tmo of tho ori»hnuI norirs wlion ivanaiii^Oil. 
For by tho Cano junt (MOiHnbH’od tlin now norii’M ih ab;!olnft’ly 
conv(jrgont and in thoroforo tho fiiJhu’iOKa) of tho two ivui nuigml 
aorioa of poaitivo tornw. 


lo tho boaiiiuor tho hiot juot ja'ovod may afoin a fi iviuhty. M hut it 
mdly dooa roqiiiro proof, and tlmt in Uiio pnmf (ho alMithOo i-uuvro^ noo \n 
easentiiil, cna ho alMmn hy m oxainjilo of (Jjo Indijivioiir of omii. 

ditionully o<invor|^M*nt Horioa* Wo tiilu) tho fiutiiljui' ooii<v< 


1 


11 1 

rr‘ a 




imdor itwriio tho it.hoU of miilliplh’ntmn by tho faobir 


1 


1 

4 






and add, oonihining tho tonna plm?od la vortiral ootatniui.'^ Wo tluia obtjdj* 


a 2 ' r» ' 7 4 ' D ’ n d ' ^ ' 




J.lu« latit Bciien ciui ohvidiiHly |jo ohtiiiiiiHl liy runiniii^liiii ||mi niiKnint 
aorios, anil ynt tho viiliui of tho innii of tho nodcn hiiM tii't’ii iiiiitll|<lii<<l l.v 
tho faotoi' 3/a. It in ointy to iiniiKiiio tho oiroot Unit tho ilinfiivi-cv of fhi'a 
ajiparont paiailox innat liavo Inul nn tho niathonnilii<i<iii» of tin* oh<litiH‘nUi 
ooutiiry, wJio wovo iiooiiHtiniHul to oporulo with inlii.lio 
I'ogai'd to thoir cojivorgonao* 


Wo sluill give tlio iiroof of tlio tlicoroin Htntwl hJiovo (nimrorn. 
ing tJio oliimgo in tho Hum of ii (;on<liti(itin.lly (niiivorgntib wriim 
wliioh ttrisoa frojii olnuigi) of ordor of tlio tonim, nltliongh wo nhnll 
havo no occasion to iimJco uso of tho rcttiilt. Iiof, jij, ... ],«tluj 
pofiiiivo terms and --q^, .. . tho nogativo to-rnm of tho 

sonos. Since tho ahsoluto vuhio | «„ | toml.s to (I nn « inoroiinisa, 
tho uumoors and nnist also tend to 0 ns h iiioroimon, A« 


• I'or th<j addition of aorloM wio No. it p, ^70* 
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GO 

we have already seen, moreover, the sum ^ must diverge, 

to 

and tlio same is true of 

Now we can easily find a rearrangement of tlio oiigmal series 
which has an arbitrary number a as limit Suppose, to be specific, 
that a 18 positive Wo then add together the first positive 

n 

terms, just enough to secure that the sum is gi eater than a 

n ^ 

Since the sum Sp increases with beyond all bounds, it la 

always possible by using enough terms to make tlio partial 
sum greater than a The sum will then differ from tho exact 
value a by at most Wo now add just enough negative terms 

m « 

—to ensuTO that tho sum Sp —Sgr is less than a this 
IS also possible, as follows from tho divtigence of the senes 
Tho difference between this sum and a is now at most Wo 
now add just enough other positive terms S p to make tho 

n +1 

partial sum again greater than a, as is again possible since tho 
senes of positive teims diverges Tho difference botween the 
partial sum and a is now p,^ at most We again add just 

m% 

enough negative terms — S j, beginning next after the last 

one previously used, to make tho sum once more less than a 
and continue in tho same way Tho values of the sums thus 
obtained will oscillate about the number a, and when tho process 
is earned far enough the oscillation will only take place between 
arbitiaiily narrow bounds, for since tho terms p and gf them 
solves tend to 0 when v is sufficiently large, the length of the 
interval m which the oscilhtion takes place will also tend to 0 
Tho theorem is thus proved 

In tho same way we can rearrange the senes lu such a way 
as to make it diverge, we have only to choose such large 
numbers of the positive teims as compared with tho negative 
that compensation no longer takes place 

♦ ThiB abbroviatod notation for S and niialogoua oxproBsiona for 

\ =*1 

othoi BOUCS will often bo UBccl ni futuro 
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2. Comparison with the Geometrio Series. 

In applications of the test the comparison series most 
frequently used is the geometric series. We at once obtain the 
following theorem: 

The 8mBs S is ahsokdely convergent if from a certain iarm 
onward a relation of the fmm 

|a„|<cff'* (I) 

holds, where 0 is a positive numhen' independent of n and q is any 
fixed positive number less than 1. 

This test is usually expressed in one of the following weaker 

forms; the series S a„ converges absolutely, if from a certain 

term onward a relation of the form 

^ <q (Ila) 

holds, whore q is again a positive number loss than 1 and indo-; 
pendent of n, or; if from a certain term onward a relation 
of the form 



holds, where j is a positive number loss than 1. In particular, 
the conditions of these tests are satisfied if a relation of the 
form 


lim ^«±1 =/«<! 

(Ilia) 

M-^co a^ 


lim 1 a„ [ = 7r < 1 

(1116) 


is tme. These statements are easily established in the following 
way. 

Let us suppose that the criterion Ila, the ratio test, is satisfied 
from the suffix Uq onward, that is, when n > Wq, I’d! brevity 
we put and find that 

and so on; hence 
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tiio product of tlio tliiokncBS h by tbo aica of the left band face, 
that IS, equal to 

IJ f{x, 0 H- vh) das 

Thoreforo, if we write 

bko desiied volume is loprcsonted approximately by 
S h^{o j- vt) 



Afl M CO tiicao sums tend to 



It 18 tlieioforo roasonablo to oxpoct tliat tlio volume or douHo 
integral i 8 exactly equal to 


I <l> (y) cly (I fix, y) dy, 


which 18 the statomonl made above A Bimilai disousaion. makoa 
it equally pkubiblo that the statomont 

I ^y) ^ ^ 




IB ako true 
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whicli establishes our statement. For the criterion II6, the 
root test, we at once have | a„ | < j", and our statement follows 
immediately. 

Finally, in order to prove criterion III, we consider an arbi¬ 
trary number q such that 7 c < j < 1. Then from a certain 

onward, that is, when n > n^, it is certain that <3 or 

VI I < 3 , as the case may bo, since from a ceifcain term 

onwards the values of or of | | differ from h by less 

than (j — ifc). The statement is then established by a reference 
to the results already proved. 

We stress the point that the four tests derived from the 
original criterion | | < cj’* are 7iot equivalent to one another 

or to the original, that is, that they cannot be derived fi'om 
one another in both directions. Wc shall soon see from examples 
that if a series satisfies one of the conditions, it need not by any 
means satisfy all the others.* 

For completeness it may bo pointed out that a series cer¬ 
tainly diverges if from a certain term onward 

I I > c 

for a properly chosen positive number c, or if from a certain term 
onward 

■vT^> i> 

or if lim j ~-l = h, or lim | a„ [ = k, 

dfi W-^OO 

whore h is a number greater than 1 . For, as wo immediately 
recognize, in such a series the terms cannot tend to zero as n 
increases; the scries m\ist therefore diverge. (In these circum¬ 
stances the series cannot even bo conditionally convergent.) 

Our tests furnish sufficient conditions for the absolute con¬ 
vergence of a series; that is, when they are satisfied wo can con¬ 
clude that tlie series converges absolutely. They arc definitely 
not necessary conditions, however; that is, absolutely convergent 
series can bo found which do not satisfy the conditions. 

* Moro exactly; i£ Illft is fulfilled, then Ila is fulfdled; if III/;, then 116} 
if Illft, thou 1116} if JIrt, thon 116} and If any of the four is satisfied, thou bo 
is I. Noiio of those statomonts can bo rovorsod. 
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For eTimpIo, the knowledge that 

hm ^^2+11=1 or hm VI a„ I == 1 

n—>00 Offi \ 

does not entitle ua to make any statement about the coixvoigonco 
of the senes Such a senes may coiivoigo or divoigo Ifor 
example, the senes 

1 

S 

for which hm V | | == 1 and Inn = 1, is divergent, 

«—>00 «'->oo dfl 

as we saw on p 368 On the other hand, we shall soon soo that 

00 ] 

the series S —, which satisfies the same relations, is con 
vergent 


As an example of the apphoation of our testa wo first oonsidoi the 
senes 

+ 3^9 + ^ 1^ 

JTor this senes 

hm V'I «„[ == I I hmv^=|jr|, 

K->> OQ 0 ) 

lim 2^^I = I (?I hm ^\ q \ 

That the senes converges if | </1 <1 follows fiom the ratio teat and from 
tho root test also even in the woakoi form tll 
If on tho other hand we consider tho soiios 

l + 2q + q^ + 2f-i^ + ^ ^ 


we can no longer prove oonvergenco by tho ratio tost when ^ g | <71 < 1 
for then ^ ^\ 9 . \ tho root tost imincdiatoly gives us 

Vl «nl = I ff |> and shows that tho soiios oonvorgos provided 
that \q\ <1, which, of ooiitso wo oould also have obaorvod diroolly 


3 Comparison with an Integral * 

Wo now proceed to a diaeussion of oonvoigonoo whioh w indopondont 
of the preceding Wo shaU carry it out foi tho parUoulnily aimplo aud 
important caso of tho senes 


S-i=l+l+ip 


' In thn connexion see also the appendix to Ohap VII (p 301) 
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whero the genorOil term is a boiiig a positive number* In 

order to investigate the convorgeiioe or divorgoiice of this series, wo 
consider the graph of the function and mark olf on tho a;-axis 

fcbo integral abscissa) a;~l, , * . . Wo first 

oonsbriiot the reofcanglo of height Ijn^ over tho intoival 
n — 1 ^ aj ^ « of tho jc-axis {n >1), and oomparo it 
with tlio area of tho region hounded by tho same 
interval of tho a?-axia, tho ordinates at tho ends, and 
tho curve y— 1/a;^ (this region is shown shaded in 
fig. 2). Secondly, we construct tho reotaiiglo of height 
1 / 71 ™ lying above tho interval ^ a; g ?i. H- 1, and 
Bimilarly compare it with tho area of tlio region lying 
above tho same interval and below tho ourvo (this 
region is orosa-hatohed in fig. 2). In tho first case tho 
area under tlio ourvo is ob¬ 
viously greater than tho 
area of tho rectangle; in tho 
second case it is less than 
the area of tho rectanglOi In 
other words, 

dx 



rv-1 n n^i 

Fig. 3.—Comparison of a aeries with an integral 


f. 


~<±< 
n°- 




r’* dx 


as wo may also prove directly from tho integral itself (of. Chap, II, § 7, p. 129), 
Writing down this inequality for « = 2, = 3 ,,.., 71 = w and summing, 

n> J 

WO obtain tho following estimato * for tho 7«-th partial sum = S —; 


f*^dx 

a^‘ 


1 


New as nt inorooscs tho integral j tends to a finite limit or inoroasos 

without limit according aaa> lora^l. Consequently tho monotonio 
sequence of numbers is bounded or increases boyoiid all bounds accord¬ 
ing as a > 1 or « ^ 1, and wo thus have tho following theorem! 


* I?rom this relation for a *=• 1 it follows at once that tho scqnonco of 
numbers 0,*“1+ ^ -b - + ... + -* logTi ia bounded below. Since from tho 

Z o 71 ■ 

inequality < f — log {n -h 1) log n wo boo that tho soquonco 

Tl' r 4 /,! X 

is monotonio doorcosing, it muBt approach a limit 

lim On ^ lim (1 ^ ^ + .. * log 71 ) « 0, 

fi^co ' z <1 n 

Tho number (7, wlioso valuo is *5772 , , is called Euler's coiiatani. In 

contrast to tho otlior important Bx>ecial numbers of analysis, such as tt and c, 
no other exproasion with a simple law of formation has boon found for Eulor’s 
constant. 
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|_CnAi 


?Vie senes 


I ^ 

ti \n^ 


I 


' I ' 


':' 


IS conieiQQut—and of coin u ahsolnltl?/ coni i{i nl tf owK toihf 1 / r< 1 
Iho divir(,(U(o of iho Iiiiiiuonio mun ^ wliluh \\o pn Nimnh piovul 
10 a chlloiLut uay is an iitinuiltaln t(iiiinjni lu 0 of (lux In paitiniltn 
u BOO that tilt) woijcs 

M ^ I ^ 1 

1 « P * 


1 I J 


1 


t ouvoi^o 


1 


y.ho fiOiics i, ^ whoso convtujMiKio HO liavt Jml hIhiIihI jEmpKatlv 

V ] V 

uoivo ns oompaijflon Nouos in mvisl^^afions of imhim 40 nm I or f'xaiiiph 

> f 

Wo BOO at onco that ftn a > 1 iho sout \ ^ loiut h almoluh 1;^ U iho 

alisohilo values | | of tho cuoIhoionUi lonauii Um tliau 11 hxnl hound 

iiKlopoiulorit of V 


F)CAMiri<fi 


iuud whothor tho soiios m J' k 1 0 uro < onvor^^ont or nol 


« 1 

1 h 

J 1 

^ ,, . » « lixul 


^ 1 

5 h 



» 1 
^ h ^ 

Vv(vd 1) 

<0 y 

0 ^ 

^ r i- 

IssUmalo tho on or iiftor n terms of tho houih in I x 7 lOi 

, 1 (-«” 

OfJ 1 

0 h 

1-1 v'* 

v» 

fM ^ 

CC 

«> y 

11 I’rovo that 1, am’lnlv | 

n-i L \ 

1 oonvei^ei 


^ oO 

12 Dooa i c*"** (tliat Is, 1 | 2 c •’) cionvir/iot 

to ^^l ' ^ 

« 1 

IS ♦ Pro\o that ooiivwgoB whou « ^ 1 md cHvtirgoa wliwi 
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, 1 , “’I I"” »lo«v(lo,l.g.>. wta.. > I ™,a 

16. Provo that if it, SO (t = 1, 2, 3,...) and S «, oonvcri?ea, then 

^ |*=i 1 

S nf also convorgea. 

1-1 

^ ^ GO 

1«. Show that if S and 2 both converge, then 2 a,}>„ also 
oonvorges. *“=1 A=i 

17. Prove that 

^2 3^4^6 6 7 SiTR 

,1 2 , 

’^3n+2 

18. * Provo tliat if n is an arbitrary integer greater than 1 

CO « « 

S ~ — logn, 

v=l V 

where a*.** is dofincd as follows: 

a s= f ^ ^ factor of V, 

^ 1) if is a factor of v. 


3. Sequenoes and Series op Functions 
1 , General Remarks. 

The terms of the infiaite series hitherto considered have been 
constants; honco these series (when convergent) always repre¬ 
sented definite nunahers, Bnt both in theory and in applications 
the series of outstanding importance are those in which the terms 
arc fimotions of a variable, so that the sum of the series is also 
a fuiiction of the variable, as in the case of Taylor series. 

Wo shall therefore consider a series 

4- 94 .^) + S'3(») + ..., 

in wliioli all the funotiona g4^) are functions defined in an interval 
a ^ g &, Tho w-th partial sum of this series, 

9y¥) H- 94p) + . . . + 9M> 

wo denote by /«(*). Then tho sum J{x) of om series, where it 
exists, is slmifiy tho limit lim/„(ce). 

«”>4£) 
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Wp may ilioiifoio ugaul ilio 11m of an tnJimU of fiino 
kons as tho limit of a viiuhko of fundions /'((<) /(i), » 

/„(a), CouvciHdy, f(u any hiuJi ii(<iuon(« of fiiin lioim 

fffi), f (t:), wo (uii foini nil (i({uivaloii( hoik a liy putting 
/7i('»)"A('®) '7«('’) /»(')"•/« i(0 I’l'i J Whim it 

IS ponvoiuont, thiK/oio, wo can pim fiom tlio (onindoiatioii of 
sonos to that of swpionti s and convoiHoly 

2 Liimting Pioeossos willi Funolions and Curves 

Wo ahall now alato o\iu (ly wliiit wo ini an hy flaying tliat a 
fumtioii /(t,) IS tlio limit of a Koipmiuo A(')>/u(')i »/«(')» 

in an nitoival «'■ t-* l> Tlio (loliiiiliou w as followH tho 
BoqnoiKou)n\oig(s in thal intoival to llio limit 
fuiKlion/(a), if at iiwli point a of tlio mtoival tho valuos f„(i) 
convoigo in tho uhuiiI hoiiho to tho vahio f(j) lu tlim (Uho wo 
shall wuto hm/„(a) - /(i) AaonliiigloC'aiuliy’H iiit (of p 40) 

#1—J-oO 

WO can oxpiiHs tlio (onvoigciwo of ilio HCfpiomo willioul 
noccH'jaiily knowing!; oi aUttui/j; tlio Innil fuadion /(j) l\)i 
our ttuiuonco of fmulioim will (oiivoifijo lo u Imiili fundiou if, 
and only if, at <a()i jioinli r in oiu intoiviil uud foi ovoiy pom 
tivo nmnboi c tlin ([iiauiiljy 1 /m(0 \ pm 

vidcd that tho mimlmia n ainl m am dioscii Im/Jio nnon/'h, (hat 
iB, laigoi tlinn a (oiUim niimljoi N iV(c) Tlim ninnlx i A'(<) 
uaiially doponds on c and o and inorcamH beyond all bouiula an 
tonda to /oio 

Wo liavo fioquontly iiKit witli oaRca of liinitH of HiupKuuoM of 
fimctioiiR Wo mention only tlie dotniition of tlio powiw jb for 
niatioiial valui 4 of a by the (qiiatiou 

linn^ , 

It y' f) 

whoio ii, },, , r„, ifl a floipionoo of lalional mimbpiH 

tomling to a, oi Iho oqnation 

lim (1 1 

whoro tho functions/„(*) on Iho light aio pol) nomialfi of tlogri'o n 

Tho giaplucal lopu hi ntatiou of fiiin (ioiih by luoauR of i uni's 
suggests that wo can also spi ah of luiiits of hi quoin on of i ui vos, 
saying, for oxaniplo, that tho giaplm of tho abovo Innil fimi tioiis 
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a)* and e® are to Ijo regarded as the limit curves of the graphs of 
tho functions and f 1 + respectively^ There is, however, 


a fine distinction hctwocii passages to tho limit with functions 
and with curves* Until tho middle of tho nineteenth century 
this distinction was not sufficiently observed; only by having 
a clear iden. of it can wo avoid apparent paradoxes. Wo shall 
ilhistrato this point by an example. 


]?or tliis purpose wo ooiisicler tho 
funotiona 

/„(«)« a;” = 1, 2,,. 0 

in tho interval 0 ^ ^ 1. All theso 
functions aro oontiuuoiiSj and tho 
limit function — /(a;) exists. 

But this limit function is not coii- 
tinuoua. On tho contrary, since 
for all valuoa of n tho value of tho 
function/„(!) b tho limit 



Fig. 3»—Limit curve end limit function 


whilo, on tho othor hand, for 0 ^ < 1, tho limit/(») = /„(*)= 0, 

as wo saw in Chap. I, § 5 (p. 33). Tho function/(«) is therefore a discon¬ 
tinuous function which at » = 1 has tho value 1 and for all other values 
of X in tho intovval has tho value 0. 

This difloontimiity becomes iiitolligiblo if wo consider tho graphs 0„ 
of tho funotiona y => Thoso (of. fig. 16, p. 33) aro continuous curves, 
all of wliioli iJivsa tlirough tho origin and tho point * = 1, y = 1, and whioh 
draw in oUisiw and closer to tho a'-asis as n inorcascs. Tlio curves possess 
a limit curve O whioli is not discontinuous at all, but consists (cf. ftg. 3) 
of tliQ portion of tho a-axis between » == 0 and » = 1, and tho portion of 
tho lino iT ■= 1 botwcon j/ = 0 and y=l. Tlio curves therefore converge 
to a amlinuom limit ourvo with a vertical portion, whilo tlio functions 
oonvergo to a tUscoiilimous limit function. Wo thus reoognizo that tlm 
discontinuity of tho limit finiotion expresses itself by tho ocourronoo in 
tho limit ourvo of a portion porpondionlar to tho w-axis. Suoh a portion 
involve a discontinuity in tho limit fimotloUi and, in fact, ^ 
portion is always prosont when tho limit fimotion is discontinuous. This 
limit ourvo in not tho gruiih of tlio limit function, nor can any curve with 
n, vertloal portion bo tlio graph of any siiiglo-valued function y-/(ie): 
for corrospoiidiiig to tho valuo of « at whioh tho vortical portion occurs 
tho QUITO gives an iiillnito mimbor of values of y and tho function only 
one. Hoiioo tho limit of tho graplis of tho fimoUons /„(.v) is not the samo 

as tho graph of tho limit/(w) of thoso fuiiotlonfl. 

Corresponding statomonts, of ooiirso, hold for infinite series also. 
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4 Unjiokm and Non dniioi m ( onvi itoi m d 

1 Gonorftl Romarlta and Kxivnuilos 

Tho {lislmoil.i(m Ixilwatu llio <011(144 of ili<' <oo\>i 'O'" *'f 
fiimtiona ami lluili of llo' 1 oiiV('if'< m 0 of (iiiv( i inlioilo'' < u 
pliMioinonon wlitoli it ih iHK'utial ilmt tin hIihI'mI ili'oiM 
cluiily i(fogm/« Tiim ih (ho iuhiiIImI uoii unifi)im (oiofT 
gcnce of Hoijuom oh oi jii(iiiiIjO ik lu < of finu liotiii ‘^iio 0 it n ist 11 
known that Ixginiu'iH iiHiially find (IiIIhiiIIuh 1 «>i(‘, wo mIioU 
(tiHouas tho nuiltoi in itonio dolail 


i/<nr 


'y ^ 


ir/ 


r Ik 4 I o illuuriMo iitiirrKin coii\t<r^ <i 

Thali fi AiniOou/(a) m of u mi|ui imo/,(0 A(0i 

m mi intoivnl a i h UKaim only, by <ln(iro(ino (luif l)io 
nmuti Imul; lolatJOiiHluj) f{x) Inu/*( j) holdn utnn It jionit / uftlio 

ti >•( 

lutoival Fiom a iiaivo jiomt of viow ono niighli oxju t ( (hnf (ho 
following faot would aiiloiiialually follow fioiii tliia (oiiH|it of 
convoigonco if wo asiign an ailiitiary dtgico of ui imraoy, wiy 

1000 100 ’ ^ “>‘"'"'1 

tho fimctionH/„(3) will lio botW(( n/(i) | tand/‘(i) « for nil 
valuofl of a-, ho that thou Riaplm »/ mil lio tnlinlv in 

tho atiip iiuhoatod in fig 4 Tliid ih fo nay, foi ovdv poHilivn « 
thoio IS a cou(Bpoiiding niimlioi N N{t), wliuh of imum, 
Will oidniaiily mcioOBo lioyond all IiouikIh iih c >■() mtoh (lint 
foi n>N tho difbioiuo j/(j) /«(r)| i«, no ntnllir whcni 

» IS ohoaon m tho iiitoival (If tlim (ondilion !« fidlilhd, Ihon 
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!/«(«) -/.«(») I < Se for all values of x, provided that n and m 
are both greater than N.) If the accuracy of the approxunation. 
oan bo made at least equal to a pre-assigiied number e everywhere 
in the interval at the same time, that is, by everywhere choosmg 
the same number N(e) independent of x, we say that the 
approximation is uniform. One is at first astonished to find that 
the naive assumption that convergence is necessarily imiform is 
entirely rviong; in other words, that convergence may very well 
bo non-unijmm. 


Ex, L Non-iiiiiform convorgonco ocours in the case of liho sequence 
of funotioiia jiiat coiisidoicd, in tho interval 0 thia 

scquonco convorgoa to the limit fiiiiotion f{x) ^ 0 for 0 g a; < 1, /(I) rs 1, 
Convorgciico occurs at ovory point in tlio interval; that is, if e is any posi¬ 
tive nulabor, and if wo eolcofc any doOnito fixed value x — the 
inequality j 5” — /(5) [ < c certainly holds if n is sufficiently largo. Yet 
this approximation is not iinifonn, For, if wo chooso 0 = |, then 
no matter how largo tho iiumbor n is ohosen, wo oan find a point 
aj 7 j r|= 1 at whioli | vj” — /(v)) | =* v)” > J; this is, in fact, true for 
all points a; v) where 1 > y| > 'v/i. It is theieforo impossiblo to choose 
tho nuinbor n so largo that tho clilTcrcnco between J{x) and /„(«;) is less 
than J ih'oughoul ilia xohoh interval. 

This behaviour becomes intolligiblo if we rofor to the graphs of those 
fimotions (fig, 3, p. 385), Wo soo that no matter how largo a value of ?t we 
ohQo.so, for values of ^ only a little less than 1 tho value of tho function 
/„(?) will 1)0 very near 1, and thoroforo cannot bo a good approximation to 
/(5), which is 0. 

Similar behaviour is oxhibitcil by tho funotiona 

In tho ncighbourJiood of tho points »= 1 and — 1; this can easily 
be established. (Compare also tho discussion in Chap. I, § 8 (p, 52)), 
^Ex, 2. In tho two oxainplcfl above tho non-uniformity of the conver- 
gonoo is connected with the Xaob that tho limit function is discontinuous. 
Yet it is also easy to construot a sequence of continuous fimotions 
which do convorgo to a contimioua limit function, but not uniformly. 
Wo restrict our attontion to tho interval 0 ^ aj ^ 1 and make the follow¬ 
ing dofinitions for n ^ 2? 

f„{x) = for 0 g » g 

L(x) =>(? — u"’ for - ^ ^ 

' \n } n n 

Ux) = 0 for ? ^ » g 1, 
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wlioro to ho;(m with wo ran diooso any \aliio for « Inil iinitU flun 
kcop valuo of (y IiMil foi all Iuiiih of (ho riripinui ( 
oitr fnm U(>n8 aio n i>i( sim(( d hy a loof nliajx d (i| m<» jnjidn of hvi» hnn 
BogJULiit*! lyinf^ ov<ji (Im intdvid () i 'jn of tho a, axm, uhih) frota 
a 2/?t oimaidft tho f^iapli ih tho i axin il u If ((f h) 

If (/ < 1 tho altiludo of Ulo hi^ h( it point of tho \ ia{>h uhli^h hnH in 
gonoial tho value n will ti iid to 0 a i v inon ase i I ho <iiii vi s ill f In n 
loud towaida tho i a\ia and tho fmiotioiiH/,^(() will ionvujio nnif<ninl> 
to tho Iiimb fnnotion/(^) - 0 

If <y 1 tho pdik of tho graph will havo llio In i; hi 1 foi (iv( i> valine 
of n 1( a > If tho Jio^ht of tlm piak will iinuaao hoyond all hoimila im 
n jnoioaHpq 

Ihit no inaitor how a m ohoson tho »H((ihimo /■,(») /(O nlwa\H 
tends to tho limit fimotiori/(t) 0 hoif if a jh ponliv( foi all miflh ii nlly 



I iff 5 —lo llUiHtrnto non nnifotm am\{ iff 

Inigo vahtOH of n wo havo 2/n a ho (hat % i \ not inuh i tlio roof Hhapi d 
pait of tho Ruipli and/„(i) 0, foi t 0 all Iho fnnnlional vahn 
nio oqiinl to 0, bo that in oitlnr oaHo Inn 0 

t >*«f> 

dho oonvoigonoo IS (oilamly non uinfonn howovn, if « 1, fni it 

is plainly imposHihlo to oIiooho n ho laigo that tho i iion |/( ♦) /„( i) | 

J (Lvmjwhcrc m tho inloival 

hx I luxaotly simihu holiavloiu jh oxlnhjkd hy llio Hiqnrsno of 
fnnotlona (of fig 0) 

^(l^) xn e 

whoro ill contiaat with tho piooodnig rnwo oaoh fiinohon of tlio m rpirtinn Ih 
ropioflontod by a Hinglo mialytioal oxpKsuon Iloro again llm Hinatlnn 
Jim fn{x) 0 lioldff foi ovory poHitivo valuo of \ aim o as n nu m JUt i llm 

lunotion e-«® IoiuIh t(» 0 to a liiKitor onl< i (liaii niiv lHi«( i of I/» (of (Imii 
HI, § 9, p 192) 1-01 X 0, wo havo alwiijH/„(i) 0, luiil I him 

fix)~> Hm /„(!!,) 0 
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for oyory value of a; in the intcival 0 g a; ^ a, wliero o is an arbitraiy 
positive number. But hero again the convergonoo to the limit function 

is not uniform. For at tlio point w = i (where f„{x) has its maximum) 
WO have ^ 

and we tlnis rocognizo that if oc ^ 1, tho oonvorgonco ia non-uniformi 
for ovory oiirvo y = no matter how largo n is ohoson, will contain 

points (namely, tho point ^ which vanes with n, and noighbouring 

points) at wliioh f„{x) — /(x) = f„{x) > i. 



Ex, i, Tim concepts of uniform and non-tmiform convergonoo may, 
of oourao, ho ox tended to infmito sorics, We aay that a series 

-I- ffaW + • •. 


is nniCornily convorgont, or not, according to tho behaviour of its partial 
sums A very siinplo example of a noiMiniforraly convergent series 
is given by 


/(^) 


j=a d'* 


05 ^ , ,_ 4 . 


• • • 


I’or » 3=3 0 ovory partial sum /„(a;) *= 10 ;®+...+ 


has tho 


(1 -h 

value 0; therefore /(O) :== 0. l^r a? 0 tho series ia simply a geomotrio 

series with tho poaitivo ratio — - ^ < Ij wo can therefore sum it by the 

1 "h a;’* 

elementary rules and tlius obtain for every a? 4 = 0 tlio sum 


1 1/(1 H - 


1 -h 


Tho limit funotion f{x) is thus given every whore except at ftj — 0 by the 
oxjircssion /(.t) — 1 + while /(O) = 0; it therefore has a somewhat 
artificial-looking disooiitinuity at tho origin* 
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FUNCTIONS OF SEVERAL VARIABLLh [CilAl* 


3 Examples and Remarks 

A few oxamplca will servo to illuetmto how this thooiom iniiy bo 
used to ovoluato doublo integrals I'oi tho funotioii 
0 ^ ® ^ 1> 0 ^ y g 2 wo havo 

I lo) 

1 F I 
Jo 2 |o 2 

The above example belongs to a goiidiil olnss of fnne lions 
whose mtegration is often simplified by tho following tin oieui 
If the function u~f(x, y), a^xgib, o-'y^- <1, fa« ht 
lepresented as the fiodtict of a function of x alone, ami a fiimlion 
of y alone, 

fix, y) = ij>{x) 

then the double integral of i is the poduct of two simple inldixth 

y)^'> = (£ ^^(®) ijj’iy) dy) 

For on mtogiation with resperi to y tho fiinotion f/>(a) can bo 
treated as a constant and placed in front of the intogi al sign, w]nl«> 

on integration with rospeot to », / t/i(y)dM is a constant, honeo 

Jc 

la (/« dyjdx^j^ ix) if) (y) dyj dx 

^{Jjiy)dy){l^<Hx)dx) 


lor tho function « = 8in(!» | y), O^of^n/Z OgygK/2 wo 
have 

r r . . . \ 


cij: sm(a t-1/) 

^ Iq H 1 oosA?^ J (em« | oo0i»)rfa; 


« ( —OOB«3 h (Slinfl?) *=a 1 I- 1 aw 3 
0 


Again lot us oaloulato tho volume V of tho vortical pilsin whoso huso 
in tho iry plane ib bounded by tho oo oidinnlo axes and Iho Imo a J y «« 1, 
and wliloh lies below tho piano « a= 2!B H 8y Wo hist oxloud tho luiio 
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(iion M «/(»’. y) *■<' N'l"'"''' 1> <* .'/ I «inati»g i<5 to 

0 oulHitlo tlui (rinni^lo (fclw bnw) of tliu priiim). '.I’luiu for caoh a: in tho intci’- 
vnl too fiiiiotom /(w. y) ih dilVoriMit from () for 0 Su y ^ 1 — a; onlyj lienoo 


tf{x, y)dy f fix, y)dy >= = f (ku 4- 3y)ffy 

*/o *'0 ♦'t* 

2.-«(l - ») -1-^(1“*)’ = 

Ji A 

and Vr^-J j'jix, y)dr - » -|- '^)<lx 

Tho (lovico jutil; iiKod is oiipiildo ol oxtonsiou to any lunotion 
«=/(», 0 whioli is (hilincd in a region Ji hounded above and 
below by (iurves ?/ <H0 and ij : = ./;(a;). l.i'ot suppose 2t is do- 

fined by the inequidrlmw « g?>» Wo marie 

off a rectangle W, a h, oSjjS. d, coinphstoly containing 

R, and outside li we put/! -= 0. Then 

/(», y)dy- -j^^J{x>,y)dy 

for oYory x in tho iiitcuval n Sf; a; ^ i, so that 

//(», 1/) dr ^ y) dr (//(a;, y) dy) ch 

A / p^»{x) \ 


1 , .3 


Thufl to find Mio vtdimw V of tho olliiwcid I®- 0 , 

v^fo notice that ia tlio vnhimo undor w y)’^' 0^ •" 

tliia fuiiolion fix, y) being doliiioil only iiialdo an ollijiwo 

-I- fi rS 1, or - .\j (1 •- 3 g ^ (l ^j). “•« £5 a- a. 


a' 




Caliinloting tlio roiteated inlogml wo llrat have 
#•/> ^6V(i“Af»/n') // a:» y^V,,, 


3!! 


l-iVfl-.vVn') 
4 V (!-**/»•) 
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INIINUJ SlUIIS 


[( u\v 


TTdo a nin ^vn lia\n imn miifonn ionvo/ mo m (\ii> niluvnl \ m 
hiiiiiitf flin <in in I <»i (hn iIiHi n in n /(<) / ( ) ^ ( ) 11 nh ii\t Of r 
«7 0 wluin fi»i ii|[ ollii i \jiltu 1 I f a. i( n ' P* 

r..(i) ~ ^ Hi ilin n iL 1< I imiyvcnfv lilnidlf if wo in|unn 

(1 I I ‘ * 

iliiH n\pu j41011 to tin Ii t (Imn nay J llunfu i in )i li\ d Milnu nf i flm 
«iui )m Jillium (I nlnn (luj tt lai; o i mni li Oni au* \ nn Innl nn Milnt^ i f 
JMUidn hii^o (o ninnin dial >„(i) n i vt M win lo li ifhiu \ ft r if 

\vn li\ upon (uiy viiinn of n no niadu how Inif i wiu in inaKo ;/t) | i tO* i 
tlniM ))> liiKin X m n nnnu^hloO A uinf nnwippn xniialn n (o \mI liin 
J- 14 tin H fnin unpinuMo Ilio nm((u hn nmi m li u if wu iin ! Ii i flm 
appin\iiim(injj( mnvc I (itf h; /) Unmi imivM i \4 r pj hmu ^ 0, Iio 



nuuu and Jinui 1 i<i Dm pnialinla v I | ^ jn u in i a » inarjr 0 

Jiowovd Dm om\iH huhI dtmn a nnnoun uml ... i \f4 n i n (o 

Dm nil^hi and im n iimn am i Difn i \ff n nm din\wi in 1 1 at nn I i !t m f i 
a miluin alnn^ld Inm^ li pnilion of Dm /pisn t i flmf { r Intiihof. niur^ 
\\i) liavn Dm ptiuilHiIii plun a liimai ( xfui i n iia Inni^ \uM illy donn 
to Dm oii^iin 

Att a fiiiDmt oxampio of nojuiiiifoint umuiH n n wn on oD n Dm 

n 

HOiioH Jt f/,(i) whin i/(i) I*'' a' ' fii V \ \f{ ) 1 ih iit 

I 0 

lliu iitli ivni 0 1 '>• 1 'I lu) iMirllnl MiiiiiK (( till I) I rii I nni tlid (iiiuil ii lit) 

»’ iiliiuiily (ioiihIiIi rill ill Uii lli il i viiii|ili (|i is/) 

2 A Toflt or Unifonu OouvorKouoo 

'I'lio jiiiKiliii)? (oiiHtilimtiiiim hIiow uh lliiif llio iimfnnn mti 
voiKiiiKOof 11 HKimmiooi Hoiii iiiui h]ii i ml iKirimrly mil jiixwit^ml 
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by all sequences and series. Wo shall now formulato the concept 
of uniform convergonco again. The convergent series 


is said to bo uniformly convergent in an interval if the sum f{x) 
can bo approximated to witliiu e (Avhoro € is an arbitrarily small 
positive number) by taking a number of terms which is suffi¬ 
ciently largo and which is tlie same tlirougliout the interval. 

Wo suppose first that the series + 9 ^{^) + ^ * converges 
at every point of a ceiliain interval to a limit function f{x)\ by 
f^^{x) wo denote the n-th partial sum of the series, /„(a;) — 
9 x{^) * ♦ • + by l^be remainder of the series 

after n torma, 

=/(«) — 


The series gi(x) + g2(x) + . .. is said to be uniformly cour 
vergent in the inlcrml if to every positive number e time corresponds 
a number N, dependent on e alone and not on x, sueh that for n > N 
the inequality \ R„(x) [ — | f (x) — 4(x) | < e holds for all values 
of X in the interval 

Expressed more piotorially, the partial sum /„(a?) represents 
the suin/(aj) to witlnn au error of loss than e everywhere in the 
interval at the same time, provided only that n is chosen largo 
enough. By Cauchy*s tost wo readily see that the series converges 
uniformly if, and only if, the diJIoronce |/„(a?) “/,«(»?) | can bo 
made less tluin an arbitrary quantity e overywhore in the interval 
by choosing n and m larger than a number N independent of x, 
F'or, firstly, if the cojivorgonco is uniform we can make 
|/»(^) I I both less than e/2 by choosing 

n and greater than a number N indopondent of x^ from which 
it follows-bluib I /„(*) —/«,(x) I < e; andBcoondly, if |/„(a:) —/m(®) | <« 
for all values of x wliouovcr 71 and to aro greater than N, then on 
ohoosing any fixed value of n > and lotting to increase beyond 
all bounds wo havo tho relation 

—/(») I = lijn l/«(®) —/.»(*) I ^ «. 

m —> 00 

for every value of x, so that the convorgonce is uniform. 

If wo wish to spealc of the uniform convorgonce of a sequonco 
of fuuotions wo need make only trifling changes in tho above 
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(( MAl» 

(bfimtiou, ilm HmiUHiMO/*j(!) f{t) i nn\u o ^ innfoNnl\ U) 
/(O 111 an ini<^ivul if IIm ilinunact \ f(i) A,(0| < 1^' liiuth^ 

I(H4 Uiaii t <>\(i}\vhoio m llm iiiltiial h> ) Imumhi/ )i p* ih r 
than a ninnhai indn|>(^nil< nl ol i An^tlo^o a lu n ( Jii\ un<l 
Huda K ni i tiiulilian f<M ll»\ uuifaim i ini\< t iif n nf i \i\ ipif n* 
jfl lliai I /^^{Jt) /i,(i) I < foi iitl MiliM i <if i wUi n n ural ju iu\ 

both gHuioi ihau a < (alam niniibt 1 ilt |it lalt nl nii t bnl nnf 
on 7 

Wo iJiall aoon mo (ha( iti jui< Miifi naiihliMii uf onifNini 
(onvoi^UMo l}iai inal ui tuiu i atal nibn lunitio^^ |an 

((sm i with fniK tioim jn(o (iil uiul uitt jnl (finl i nf an il\ oh 
iMnliinaloly^ in iho puaii < t iimallv uniiniUnHl in 

iiio (alnilim and lii appln aliou i nnii uiiiruuu <nn\ii|rinH n u 
mnl of oscophojial ]ih(noinonou uliah ivilt munil) tnniMn ua 
m oui jiumoilf appln afiona of analyaia 

In iuohL oasoH llio unifoinnlv <»( (oiuiritono uf a niu \ im 
calablmlnul by nuaim of (lio folbavinp < iifi non 

j 

I/ihrimnsoJlk somhi.' (\) sttUy'iilJu titmiilinn |) (x)| a 

t 

ivh(}( (ho nnmbti'i a fU( Mihuh Joim it amui in\( tru\ 

tf) *) 

ij a,, f/aa |j[,(\) lo/r/or/n/r/ nr n/oy 

y^l I 1 

iWuUnlaUy nuuuk, uhstiluidt/) 

i'or wo tlion luuo 

tn m Hf 

1^'/(«)! ><I'/,(') 1 

y*^tt t ft i ft 


ifi 

and HUiro liyrainhy^H U^al I ho miin i a not bnioaih* atl>ii»anly 

i u 

Hitiiill liy diiMmiiif.' n ami w ii lai^m (Iiih t \iittU * s 

pKHWH tlio iioumiry and Hiilliiiinl hiikIiIihu foi iimlorm ton 

VOlj'OUt 0 

A flitil oxAiiiplit in iilTiiiul Ity (lii< p4itiilrlti I | > \ x* ] 

wliiuti I iti uiiliii ltd Itt tliA Iiiliiiviil I j I nitv |h iiiv< iiiiiiitrr 

ItHHtlmiil lliii litniiH of (lilt miit'-i tin lln it niiin it t||\ | i pitti 

Ui lint (i mm of tint loiivt l^l nl p oim inn m ili i' ^ 

A fiiiUitr oxiHiijtlti 1 h (.hut Ity Urn ' iil>. iKmulti miltii' 

Cl Bin (a R,) r,flln(r R,) ranlnfj- 
■“ 1« ' 2“ '!• * 
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Prooceding with fcho integration, wo have 

5 ~ S*" 



a-sxlo 

3 aV 




so that 




^ mbo, 
3 


4. Polar Co-ordinatos. 

In onr definition of tlio double integral, tho subdiviBion into 
rcctangloa waa of courao chosen simply because Buch a subdi¬ 
vision is most convenient in connexion with rectangular co¬ 
ordinates. As wo already know, however, there are many applica¬ 
tions in wliioh polar co-ordinates are much more suitablo than 
rectangular. If wo are considoiung a function f{p, fl>) whore p 
and ^ aro polar co-ordinates, tho most convenient subdivision 
is not into rectangles, but into regions bounded by ores of oirclcs 
p — constant and radii tj) = constant. Suppose, then, that oirc 
function /(p, is dofinod in such a region B, specified by tlio 

inequalities p ^b, a^ ^ (If /(p, <f>) is originally 

defined in a region R' not of this typo, wo enclose It' in a larger 
region B of tho desired form and put /(p, (/>) = 0 outsido B',) 
Then, just as on p. 480, wo can insert points of suhclivision p^ = a, 
Pi> Pi> ^ > ptt ~ b) • j O^wi P and construot 

the corresponding radii and arcs of circles, thus dividing Jli into 
regions of area In each Bn wo choose a point (p,#, 
and form the sum S/(pi,,^y) AAf,#, and then lot m and n incroaso 
without limit. Then tho sum will again tend to tho volumo undor 
tho surface u~f(p, (ji), and wo may denote this by tho integral 

/X fip><i>)^> 

So far wo have encountered nothing essentially now. Tho 
point of importance is to learn how to evaluate those integrals 
by reducing them either to repeated integrals or to integrals in 
terms of rectangular co-ordinates. For this purpose wo marls 
off a pair of rectangular axes in a now piano, tho pf/j-plairo, and 
call thorn the p-axis and tho r^-axis rcs 2 )cctivoly. Correspond- 
mg to tlio point in R with polar co-ordinates p, ^ wo plot tho 
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provided that | | < e whore c is a poiitivo oonsfcank indopendonl of n 

For then wo have 

(,,^( 1 !) = ~ so that I g„(x,) \ < 

71 ^ 71 

Xlonco tho uniform and absoluto ooiivorgonco of tho tngononiotno sonos 

^ 0 

follows from fcho oonvorgonco of tho soiiea S 

3 Continuity of the Sum of a Uniformly Convergent Senes of 
Continuous Functions 

As wo have already liinted, the significance of tho uniform 
convergonco of an infinite series lies in tho fact that a uniformly 
coiivoigont series in many respects behaves exactly lilco tho sum 
of a finite number of functions Thus, for example, the sum of a 
finite nnmbei of continuous functions is itself continuous, and 
correspondingly we have tho following theorem 

If a sencii of coniinuoiis iefms converges uniformly in an in 
t&rval, Us sum is also a continuous function 

The proof is quite simple Wo subdivide tho sonea 

fix) = gi(x) -I- j 7 » + 

into tlio n th partial sum /^(a.) plus tho remainder RJx) As 
usual, f„{x) = gi(x) -|- -| g„(x) If now any positive number 

6 IB assigned, wo can m virtue of the unifoiin convergence choose 
tho mimbor n so largo that tho lomaindor is loss than eji through 
out tho wholo mtoival, and hence 

|72„(a!-| A) — 


for every pair of mimhors x and » + m tlio interval Tho pat 
tial sum/„(a!) eonsists ol tho sum of a finite number of continuous 
functions and is therofoio continuous, for each point x m tho 
mteival, thciofoio, wo can choose a positive 8 so small that 

|/n{® +A)”/fl(®)l <l 

provided | 7 j | < S and tho pomf s x and x-\-h ho m tho interval 
It then follows that 

I fix + h) -fix) I =* I/„(aj + h) ~f„ix) -I R„ix -h 70 ~ Rnix) \ 
^ I /n(® 4* K) —/n(®) I 4~ I ®n(® 4~ ^0 “ 1 *» 

winch oxprossos tho continuity of our function 
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imiUlTK HliKIl'H 


[VnM\ 


9*lin m rlt-iJr wln n wm it f ull 

iliiil; trlu^ MliniM nf ihhi intifuniily rnnvri|'rn(* uf riHifiuunuM 

(llU(4-i<niH arn noli inn'<';i‘{}irily rniiMfiiania, iis fuir ja'i'vionn 
nliaw* Kroiii ilia pniai'ilin*^ llaaufan ^\^^ niuy nairliatH if f.hn 
miin a r(invai|^aafi afaiaa of rnnfiniiiiUM funriiojiM liau a |min(v 
ot (Iis{ani(.inuily> I lion in nvrry iii iylilanMlionil of [Jiia poinh flio 
oonvor/riaioo ia iioii-uniform, llnm o nviay roproaMiifation of ilin 
<;on(;inuoua fiiiirMoua liy aoiiiva of niniinuoiiH fimotimiM ia ha oil 
on l;la^ nin» of lum iinifiainly ronvoi>’[onl; limiiin^i; [non-saoa. 


4. lutoKfuliou of Xfuifonuly Couvomout Horlow, 


A Miim of a linilo niimitor of ronrinuoua fimrlimia ran In^ 
** iii|r](rn|oil haiu hy toiiu ihal. ia. ilio inlopral of flii^ miu\ 
run ho fonirl hy inioipafini.' ruoh i.riio j;opjnafoly aii«l mhljnm 
Mio intr)i5rula. In flin ruMi^ i>f a ronvfuiami. intiiiihf rnira tho ujmiiio 
[ umaalnrn m ponniitrulilot [irovulnl iluti tln^ uorira ronvm>,^ra 
uniformly in [Jin ini,rival of inlrp^ruliorn 


a4 i,! f(,(x) • f(x) ivhwh ammyrn uHifoywtf/ in on infnhd 

I o 

can ha wicyruivtl (mn hj (mn in Uatt or, mmn prn ifioly, 

if a anil x arc Iwn nuwhrr.^ in iha iah tral nf njiiftnm r<mvi lynwc, 

t/w mm 51 / |,(^((;)illwvinrriv/r>*;, <nn/, infui, iumrnyni o?i37ofn;h/ 

.. ' ... 

vnih rasped to x fur awh Jhal mdm {f u, ?/x sum hr iiuj njinil fo 


'ho jirovh fliia wo wriM^ aa hnforo 


Wo liavo aasumrd Mial; iho Hnparah^ (rmiH of (hr ^5r^iru nm non* 
(;inuoUHj honrn hy 1;lio provinuM aiih ?(♦*<:! ion tho hiuh ia al?<M i on** 
tinuoiiH and tlirirfom intr[»iahli^ Now if rr in any jamitivo 
nurnhor, w(» mn lind a nundipr N m lama fjia(< for ovi^ry n > ;V 
(jlio inrrpudily (7i*„(:r) I <: <r Imldn for oviay vaino of in tho 
intorval, Jly thn lirali mrun vidun l luMirom id Uat inl.a^»nd i alonlua 
wo liavo 


/ (/{O ^ /»W I ; n tl. 
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whoio I 13 tlio longtli of tlio mtoval of lutegiation Smco tlio 
intogratioii of tko lunio Bum/„(i:) can bo peiformed teim by toim, 
tbs gives us 

f f{t)(U — 2 / g^{i)(U < d 
But; Binco eH can bo inado ns smill as wo ploaso, bins states tliat 

S rq{i)dt^\xm S rg{t)dt^ rf{t)dt, 
wliicli was to bo luovod 

If, instead of infmiio soiics, wo wish to deal with sequences 
of functions, oui icsnlt can bo expressed in the fallowing way 

If in an mierval the sequence of functions fi(x), f (x), 
tends umfomly to the limit function f(x), then 

f f{x)da> == hm J f,,{x)dv 

for every pair of mmibe)s a and b lying in the intoval in other 
words, we can then inlo change the orde) of the operations of in 
tegration and passing to the limit 

riiifl fact 18 far fiom boing a tiiviahty It is truo that fiom a naivo 
point of viow auoli os piovailcd m tho oightoontli contury tho mtoi 
changeability of tho two pioccsscs is haidly to bo doubted bub a glaiico 
at tho oxainplea in No 1 of this sootion (p S87) allows us that in tho onso 
of non iinifoim convoigonoo tho abovo equation might not hold Wo 
uood only considor 1x2 (p 387) in which thointegial of tho limit function 
18 0 wlulo tho intOp^ial of tho fiinotion ova tho lutoival 0 g aj £ 1, 
that 13 to flay» tho aioa of tho tiianglo in fig C p 388 has tho value 



and whou oc S 2 this does not tend to zoio Hoio wo iinmodiatoly aoo 

from tho flguio that tho rcaoon for tlio diitoiciico botweon / f(^)d:i; 

do 

and Inn / /„(a) dx lies in tho non umfoimity of tho convorgenco 
H—>00 do 

On tho other hand by oonsiduing values of cc such that 1 ^ a < 2 

wo Bce tliat tho equation lim / / f{x)dx can hold good 

u —> CO da Jq 

altliougii tho oonvorgonco is non unifoim As a furthoi oxamplo tlio sonos 

CO 

S whoro foi a S 1 and ==* 1, can bo into 

0 



iNKiNrnc si-KiivK 




39<> 

gnili'd (<^rm liy U'rm Imtwn'n lltn linuhi 0 ami I, k>vi n iit> di ri 

lint (jnnvfU'ga iiniftn'iiily. ‘Doim ^vliil^ miifninni v nl' *’Hnvri('< u*n i.i a 
aiijjiru nt (!nn<lifiiin fnr ti nihliy h rni infi j'ialallty, il i t hv nn na ui i a 
iJtimliUniL Nt ^'lnnt i>f Miia {h^\n\ may » aly In mj aiml* 

Htlllltli|lg« 


n. Billoronlluiion of Inlliuto WorioH. 


Tho lioliiLviuor uf nnifniruly fsnnt-;i nr i tMjur ru't^H 

witll roH|K‘<*l) liti (lilVnh*nf.iulinn in dilininnli fi 4 »m flnif uilh 

rOMjUHjIi to illingrul-ioii. I‘'nr n.s;aiii|>h% Iht^ n r*f fiiiu 

fu[x) {U'lliiiuly inuftirmly Iti ilm limif. fiiiii’- 

tioii /(iV?) ■ <•!*<' <l<'nvuf.ivh 4/(r) nv\mnir tnijainly 

dim iiol) (tonvorgo cmM’ywhi^ro io ilm itnrivalivf* nf ihn linul, 
fimi'tioii/'(:#:) I 0, UH wo ms hy vfumulf'tinjL* j. <J. In nf 
tho uniformity of i\us rouvoi|?onn*, (linn huo* wo rniirntt > lmn^»o 
tho ordor of tho of tlilformtiotioo not I |toH!>io^' tn tho 

limit. 

0 oiT 0 Hp(imlin|j( HtutomontH of <?Mnmo hold h?r 
For «xnmj[)!o, tho Horioo 


oiny? I 






in uhHolutoly mul unihuioly oonvorgont, for iM ionoH nro noomri * 
oaJly not Kroulur thun tho torniM of thi^ rttuvir^mot fivrm 
111 

ju "I* C)i "I ’ ijH' I' ' ♦ • • howovor, wo itilhu«*ntiiU/o ilMti 
torin by torm, wo olifcuin tho Horioo 


ooHjr) I- 2'-^ * I {m\l\U | .., * 

wliioli plainly iham nob oouvorj^o ovarywhoro; fitr nstaniplo, it 
divnrgoH at x (). 

Thii only UKoful orltorion whioh immmi m in 
that tarm4iy-torni diflorontiatum in pormijyaldo in i^von by tho 
following tliooroim 

//, on diJfrrritnluUim/ a rmvmjmU hiJhiUr ^rrir^ S i^x) ^ V{x) 
l0tm hjf h.TO4, wo ohluin u niitfirnolff voo^Tf*fnil wtiVi? vofi^iuuou^ 
lonm il gj,(x} 5-^ f(x)i thm l/w mm of (hk la^l serm m mjiual to ifio 
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demahve of the sum of the fust senes This theorem, therefore, 
oxpiessly requires that after differentiating the senes term by 
term wo must still investigate whethci the result of the differen 
tiation IS a umfoimly conveigent senes or not 

The proof of the theorem is almost trivial For by the theorem 
m No d (p 39d) we ean integrate term by term the senes ob 
tamed by difieientiation Rccalhng that gft) ~ Gf{t), wo obtain 

ffm^ f (Sfir S fgft)dl=^l (Gfx) ~ Q (a)) 

*f(t ^0^^ =0 

- ^*(0.) ^ F{a) 

This being true for ovory value of a; m the interval of Tiniform 
convergence, it follows that 

m = r{x), 

which was to bo pioved 


FxAivarrs 


1 Show by oomparifion with a Bones of constant terms that the follow 
ing Bones convorgo uniformly in tho mtcivals stated 

{a) a — + a;® — + (—-I ^ g 


(&) V iVT^H ^Vl-x^ + 

, 8 in 7 ia; 


+ ^Vl^x^^ + 


, . sma; , 6m2aJ , 

{d) c® ^ h 


+ 




2 Provo that 0 whoro: 


nx 


1 + 




Piovo that tho convu^onco is non uniform 

3 * {a) Find lim f^{x) whoro f^{x) == ^ ^ ^ ^ ^ Provo 

that tho convGigonco is non uniform Provo that noverthelesa 

rtl 

lun / / lim /„(»)<?•» 

(b) DiBOiisa tli6 hohavioiir of the sequence given by fjy) = ■ ^ ” 

' ' L-^ n 

with logard to convorgenco, uniform oonvorgonoo and teim by term 

mtograbihty 


4 * Sketch tho ourves y ~ /„('u) =5 


a;2» 


: fU g 2 for n = 1, 


3 10 hind lim S^{x) Provo that tho oonvergenco is non uniform 

>-<30 
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INMNI'l’l'; Hl'Ull'lH 


(('llAl'. 


fi, Hliiiw Mini M »’ *.. t iinifi'iinlv in ntiy li"’-! ini' ivul 

(I. Hlinw (lull, in dll' iiit' i viil (• : ' • if dm (nll'tiviiiji k.iiih imi Jt citit. 

vi'ij.51), lull. mil. niiifiinnly! 

(«) \ 7 mii:.', (,() |/(..)|", wli. i.'/(,.) ’ /(II)- 1 1 . 

(/)) (I'lll.i:)''. ■*' 

, . ((/ - ivitl.«! 

(ii) V,riillm’. (fl) \//(..). w!i.i.'/(..) ^ . /(II) 1 . 

7. Tim iiri|immm /„(.<), n ’ I, 1!, ... , in ili'liii"l in di<> iitf'rvnl 

i) ^ i X * \,i l>y Him t (jiintiniM 

U') I. J„M ■ ''■■ 7 .. .( ')• 

(/i) Pii^vn lliiiti ill llio iulrival 0 : i X J t«i 

tv nnittiiniiniri litTiiL 

(/j)* I'lnvo flint tlia <)onv«'i>^i'rian in tiiiilntiii* 

lii!t /„(.>■) l»n fniiiliimoiin in Him jttfi i val il x ; a, 1 ha fMH|nrnt« a 
of fumiMoo i in ili lim d hy 



IVovo (lint in niiy (lxtn| inlorvnl (I t.^x r , fi Uio o in-ovr'ff^c^ oiil- 

fori Illy to IL 

fl, iSIii'toli Um oin vrn 1 for « 1, 4, To wlmt 11 mil tlo 

tliinih lull vi'u It'iid tin » > 

lit* Kat I, !i!* w 1 I hn it of fiiMidjoun \^ilh mn- 

UnumiH ilrnvullvrn In tlio Intaivnl n l*iovo itoit if jfji} iHiii- 

nti'Jioli jiiunt of ()ji* iithn val mid Iho iu'<|iiidi(y 1 " 

M inu rojinhnit) in nulinlinl f<»r nil Viilm'$i ol n and Ihau Urn Mi <t 

in uoiform. 


B. IVnVKIl 

Among inrinit 4 ^ HorioH* jn^nr mrirn nrimjiy (hr rliii'f |itno<i, 
Hy It powor MorioH wm nmnn m «orio« nf tlm tyjn^ 

/'{;?)' « I <i,;« I I , . . • K r..r' 

(" iniwpr fKiricn in a; nr ((itn'i’ gi'iit-rnll'y 

m 

P{x) I (', 1 «l(i« I « S'V.)'^ ! . • • ' ^ 

(‘'|iowtvr HMiic’n iu (x— '*), wlu ro iw it iUM I( 

in iJui lioffc nvtk'H wo inlidilnrn $ f ; m nti ji now viirirtbl*% 
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it becomes a power senes S in. tlie new variable and we 

= 0 

can therefoie confine our attention to power series of the more 

00 

special form S c^a;’' without any loss of geneiahty 

p=0 

In Chap VI (p 320 ) we consideiod the approximate lepre 
sontatioa of functions by polynomials and were thus led to the 
expansion of functions m laylor series, which are in fact power 
Bones In this section we shall study power senes in some 
what greater detail, and shall obtain the expansions of the most 
important functions in series in simpler and more convement 
ways than before 

1 Convergonco Properties of Power Series 

Thoio are power series which convoige for no value of x 
except of course for a? = 0, e g the senes 

For if sc 4 = 0 ) wo can find an mteger N such that 
\x\> l/N Then all the teims for which n>N will be 
greater than 1 m absolute value, and, in fact, as n increases 
will inoroaso beyond all bounds, so that the senes fails to converge 
On the oilior hand, there are series which converge for every 
value of Oj, for example, the power senes for the exponential 
fimction, 

i¥i3 

^‘=' + “=+21 + 1 + ’ 

whose convoigcnco for every value of x follows at once from the 
ratio test (Cntorion Ilia, p 378 ) The {n + 1) th term divided 
by the n th toim gi\c8 xjoi^ and, whxtevor number x is chosen, 
tlus ratio tends to zeio as n increases 

The behaviour of power senes with legard to convergence is 
expressed m the following fimdamental theorem 

If a power senes vi \ comoges for a value %t converges 

absolutely for every value x such that | x | < | ^ |, and the convergence 
%s umform m every mterval j x| where 'q %s any positive 
number less than [ ^ [ Here 77 may lie as near [ f ] as we please 

CO 

Tho proof is simple If the series S converges, its terms 
tend to 0 as n mcieases liom this follows tho wcahei 
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[Chav. 

Htutuiimnt liliaii ilio imm all lio l>nlaw it IkhiimI M inili^jnindiiuti 
of Vi t-luU; j I ' [ M. If innv q Ih any niunlHH’ nunli Miab 
()<(/<!, and if W(^ rrMiriol) a; in Mm inirorval \x \ * 7] f |» 

tlu^n I (yn*' j 5 ', j oj;'’ \ tf -" jMtf. In Miin inU^rval, ilmrrfnrn, tUo 

of our niTJoH uro lunullor in aluinluM^ vuluo ihun ilio 

(I 

ti'riiiM of tlio oonV(U7^on1i tu vww yjlif. Iloiuio from i-lm 

tlii'orom on p, Jll)2 tho ulimduto and nuifonn (jonvcu/jjoiu o of l lio 
Horii^M in Min iniorval - q j f; j r > ;i: * . //1 i]\ followa. 

]f a powor Hoiiort doi'H iiotj (onviuj^o ovorywlioro, Mini in, if 
Mioro in a vuluo ir;: f; for wliit'h it< diviu’ifOM, ili iniinh divcupo fur 
ovcuy valuo of x mtrli tliub | x \ > | f; |. For if ilj worn oonvrt>yuib 
for Huoli a vuluo of ;i?, by ilio Mn'oroiii aliovo iti would liuvo (.0 
oonvor|j;(^ for Mm innimrioiilly tanalhu’ valm^ 

From Muh wo rooo|.»nizo Muil, it powiu’ m‘rma wliioli (!oovcu'j[r,rH 
(or III) luimb ono vulim of lu oMuu* Mian 0 and wliudi divtu|v*a for 
id) loimb ono vuluo of :c lum itu intvrml nf atuvnyt }ia:\ j.Imb in, 
a doliiiibo pomlivi^ numbnr p i^xiulu amdi iliub for | x \ /i l lm 
Horioa (liv(U‘gi‘H and for \x\<f> Mm aoriou ronvm^iNu For 
|a}|i p no fj(onoral Niatonmnb lutn lii^ loado. 11m limitiiii.; 
<3iiH0H, Miab in wliiok Mm imrioM itonvor/yni only for x- 0 and 
fcbab in wliioli ifc oonvtu'goH ovorywlions aro oxjuvMmd nym* 
bulioidly by wribing /i f) and /i « oo roniiooMvoly,’** 

For oxioii[>la, for Urn iv’onmhin mirlrji I | ;*: 1 | , , , wo buvG 

p »> 1 Ij iili Urn ond ot I lio Inf orvfd of ronvoiy.vnrn llm Jti rio?! 

Hiiallarly, for tliu iwnirM b>r Dm invt'Oio tfoif^oub (p, UlO), 

am lama' ^ x - - a^/It |- :» ’'//»• ■ i - * • * t 

wo havo p»a* 1, and iib both Urn oiMbpoiula ,) I of Mio lnna val t>f 
{innv(irr(oiMui ilio Horiaa oonvrr|, 5 i'a, m wo rai'n;;,al’/o ai (niro from btdbnil/a 
toHb (p. II7U), 


♦ Ifc Is pottMllila to ilnd tliln interval of aouvnupiao din^dly from tlio 
(•niolutiUi (d fcha imrlani If Dai Hiuit )iia y/lrnl than 

n> >• ifi * 

I 

" ilm ^\(n\' 

In uoiianvl p Id aivaa by tho formula 

P ‘ 


i 


liio 


whom liin la tho nymbul for tho iipimr IhnU^ iw daihaHl In Urn apiK’udlx to 

Ohap. 1 (p, 02), 
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Fiom tlio unifoim convergence we derive the important fact 
that within its inteival of convergence (if such an interval exists) 
the power soiies represents a continuous function 


2 Integration and Differentiation of Power Series 

On account of tlio uniformity of convergence is always 
permtssihle to iiiiegmte a power series 

f{x) — Sea?’' 

v=0 

term by term over any closed interval lying entirely withm the 
interval of conveigonco We thus obtain the function 

jj’(a;) = o+S 

=»o V -h 1 

foi which F'{x) — f{x) 


Further, since 


v+1 


^ I 0 ^ I for all values of the senes 


obtained by integration conveiges moro rapidly than tno origmal 
senes 

We can also differentiate a power se) les term by tern, mtlm its 
inteival of convergence^ thus obtaining the eguaiion 




S vo^x 

y I**! 


In order to prove this statement we need only show that the 
soiics on the right converges uniformly if a? is restricted to an 
mtcival lying entirely within the interval of convergence Sup 
pose then that ^ is a number, lying as close to p as wo please, 

QO 

foL which S convoigcs, then, as we have seen before, the 

numbers | | all he below a bound M independent of v, so that 

M 

1 I < Y-r\ ™ ^ such that 

I & I 

0 < y < 1, if wo restrict a? to the intoival [ ai [ ^ g j ^ |, Ihe terms 

of the series under discussion are not gieatei than those of the 
00 

series S | [, and therefore less than those of the 


00 

(h708) 


U 
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series S N But in this last series the ratio of tlie {n + l)-th 

J/=»l ^ 1 1 

term to the ^i-th term is ——h— which tends to j as increases, 

n 

Since 0 < j < 1, it follows (criterion Ilia, p. 378) that tliis series 
converges. Hence the series obtained by difierentiation con¬ 
verges xmiformly, and by the theorem at the end of last section 
(p. 396) represents the derivative f\x) of the function /(aj), 
which proves our statement. 

If we apply this result again to the power series 

f[<c) = S 

v^l 

we jdnd on difterentiating term by term that 


and, continuing the process, we arrive at the theorem: Every 
function rcpresentecl by a power scries can be diffeimtiated as 
often as we please within (he interval of convergGnee^ and the differen¬ 
tiation can be performed term by 


3. Operations with Power Series. 

The preceding theorems on the behaviour of power series 
are our justification for operating in the same way with power 
series as with polynomials. It is obvious that two power 
series can be added or subtracted by adding or subtracting 
the corresponding coojfBoients (see p, 376). It is also clear that 
a power series, lilt© any other convergent series, can bo multi¬ 
plied by a constant factor by multiplying each term by that 
factor. On the other hand, the multiplication and division of 
two power series requires somewhat more detailed study, for 


* Aa an explicit oxpresaioE for tlio A:-th dorivativo wo obtain 
^ S v{v — 1) . 4 . (v — 


or in a sligbily diHorent form, 
k\ 


SQ 


Tliese two formulco aro frequently uaoful. 
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whicL wo lofer tlio readoi to tho appendix (p 416) Heio wo 
moiply meutioii without pioof that two powei senes 

J{x) = S aX 

|/=0 

CO 

and = S 

can be multiplied together lilio polynomials To be specifio, we 
have tho following theorem throughout the common part of 
the intervals of convoigence of these two senes their product is 

CO 

given by the convergent power series S o^x , wheio the coellScionts 
c are given by the formuloo 

Oq— 

Ca ===: a^h + aj}^ + a^b^y 

ao^jj + 

(For tho proof see tho appendix, § 1, p 4.16 ) 

4 Theorem of Uniqueness for Power Series 

In the theory of power soiies the following fact is of impor 
00 00 

fcance if two power senes S a^x^ and S both converge in an 

vss*o >'=*0 

interval which contains the point a? i== 0 m its interior, and if m 
that interval tho two senes represent tho same function f{x)^ 
then they are identical, that is, tho equation is true for 

every value of n In other words 

A function f(x) can be rej^resented by a power senes %n x in 
only one way, if at all 

Briefly, tho ropresontation of a function by a power senes 
is “ unique ” 

To piove this wo need only notice that tho dilloronce of tho 

CO 

two power series, that is, the power senes </){£») = So,,®*' with 
coefficients — by represents tho function 
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in the interval; that is, tins last power series converges to the 
limit 0 everjnvliere in the interval, For r» — 0, in particular, the 
sum of the series must be 0; that is, Cq — 0, so that = bQ, 
Wo now difierentiate the series in the interior of tlio interval, 

obtaining 0'(a?) — S But is also 0 throughout 

the interval; hence for oj = 0, in particular, we have = 0, 
or % = b^. Continuing this process of differentiating and then 
putting rr = 0, we find successively that all the coefficients 0 ^ 
are equal to zero, which proves the theorem. 

We see, in addition, that we can draw the following con¬ 
clusion from the above discussion: if wo take the p-th derivative 
of a series/(») = and then put a? = 0, we at once obtain 

a,= l/W(0), 

that is: 

Every power series which converges for points other than x — 0 
is the Taylor smes of the function which it represents. 

The uniqueness of the expansion is here expressed by the 
fact that the coefficients are uniquely determined by the function 
itself. 


6. Expansion op Given Functions in Power Series. 
Method op Undetermined Coeppioients, Examples 

Within its interval of convergence every power series repre¬ 
sents a continuous fxmetion with continuous derivatives of all 
orders. We shall now discuss the converse problem of the expan¬ 
sion of a given function in a power series. In theory wo can always 
do this by means of Taylor^s theorem; in practice wo often meet 
with difficulties in the actual calculation of the n-th derivative 
and in the estimation of the remainder. But we can often reach 
our goal more simply by making use of the following device. 

We first TOite down the statement f{x) •■= S where the 

coefficients 0 ^ are unknown to begin with. Then by some known 
property of the function f{x) we determine the coefficients, and 
then prove the convergence of the series, The scries represents 
a function, and it only remains to prove that this function is 
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identical with f{x) Because of the imiqueuess of the expansion 
in power series we Icnow that no other senes than the one just 
found can ho the required expansion Wo shall now consider 
some examples of this method Actually, wo have already 
obtained the senes for arc tana? and log(l + tK) by a method 
winch forms part of the range of ideas of the present chapter 
For wo simply mtograted term by term the senes for the 
denvatives of these functions, which we know to be geomotno 
senes 

1 Tho Exponential Function 

Our problom la to find a function f(x) for winch / (a;) — f{x) and 
/(O) = 5 1 If wo 'write down the aencs with undetermined ooefficiente 

f{x) + , 

and diHerentiate it wo obtain 

/'(it) = Cl + 2C2X + 3caaj® + 

Since by hypothesis these two power aeries must bo identical wo have the 
equation 

true for all values of n ^ 1 If wo observe that because of the relation 
/(O) = 1 tho coefficient Cq must have the value 1, wo can calculate all tho 
ooeffioionts auocessivoly, and obtain the power aeiiea 

/(*)=i + j| + gf + ^ + 

As wo easily see by the ratio teat this aeries converges for all values of x 
and thorefoio represonta a function for which the relations / (a) = J{x) 
/(O) « 1 010 actually fulfilled (Here wo mtentionally avoid making any 
use of what wo have previously learned about the expansion of tho ex 
ponontial function) 

Now tho function ^ ceifeamly possesses these propoities we readily 
deduce tliat the function /(a) is identical with e® For if wo form the 
quotient <^{x) = /('i/)/e® and diffoiontiate we have 

The function cp(a:) Is thorofoie a constant and since it has tho value 1 for 
aj= 0 it must bo identically equal to 1 thus pioving that our power 
senes and the exponential function are identical (of tlie analogous dis 
ousaion on p 178) 
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2* The Binomial Series, 

Wo can now return to tho binomial Bories (Chap, VI» § 3, p, 32D)» thia 
timo making ubo of tho method of undetermined ooofTioionta, Wo wish 
to expand the funotion/(a;) = (1 + in a power series, and theroforo write 

f{x) = (1 + ^ Cq *f CiX + Catr® • » 

the ooeDdoientg Cy being undetermined. We now notice that our fuiiotion 
obviously satisfies tho relation 

CO 

(1 + x)f{x) == oc/(a;) — 2 aCyX*', 

f'=0 


On tho other hand, if we differentiate tho aeries for /(a;) term by term and 
multiply by (i + x)^ we obtain 

(1 + x)S'(x) = C| + (2c2 + (H)x + (3Ca + + . . . 5 

and since these two power scries for (1 + x)j\x) must bo idontienh 

ojCg Cjj ocOj * » • , 


Now it is certain that Cg « 1, since our series must have the value 1 
for a? = 0, and so we obtain in succession the expressions 


Oj : 


(a — l)a 
2 ’ 


(a — 2)(« — l)oc 

' 3 T 2 ' 


f or the cooDQoienta, and in general, as is easily established, wo have 

. _ (q(>-- v+ l)(a— V + 2) . . . (g — l)cc _ / 

” v(v-l)..,2.1 W’ 

Substituting those values for the coefficients, wo have the sorioa S (a?’'; 

I'eaiO 

we have yet to investigate tho oonvorgonoo of this series and to show that 
it actually represents (1 + x)\ .. 

By tho ratio test wo find that when oc is not a positive integer, tho 
aeries convergess it\x \ <1 and diverges if | a | > Ij for then tho ratio 

H -b 1 

of the (n + l)-th term to tho n-th term is --- aj, and the absolute 

value of this expression tends to | a; | as n inoreoaos beyond all bounds,* 
Hence, if [ a; [ < 1 our series represents a function f{x) which satisfies the 
condition (1 + as follows from tho metliod of forming the 


* Hero wo state, without proof, tho exact conditions under which this sorios 
converges. If tho itidpx a ia an integer ^0, tho sorios terminates and is thoro- 
fore valid for all values of x (boooming tho ordinary binomial thoorom), For all 
other values of a tho series is absolutely oonvergont for I a) | < 1 and divergent 
for I a? j > 1, For uj = +1 the aorios converges absolutely if a > 0, convorgoa 
conaitionally if —1 < o < 0, and diverges If a ^ ^1, Finally, at » 
the aeries is abaolutoly convergent if a > 0, divergent if a <0* 
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cooffioionts Moreover /(O) = 1 But these two conditions ensure that 
the funetion /(a,) is identical with (1 + *) I^oi on putting 


wo find that 


9(a) = /( 0/(1+ «) 
(1 + a?)2 


<p(^) n thoicfoio a oonstanti and m fact, is always equal to 1, since <p(0) ^ I 
Wo have therefore proved that when | ir | < 1 


(1 + :^)-=== S ( 

v »»0 ' 

which la the binomial aonos 

Heio wo quote tho following special oases of the binomial senes the 
gcomotrio seiica 

^ — (I + =1 — a+a;^ — + -h 


= S (— 

E«0 


the soiioa 


I-2*+3**- ta? + - 


» S (-l)-(v+ 1)*-, 

v «=0 


winch may also bo obtained from tho geomotrjo senes by differentiationj 
and tiio S011C3 

V(H-a) = (1 +^)i = 1 + ^ ^ 


. ^ v ..»+ 

2 4 6 8 


1 yi , ^ i 1 1 1 1 3 a 13 6. 

V(r+ 7 )-<‘+*> 

+ rro^ + ’ 

tho first two or throe terms of win oh form useful approximations 

3 The Series for arosmA; 

This sonoa can be obtained very easily by expanding the expression 
1 /V(1 — according to tho binomial series, 
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This series converges if | < [ < I, and so converges uniformly if | i | ^ < 1. 

On integrating term by term between 0 and wo obtain 


aro sina; = x 


la? , 1 . 3 *® 
2 3*^ 2.4 B 


f 


by the ratio test wo find that this oonvorgcs if | a; | <1, and divorgea if 
i a: 1 > 1. 

The deduction of this aeries from Taylor*a theorem would bo dooidedly 
less convenient, owing to the difficulty of estimating the tomainder* 


4. The Series for ar 3 inh.a; = log \x + ^(1 -)- x'^) 

We obtain this expansion by a similar method. Using tho binomial 
theorem we write down tho Borioa for tho dorivativo of ar sinli a?, 


1 

V'(l + !«“) 


1 1 a_i 1'3 d 


i.3.e , 


2.4.6 


a!« + - 


and then integrate term by term. Wo thus obtain tho expansion 


la!» , 1,3 iB® 


ar sinha; ^3 « 
whose interval of convergence is —1 ^ tr ^ 1. 


2 3 2.4 e ■!■•••» 


6. Example of Multiplication of Series. 

The expansion of the funotion 

log(l + a!) 

1 + a? 

is a simple example of the application of the rule for tho mnltipHoation of 
power series. We have only to multiply the logarithmlo series 

by the geometric series 

—+ — + ... } 

as the reader may verify for himself, wo obtain the remarkable expansion 


for 1 aj ( <1, 
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6 Example of Term by Term Integration (Elliptio Integral) 

In previous applications we havo met with the elliptio mto{,ral 


nirl2 

f - 


^9 


v'(l — A am® 9 ) 


< 1 ) 


(tho period of oscillation of a pendulum (p S02)) In older to evaluate the 
intci^raj wo can first expand the intc^iand by the binomial tbcoiem 
thus obtaining 

-TTi-n-r-v “= 1 + i ^ sin'® 

V(1 8111®9) 2 ^24 ^ 


+ 


13 5 


* am^ 9 + 


2 4 6 

Since is never greater than this senes converges nmformly for 

all values of 9 and wo may integrate term by term 

Jo 


Jo ^(1 — sm®9) 


/• vi 2 1 ait/2 

= / dip + ” / Bin® 9 dtp 

Jo ^ Jo 

1 3 


The integrals ocoumng here havo already been calculated (of Chap IV, 
§ 4, p 223) If wo substitute thoir values wo have 

d9 

Jo 


Jo V(l —^^Bln® 9 ) 




For further examplca on the theory of Borics wo refer the reader to 
the appendix (p 416) 

Examples 

Defccimino the intervals of convergenoo of tho series S wheio 

a„ IS given by tho formulas m Ex 1-20 


1 i 


1 
n 

2 n 


8 


Vn 
4 Vn 

i 
Ta 


71" 

n 

n\ 

I 

a -|- /i 
(11708} 


8 

9 

10 

11 


an + 6 

I 

log(n + 1 ) 
1 

log log 10 n 

I 

■y/n 

12 

13 aVrt 

14 


15 {\/n 

(7d)® 

(2n)l 

4 * V 111 


ir 


10 

17 

18 
10 
20 


71 ® — n 
1 

14 o« 

1 . (zjr 
Vn^ n 

1 

nHiy« 

11 * 
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Expand tho fiinotiona in Ex. 21-20 in power series! 

21. a®. 24. 003^ a?. 

rtn !K+ 10g(l —{») • ft 

22. —!—-- 26. Bin® a?. 

23. sin® a;. 20. are sin a;®, 

27. Using the binomial series, caloulato V 2 to four dcoiinal places. 

28. Obtain approximations in aeries for the following integrals 
expanding the integrand in a power aories and integrating: 



29, By multiplication of power series obtain the expansions of the 
following up to the terms in 


(a) c® sin 
(h) [log(l + x)]K 


( 0 ) 


are sina: 

TT^* 


(d) 


30. * By multiplication of power series prove that 

(o) e®et' s=: {h) ain 2x = 2 sin » cos x* 

31. If the interval of oonvorgonoe of the power series is | ft? | < p, 
and that of is | jr | < p', where p < p', what is tbo interval of eon- 
vergonco of S(a„ + 

32. Using the method of undetermined oooflioionts, find tho function 
f{x) which satisiics tho following oonditionai 

(^)/(0)=3j ih) r(x)^fix) + x. 


7. Power Series with Complex Terms 

1. Introduotion of Complex Terms into Power Series. 

Tho similarity between certain power series representing 
functions which are apparently unrelated led Euler to sot 
up a purely formal connexion between them, found by 
giving complex values, in particular, pure imaginary values, 
to tho variable x. We shall first do this formally, unliinderocl 
by questions of rigour, and shall investigate tho results of the 
process. 

Tho first striking relation of this sort is obtained if we replace 
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tlio quantity cc m tho series foi e® ty a pure imaginary where 
IS a real numbei II wo iccall tho fundamental equation 
foi tho imaginary unit that is, = —1, from which it follows 
that == 1, r ^ tr, , then on sepaiating tho real 

and tho imaginary terms of the series, we obtam 




' 21 ' 41 61 ^ ' 


or, in another form, 


31 51 71 ^ 


)> 


This IS tho well known and important Euler’s formula ”, 
as yet it is puicly foimal It is consistent with Do Moivre’a 
theorem (p 74), which is expressed by tho equation 

(coa<^ + % sin</))(cosi/f (- sin^) = cos(0 ^ 8in((^ + \p) 


In virtue of Eulei’s formula this equation merely states that 
tho relation 

e« == 


continues to hold foi pure imaginary values a? — 1 / = 

If wo replace the variable x m the power senes for cos a? by 
the pure imagiiiaiy ix we at once obtain tho senes for cosh a;, 
this relation can bo expressed by tho equation 

cosh a? — coaia? 


In tho same way we obtain 

sinho; = - Bm^aJ 

Since Euler’s formula also gives ^ 00 s i B\n(f>, 
wo arrive at tho exponential expressions for the tngonometiio 
functions, 

gioj _ ^ino I 

sinic==-, cosx^ -- 


These are exactly analogous to the exponential expressions 
for tho hyperbolic functions and are, m fact, tiansformed into 

them by tho relations cosha?— cosia;, mnlix = ^ sm^oj 

% 
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Comsponcling foi'mal relations can, of course, bo obtained 
for the binctions tanic, taiiha;, cotrc, cotUo;, which aro coimccted 

by the equations tanha;= | tauia;, cotha;— i cotix. 

Finally, similar relations can also be found for the inverse 
trigonometric and hyperbolic functions. For oxnmplo, from 

— 1 

V == tan® = ----- —- 

^ 1 ) 

wo immediately find that 

e2<»=l±i? 
l — iy 


If we take the logarithms of both sides of this equation and then 
write ® instead of y and arc tan® instead of a?, wo obtain tho 
equation 


4 1 a 1 + 

arc tan® — — log -X -,, 
2i ^l^ix 


which expresses a remarkable connexion between tho inverse 
tangent and tho logarithm. If in tho known power series for 
1 I I cr 

^log--(p. 318) we replace x by ix, wo actually obtain 

tho power series for arc tan®, 


aro tan® ] (f® -j- 


(f®)® 




3+6- + -'- 


The above relations are as yet of a purely formal character, 
and naturally call for a more exact statement as to the meaning 
they are intended to convey. In the next sub-section wo shall 
indicate how this can be given with tho help of function theory. 
For later use, however, we shall only need Euler’s formula 
= cos ^-|-1 sin^ and, this being so, we can avoid a 
thorough analysis. We need only regard tho symbol e'* as a 
formal ahbrmation for the right-hand side coscj^-f tain(ji, in 
which case Do Moivre’s formula e'*, appears 

merely as a consequence of ike elmentary addition theorems of 
trigonometry. From this formal point of view, in order to make 
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the relation e® remain valid for 

argumonts wo set up the further definition 
e® — e* (cos 7 ^ + ^ smTj), 
where a? | (^, 77 being real) 


413 

any complex 


2 A Glance at the General Theory of Functions of a Complex 
Vaiiahle 

Although the purely formal point of view indicated above is 
111 itself free from objection it is still desirable to recognize m 
the above formules something more than a meie formal corirex:ion 
To follow out this aim leads us into the general theory of 
functions as (for the sake of brevity) wo call the general theory 
of the so called analytic functions of a complex vanable In this 
wo may use as our starting point a general discussion of the 
theory of power senes with complex variables and complex 
coefficients The construction of such a theory of power senes 
oilers no difficulty once wo define the concept of limit m the 
domain of complex numbers, m fact, it follows the theory of 
real power senes almost exactly But as we shall not make any 
use of these mattcis in what follows wo shall content ourselves 
hero by stating certain facta, omitting the |)ioofs It is found 
that the following generalization of the theorem of § 6, No 1 
(p 400), holds for complex power senes 

1/ a power senes converges for any complex value x ^ wJiat 
evoTf then it converges absolutely for every value x for which 
I X I < 1 ^ |, if diverges for a value x = then %t diverges for 
every value xfor which | x | > | f | A pouer series which does not 
converge everywhere hat does converge Jor some other point in addi¬ 
tion io x=: 0, possesses a circle of conveigcnce that is the)e exists 
a number p > 0 such that the senes converges absolutely for | x | <; p 
and diverges /or [ x | > p 

Having once established the concept of functions of a com 
plex variable represented bv nower senes, and having do 
vcloped the rules foi operating witli such fimctions, we can 
thinlf of the functions sin a;, cos a?, arc tana;, &c of the complex 
variable x as simply defined by the power scries which represent 
thorn for real values of x Then all the above formal relationships 
reduce to tnvmbties 

We shall merely indicate by two examples how this intro 
duotion of complex variables helps us to understand the elemen 
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t 4 ivy TIui for 1/(1 j ;< •) r«':rrir'j hi 

ounvorj^t! whoii x IravoM flit* ihlrrvjil 1 ' .r * [. nu\\ - o 

iho m'l’iwi ft>r urn fiuur, u||]Htu/;li f luur^ uiv nn (♦ niiiiu jr ii < in 
l-Iin linhuviiMir of (Invui fiiiM’linun uj fhi> rn«l< nf flu- nitnv/il nf 
in fiuH , ( hny mu I ull lln ir ur iv- i im. vnn 
l-irnioim for nil r(‘ul vuluf^i of .r, < )n Mu^ f•! In r limitl, wo v-iu 1 . -if ji(v 
un^l^ 4 ■^^^uml Miui. Uit« for l/(j mul loi*(l ,r) rrino. 

U) nonvnr/fi! nw x pu:iJ:uM flihUl/Oi vuhin I, 'iinro tlioy lirrtirno 
io(iriil,o llinro* Hul. I.Ium ilivtu/'i’iMto of iIim firiioM fur fhn invor :i' 

Ui 

(llllf'i'Ufc lUltl ili(< Hi'lirfl >j ( fiM- I I ‘ 1 ilii)ii> iliiif< ly 

r ► (I 

lHH:onu*il uliNir if wo oon;ij<lor ro?iip|r\ vuIim ;! of x nt -o, l\tr wn 
lintl UiiiL whnn x: (ho uiiin funi liiHiii hn luno inlunfo niol lut 

oimnot 1)0 io|)roHoii(od Uy a oonvoi/ronl. 1501 ir t. llmoo hy unr 
thooroin uhoiil, I ho ttiroh^ of oonvoiironoo ( In* tii nmrtf. 
for ull vulnoii of x mtoh (hut. | •*> | , - | 11 ; |tui rii ol ho' rvul 
ViiluoH of u: Iho Korioo divoi/^n nu('?ii|o (ho iii(<o vul I : ^ r ' , I 
Auolhor oxunijilo iu j^^ivon uh tiy ths foni fion /'( v) r '’'’f-.r 
a;!|i(),/( 0 ): j(p, I Dll, .’UKi), vvliifli, tit npiloof iii 

I'iiKiiliii' iH'Imviftiir, (!itiiiiii(. Ini cxiianitt'd in a ‘I'uylMC lit'iiiu, At( 
u luull;i*i' or fitrlt, lliiti (imciinn Ui Im< i'i<nlinii»i)fi if wn laKi’ 

[Him iiimfjiiiiiry vitliim of x. ),’• into tnM!.i)iiil. 'I'Iim tlivi, 

Iriiki'H tlin form ami iiiori'mti'K lun'itit'l oil ll•lOllll<l o i j*' » ti 
It Ih Miiimfom olour llmt no |imvi<i‘ 100iru in ,r coti 0-1.)■■ - iti rlosi 
luimtioii tnr ull i!oin|»|(>s vulni’u of u in u lo'ii'ltlinnrh I M H I of (!,.• 
ori[Dii, no itiul.l,i'r how ihmuII ti lO'if^ildiiHnlooKl wn ohitMi.., 

'I’hiwo mnmi'krt on Iho ihi'Oiy itf (iiio'iiniifi unit [towor jwriiu 
of a complux vuriuhio nmul, wtliit’o hu' no horn. 
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Appendix to Cliaptei VIII 

1 Multiplioaiion and Division or Series 
I Multiplication of Absolutely Convergent Series 
Lot 4 = i: 15 = i 6^ 

bo two absolutely convergent series Together with these we 
consider tho coriesponding series ol absolute values 

I=Sla,| and S = Sli>J 

VKuO rbO 

Wo further put 

:=5 S Bfj = i bf,, A„ == SI |, = S | 6 I 

ycaO P=«>0 ^=0 I'mQ 

and o„ = aobn + 4 a„bo 

00 

Wo assort that tho series S is absolutely convergont, aud that 
its sum 18 equal to AB 

To prove this, we write down tho seiics 

+ + ^nK + (hK + %K + I 

the th partial sum of which is A^B^^ and we assert that it con 
verges aosolutely !I?or tho partial sums of the corresponding 
soiies with absolute values increase monotonically, the rv® th 
partial slim is equal to A^Sn which is loss than AS (and which 
tends to AS) Tho senes with absolute values therefore cun 
verges, and the series written down abovo converges absolutely 
The sum of tlio series is obviously AB, since its th partial sum 
IS Af^Bfif which tends to AB as n ^ oo We now mterciiango 
the order of the terms, which is permissible for absolutely con 
veigent series, and bracket successive terms together In a 
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convergent aeries we may bracket successive terms together in aa 
many places as we desire without disturbing the couvcigoiieo or 
altering the sum of the series, for if wo bracket tog(itIier, say, 
all the fcornia + » • » + then when we form the 

partial sums wo shall omit those partial sums that origiiuiily fell 
between and which does not afiect tlio convorgeuce or 
change the value of the limit. Also, if the scries was absolutely 
convergent before the brackets were inserted, it remains absol¬ 
utely convergent. Since the series 

03 

^ = (^0^0) + (^ 0^1 + ^ iK ) + (^0^2 + + ^2^0) H“ • * • 

,,«o 

is formed in this way from the series written do™ above, the 
required proof is complete. 

2, Multiplication and Division of Power Series, 

The principal use of our theorem is found in the tliooiy of 
power series. The following asscition is an immediate con¬ 
sequence of it: the product of the two power series 

00 CO 

2 and S b^x'’ 

is represented in the interval of convergence common to tho two 

<50 

power series by a third power series S o^x", whoso cooflicioiits are 
given by 

As for the division of power series, wo can likewise represent 
the quotient of the two power series above by a power 

series S q^, provided the constant term in the denominator. 

does not vanish. (In tho latter case snoh a representation is in 
general impossible; for it could not converge at a; = 0 on aecount 
of tho vanishing of the denominator, while on the other hand 
every power series must converge at 35= 0.) The coemdeiits 
of the power series 
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to CO m 

can bo calculated by romembormg that S j a; S = S a 

J/ncO M«S «0 

ao tliat tlio following equations must be tine 
do— 

di^-qJii + qiK 

«2 =?o& 2+?A hqA> 


d,= qoK+qiK-i+ +?A 

From the first of those equations is readily found, from the 
second wo find the value fiom the third (by using the values 
of Jo and Ji) wo find the value Lg In order to give stiict ]usti 
fication foi tho expression of the quotient of two power senes 
by tho third power senes wo have still to investigate tho con 

CO 

vorgenca of tho formally calculated power sene? S q^x" We 

v=0 

shall pass ovoi this geneial investigation, of whoso result we 
shall make no furthoi use, and shall content ourselves with the 
statciiieut tlmt tho scries for tho quotient does actually converge, 
provided x remains within a sufficiently small interval, m which 
tho denominator does not vanish and both numerator and 
denoinmatoi aro convergent series 

2 iNiiNim Sluius and Improper Integrals 

The inflnito sonos and tho concepts dovoloped m connexion 
With them have simple applications and analogies in tho theory 
of improper intcgials (of Chap IV, §8, p 219) Hero we confine 
oui selves to tho case of a coiivoigoiit integral with an infinite 

mtoival of integration, say an mtegial of the foim J^f{x)dx 

If wo divide up tho interval of miogiation by a scquenco of 
numbers Xq = 0, tending monotomcally to + 00 , wo can 

wiito the impropoi mtcgial m tho form 

Jj{x)dx = aj,-\-a3+ , 

where each term of our mfimto senes is an integral, 

/ '-I 

Oy—J^f (»)da?, Oj — /(a?)da?, , 
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mul HO 0)L Tliin in iruo no imitf* r Itow wo l•l^or. v tht* lu.iiif i x ^ 
Wiuiun ilioK'ftJio iiMlnro lloMilraof n i unviO|»rn! iNijnujM r into^»»al 
(;o tlmtf of on hiiinito Horirn in niuny wnyn. 

IIj in 0H|U!iuHlly oonvniionl* In rhnniui fho |M»inr,j in fiorli n 
way i;huti iho inlt'/Jimiul dtirn noi. olmni^n williin utty iioli ' 

to 

vidiml Hull iuiorvul. 1 'lio hoHom M [ oJ ^vill fltou oorro‘»jnnol to 
trho ininf^ral of (;ln^ ulmolnlo vuliio onr fnuntioni 

i l/w I 

Wo aro thuH niitnmity loil to tho folliovini^ oont^opt: nn toi/?ro;rr 
inii'nml / f(x)<lx in mid (o Im ahaolttirlff tummynd if (!m 

/.«j 

|((x)|(lx crnlH. OlilH'rwiw', if oiir cxinffi iit (ill, wi* 

«iiy fclmli ib Ih mtilUiimulb/ conmnnit. 

Homo of till) liili’itwbi itiiiiKiilorixl oitrlliT (iiji. iSWt yitl). wioli m 

I I .''■■■ / * ivi '/ « 

0 f h ft*® Jo 


ivro abHoluloly nonviaai^M, On tho of Imr IhohIi tho 



Urn 

A Jo ^ 


HlmUmlon p. 2fll, liOntral. 

In onlor U» aivo a [iroof of Urn ooiivt’iat'rh'n of fliin \tlO0l1 U MmI*!' 

pondt^rit u( tlio fornuT pnaif, wo wnlwllviiln ttm int**irvrtl fnoii 0 lo 4 at llm 
[ir)lnUj ft?,, 1^3 vrf(vt 1 , 2 ,, p,^) wlirm U tlm iro 

for whiilh (i^n ;r:i A, VV« llirrrfnm iUvl'iti elio Infi^ral InOi Iwtu of 

tho iorm I .»♦)» ainJ amimOulnr Hj of Um form 




(0 


A - 11.4 w < It)* 


lO Ifl ('lour (iliaL (<hn ipmiiliUm Imvn wllrrnatina 
In nllonmUtly |Htfllflvo himI nt^»j[nilvo In e^imw^^Mfivo iiumvali^i. Mor<i«*w, 
I 0,411 < \ a^,\\ fur im applying Um ImnsforrnaU^m ir^ !? • it* wo 


\ «•-1 / 


(U i 






•(► t U-jMllff. R)| 




J\e^» 4. ^ 
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Honco by Leibnitz’s teat wo see that Saj, converges Moreover, the 
i emaindor has the absolute value 



sm'B 
— dx 

X 


. sin 151 





81111 ; I dx = — 


and this tends to 0 aa / moreoaos 
equation 


I - ==: «J 4 . a- 

i/n 


Thus if we lot A tend to go m the 
b ^3 4“ + 


the light Iiand side tends to as a limit and our integral is convergent 
But the oonvorgonco is not absolute for 

I sill u I 2 

, ,, - - - <&! = — BO that S1 I diveiLos 

fr-ih VK vit ' 


3 iNriNiTE Products 

In tlio mtioduotioa to tins oliaptor (p 366), we called atten 
bion to tlio fact that mfiaito soiiea aro only one way, although 
a particularly impoxtant way, of representing numbers or fuac 
tions by mluuto piocesses As an example of another such 
process, wo shall mtioduco the infinite product No proofs will 
bo given 

On p 223 we mot with Wallis’s product, 

7r^22d466 
2"^1 3 3 6 6 7 

in which the mimboi ir/2 is expicsscd as an “ infinite product ” 
By tho value of the infinite product 

CO 

n Oj^ 0^3 <^4 

WO moan tlio limit of ilio soquonco of paiiiial 3 ) 10 ducts 
provided it exists 


9 
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Tho factors %, a^, ag, •. ,, of course, may also be fimctioua 
of a variable x. An especially interesting example is tlie infinite 
product ** for the function sin a;, 

wliich we shall obtain in § d of tho next chapter (p. 446). 


The infinite product for tho zota function plays a very important 
part in the theory of numhora. In order to retain tho notation usual in 
the theory of numbers we hero denote tho independent variable by a, and 
wo define the zeta function for « > 1 by the expression 

» I 

Wo know (cf. § 2, p. 380 et aeq,) that the sories on tho right converges il 
5 > 1, If is any number greater than I, wo obtain the eq; nation 

_i_,+i+i+i.+.,. 


by expanding tho geomotrio series. If we imagine this series wx’itton 
down for all tho prime numbers P 2 , P 3 ,.. * in increasing order of 
magnitude, and all tho equations thus formed multiplied together, wo 
obtain on tho left a product of tho form 


1 1 

z ~i * - ~ ♦ • 


If, without stopping to justify tho process in any way, we multiply to¬ 
gether tho aeries on the right-hand sides of our equations, and in addition 
remember that by an elementary theorem each integer w > 1 can bo ex¬ 
pressed in one and only one way os a product of powers of difioront prime 
numbers, we find that the product on tho right is again tho funotion 
1 ^( 5 ), and 80 we obtain tho romarkablo ** product form ** 



1 I 

_ . _ * i-1 • • • # 


This " product form ”, the derivation of whioh we have only briefly 
sketched here, is actually an expression of the zeta funotion as an infinite 
product, since tho number of prime numbers is infinite, 


In the general theory of infinite products wo usually exclude 
the case where the product has the limit zero. Hence 

it is specially important that none of tho factors a„ should vanish. 
In order that the product may converge, the factors must 
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accordingly tend to 1 aa n mcroases Since wo can if necessary 
omit a finite niimbu of factois (this has no bearing on the qnes 
tion of coiiveigence), wo may take it that > 0 The following 
theorem applies to this case a necessary and suf&cient con 

oa 

dition for the convergence of the product II where > 0, 

CO p»a*l 

IS that the senes S loga^, should converge For it is clear that 

the partial Bums Sloga^ = log(«iaa a„) of this senes will 

tend to a definite limit if> and only if, the partial products 
eqaa a„ possess a positive limit 

In studying convergence we usually apply the following 
criterion (a suj/iaeni condition), where we put 1 a,, The 

00 

product n (1 + a„) 

V «1 

conveiges, if the senes 

S j a, I 


converges and no factor (1 + a ) is zero In the proof we may 
assume, after omission of a finite nnmbei of factors if necessary, 

that each | a,, | < i Then wo have 1 — | | > ^ By the 

moan value theorem log (] + 7i) = log (1 + ^ ^ ■ 


for 0 < < i Thoiofoto 


l+0h 


[log(l -I- a,) I 


1 + Oa^ 


1 — 


21 a, I, 


and so the convoigcnco of the senes S log(l + ct) follows from 


the convorgonco of S ] 




Prom oiir oritenon it follows that the infinite product given above for 
sin TfO) oonvoigci foi all vahica of oxoopt foi a; 0 ±1 dr2 , whore 
factors of the pioduot aio /oro Morcovoi, for p 2 and a > 1 we readily 
find that 
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Now if wo lol. asioimo all piimo vahu a, lias narii H >:1 louht in*Hv*‘rpo, 

p- 

Hiiaus ita Irmia form only a pmt of Hit) roovripi’Ul 'Dat roio 

I * -iv* 

vorgujuio of Uio lauiluat II ^ ^ f4sr « > 1 ia Miua pnivoU. 


L Hkiukii iNvorivmn Hkunhuij.i'm Nmmukuh 


Ho far wo buvo p,lvoii 110 ox{mnMiotm in pirn* r oi iii fonM lain rirmnh 
tary ftmolioriH, o.g, liin;r* Tho nufton la lliai ttio nuiioaioul l OvltlnliaiN 
wliioh luioni’ aro not, of any wiy ainiplo foinn Wo onn ovpti ’>i flatati 
(!Oof 1 ioion(H» aial (how in Uio jaia<n for a iniiMiH r of otla i* fniu’tions in 
loi’inM of llio HO'oalliat uuiuftt'tft, *ria*‘So ninalaaa lUo riolain 

rational nniiihora« with a not voiy ainipio law of fonnatloi^ whioh oiumr 
in rniniy paila of unalyohi, Wo anivo at thorn niont oiniply hy o\paii 4 lnK 
tho funndoit 


a? 

c«... 1 


fesrtt 


1 I 


:ti 


i « 


In a power Horloa of I ho form 


\* 

• r-.* 2 j • 




;r^ 


If wo wrifo thiH o(jiiath»ii in tho form 

to /J 

«**» (ft** -' i) ' j;** 

i>>i«a vl 


anil anlmillnlo on tho rh^ht tho powor Horlot< for ff •* wo ohtalMi aa nn 
pi ‘ll7i a roonmawo rolathai whloh rnahh^t all tho ninnhra^ //^ to Iwt 
aalnnlaiiHh TIm^ho ntiiiihorn aro oalh il IlmionlirM nnmhi’r«,*' ‘I'hoy am 
rational) hlnen in their foriniilioii only rational op«*i*atlona am oom^iaio'ili 
m wo euMlIy riniof^ni/o, Ihoy vaiihili for nil i«lil imlit ra oMa r Umn 
Tin) lira I fow aro 


) 1 

*♦ li 

,, 1 ,, 0 


I 


nt/ 




i 

4U* 


nu 

wrltton 


rtonia world! a iillglitly iliflforont notaMo!! ji< lha ImAla fomuila 


if I 


« 1 


i:(. 

v*«*l 
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Wo muati content ourselves with a brief hint as to how these numbers 
are involved m the power soiiea in question Piist by malting use of tho 
transCoimation 


WO obtam 



00 

s 


»*= 



If wo ropluco a by 2i wo have tho soiioa 

00 oa 

acoth'B^ S 

v^o 


for 1 'V1 <7:, fioin whioh, by loplaomg a? by — we obtain 

«; ool^ ^ S (—I)** ^ I aj I < 7P 

By moans of tho equation 2 oot2a/ != cot3/ — tana; ue now obtam the 
sonos 

CO 02 (Oi „ 1 \ 

tan^« i4 

(2v)! 

which holds foi | a? | < ^ 

1 01 fuitlioi infoimation wo must lofor tho reader to moio detailed 
iicatiscs *** owing to tho lengths of tho pioofs mvolved 


ExAMPLra 


1 Provo that tho power sorios foi V(1 — a) still converges when 
1 

2 Provo that foi ovoiy positive e thoio la a polynomial m a; which 
lopicscnts V(1 a) in tho intoival 0 ^ a; ^ 1 with au error less than e 

1 PiOYO that foi ovory positjvo c thoio is a polynomial in t which 
lopicHonts 1^1 in tho inloival — 1 g i ^ 1 with an oiroi less than e 

1 Wcitnhaaa* A 2 i 2 }wwnalioii Theorem Provo that if /(a) is con 
tinuoiis m a <x thou foi ovoiy positive c thoio exists a polynomial 
r{x) Buoh that l/(^)•-'PW| < C for all valuoa of x in tho interval 

a 

6 Provo that tho following mPimto inoduots converge 


n (1 I (1) '•) 




II 

n-2 I 


".('-S "I‘I 


< 1 


I* Boo 0 g K Knopp, Theory and Apphcation of Infinite p 183 (Blackit 

&&on ltd, 1028) 
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6. Prove by the mothods of the text that IT ("l + diverges. 

H"i \ n/ 

7. Using the identity 

S n (-I (whore V{ is the i-th primo) 

i^i \I —. 

prove that the number of primes is infinite. 

8. Provo the identity 

n (1 + »>”) = 

I — .X 

for I a: I < 1. 



CHAPTER IX 
Fouiiei Senes 


In addition to tlio powoi series tlioro is another class of 
mfimto senes which plays a particulaily important part both 
m pure mathoinatica and in applications Tliese are the Fourier 
seiica, m which the individual terms are trigonometric functions 
and the sum is a poiiodic function 


1 Pluiodic FuNcniONS 


1 Gfeneral Eomarks 

Poiiodio functions of the time, that is, functions which repeat 
their course after a definite interval of time, are mot with in 
many applications In most machines a periodic piocess takes 
place in rhythm with the rotation of a flywheel, e g the alter 
natmg current developed by a dynamo Periodic functions are 
also associated with all vibration phenomena 

A fmoiko function with 'peiiod 21 %b represented by the equation 

true for all mines of x We specially call attention to the fact that 
21 IS called the peiiod* It is worth notice that in addition to 
the period 2f, the function f{x) necessarily has the period il 

*Tn loprosontlng poriodlo fiinotiona it is often oonvoniont to denote tho 
indopondont variable ® by a point on tlio olroiimferonoo of a oirolo inatoad of 
tho neuol point on a straight luio If a function f{x) has tlio porlod Stt, say 
that 10 if tho oauation 

/(»+2ir) «/(a;) 

is tiuo for all vnhioa of a?, and if wo donoto by a? tho angle at tho contro of a oirolo 
of unit radius wluoh is Inohidod botweon an aibitiary Initial radius and tho 
radius to a variable point on tho dlroumforonco then tho poriodioity of tho 
funotion/(fl;) is oxprossod simply by tho fact that to oaoh point on Iho oiioum 
feronoo thoro corroaponds just ono value of tho function In tho caao of a 
maohlno for oxaranlo tho poriodioity may be expressed m torms of tho position 
of a point on tho jjywhool 
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also, sinco/(!B4-4I)—/(«-l-2l)—/(a;): /(«) likowiso Ims i)oriodH 
61, 8J, . . .; and it is also possible (tliough not necessarily true) 
that f{x) may have sliortot periods, such as I or l/d, Grapliififilly, 
in any two consecutive intervals of length 2i tho graph of tlio 
function has exactly the same form. In order to have available 
a second interpretation which some readers may prefer, wo may 
tliink of the variable a; as tho time (and accordingly wo some¬ 
times write t instead of a:), tho function f{x) then representing a 
periodio process or, as we shall also say, a vibration (or osciU 
lotion). The period ^l—T is then called tho penod! of vibration 
(or osdUalion). 

If any arbitrary fundim f(x) is given in a definite interval, 
say, it can always be extended as a periodio fundion', 

we have only to define f{x) outside the interval by tho equation 
f{x-\- 2nl) =f(x), where n is an arbitrary positive or negative 
integer. Hero wo must point out that if f(x) is cmitinuous in 
the interval but /(—I) 4= /(-l-l), oim extended 

periodic function will bo diseontinuous at tho points 41, 431,... , 
(of. figs. 7 and 8 (pp. 4dl, 442), iu which I — tt). Further, in 
this ease the extension fails to give us a single-valued function 
f{x) at tho points x = 41, 43Z,... since o.g. we have definod 
/(3l) &a f{l+2l), which give’s/(30—/(0> wo have also 
defined it as f{—l 4 41!), which gives/(3I) =/(—?)■ Wo avoid 
this dillloulty by extending, not tho function as defined for 
—l^x^l, but tho function os defined either for -~l <x^l 
or — l^x<l', that is, wo discard either tho original value 
f(—l} or tho original value/(+!!). 

Hero wo would point out a general faot relating to periodic 
functions, which is expressed by tho equation 

ds<=>£j[x)dx. 


or, in words: tho integral of a periodic function over an interval 
whose length is one period T alwoys has tho same value, 
no matter where tho interval lies. To prove tlvis wo need only 
notice that in virtue of tho equation/(^•— 2J) =/(£') the sub- 
Btitution a; = ^ gives us 

(■e fern fp-\-n 
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la parfcioalai, for a = —I — a and j8 = —I it follows that 

f f{a,)(h = f f{x)dx, 

4/ ‘'/—a 

anil honce 

I-I-O ■*■ f~t ^ 

+ Li ^ = Li 

winch proves our statement If we recall the geometrical moamiig 
of the integral, the Btatoment is made obvious by fig 1 



rig X —^To niustrnto the lntci,rnl over a w(io!o period 


The simplest poiiodio fimotions, from which wo shall later 
bmld up the most general pcnoclio functions, are the functions 
osmwic and ocosw®, or more generally a8into(aj—f) and 
a coato(a) ~ ^), wlioio a(^0), co(>0), and are constants The 
processes ropicsentod by those functions* wo call sinusoidal 
wbrations oi simple harmonto mbralions (or osciUalions) The 
period of vibration is 2* = 2ir/(o The number <0 is called the 
amdar frequency of tlie mbratton, •[ since l/T is the number of 
vibrations in unit time, or frequency, w is the number of mbra 
(tons m time 2rr The number a is called the amplitude of the 
vibration, it represents the maximum value of the function 
a sma)(a! — ^) 01 0 cosw(a! ~ ^), since both sine and cosine have 
the maximum value 1 The number w(® — f) is called the phase 
and the number the epoch or phase displacement 

* Tithor of tlioso formulfo takon by Itself (for all values of a and f) roproaonfcs 
the class of all sumsoidal vibiatlons and Iho two foinuil© are equivalent to 
one nuotbor slnoo a 8inca('r ^ f) aooscij{aj - (( -h 7r/2(i))} 

f The reader should take oaro to distinguish between the frequmiy and the 
circular frequency (Gor, Krmfrcxjimnz) 
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We obtain these funotiona graphically by stretching the sine curve 
in the ratios L : co along tho a;-axis and a : 1 along the y-nxiB, and then 
translating tho curve a distance 5 in tho positive direction along tho 
iu-axis (of, fig, 2)* 

By fclio addition formulto for the trigonometric fimotionfi wo 
can also express sinusoidal vibrations in the form 

a coseoaj + Bmcox and p coscdx — a sincoa? 



respectively, whore asincof and j8=:acostt>f. Con¬ 

versely, every funotion of the form 

a coscoa? + P sino)® 

represents a sinusoidal vibration a i) with tho ampli¬ 
tude a= and the phase displacomont o)^ given by tho 

equations a = —a sinw^, j8 a cosco^. By using tho expression 
a coscua;-f pBmo}X wo see that the sum of two or more such 
funotiona with the same circular frequency co always represents 
another sinusoidal vibration with the circular frequency w. 

2, Superposition of Sinusoidal Vibrations, Harmonics. Beats, 
Although ‘ many vibrations are found to bo sinusoidal 
(of, Chap. V, § 4, p, 296), it is nevertheless true that most periodic 
motions have a more complicated character, being obtained by 
the superposition of sinusoidal vibrations. Mathematically this 
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simply meana tlmb tlio motion, og the distance of a point fiom 
its initial position as a function ot the time, is given by a function 
winch IS the sum of a number of pine periodic functions of the 
above type Iho sino waves of the function are then piled 
up on top of one another (that is, their oidmates are added), 
or as we say, they are In this superposition 

wo assume that the circular frequencies (and, of course, the 
periods) of the supeiposed vibrations are all different, for the 
superposition of two sinusoidal vibrations with the same ciiciilar 
frequency gives us another sinusoidal vibration with the same 
circular fiequonoy (but with a different amplitude and phase 
displacement), as shown above 

If we consider the simplest instance, the superposition of 
two sinusoidal vibrations with the cnoular frequencies ix>^ and aig, 
wo find that there arc two fundamentally difteient oases, depend 
mg on whether the two circular fxequouoies have a rational ratio 
or not, or, as wo say, whcthoi they are commenaurablo or 111 
commonsuiablo Wo begin with tlio first case, and by way of an 
example take the second circular frequency to bo twice the first, 
^>2 = 2a)i The poxiod of the second vibiation will thou bo half 
the period of the fust, 27r/2a>i ^ and so it will neces 

saiily have not only tho period but also the doubled period f 1 , 
smeo tho function repeats itself after this double period, and the 
function formed by superposing them will also have the period 
Ti Ihe second vibration, with twice tho cnoular frequency and 
half the poiiod of tho fiisi, is called a J&si ha^momo of tho first 
vibration (tho/wdtamc^xiai!) 

Corrospondmg statements hold if wo mtioduce a furthci 
vibration with tho oiicular fioquenoy cog = Zwi Here again the 
vibiation function smSoiia? will necessarily repeat itself with tho 
poiiod 27 r/mi — Such a vibration is called a second liamontG 
of the given vibi ation Likewise wo can oonsidox third, fourth, , 
(n — 1 ) th harmonics with tho circular frequencies 014 = doi;, 
cog ^ ficoji, , aj,j = and, moreover, with any phase die 
placements wo please Evoiy such haimomo will necessaiily 
repeat itself after tho period Tx == and consequently every 
function obtained by superposing a number of vibiations, each 
of which la a harmomo of a given fundamental circular frequency 
co^, will itself bo a poiiodxo function with tho period 
By superposing vibiations with cnoular fioquonoies ranging from 
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that of the fundamontal to that of the {n — l)'-th harmonic wo 
obtain a periodic function of the form 


n 

/S (a;) ^ a + S (a^ cos vwx + sin Pioa;). 

V^\ 



(The constant ct, which wo have introduced liero in order to make 
the formula slightly more general, does not affect the periodicity, 
since it is periodic for any period.) Since this function contains 



__y _ sin _l_ 6 |n Sjg _ sin 4« 


Fig. 4 /^Combination of vibjrRtlona 

“f 1 constants which we can choose arbitrarily, we are thus 
able to generate very complicated curves which are not at all 
like the original sine curves. Figs. 3^6 illustrate this graphically. 

* Tho proportions of the figure oorrespond to the assumption - 1. 
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Hie term harmonic ” originates m acoustics,-^ whore wo find 
that if a fmidamental vibration with crroular Iiequenoy o) corre¬ 
sponds to a note of a cortam pitch, then tho first, second, thud, &o, 
haimomcs correspond to the sequence of harmonica of tho fiuida 
mental, that is, to tho octavo, octavo + fifth, double octavo, &o 

r in gonoral, in tho caso of 

tlio supeiposition of vibra 
— tions m winch tho circular 

\ \ frequencies have rational 

ratios ihoao circular fie 
qucnoics can all bo ropro 
sonted as integral multiples 
of a common fimdamenial 
\\ circular fiequoncy Tho 

^ Buporposition of two vibra 


X N 


riff s I —‘Combinntlon of vibrations 

faoM With mcoinmonaiuablo circular ftoquoncicB and Wg, 
however, ropiosonta an intrinsically difloiont typo of phono 
monon Hero the piocess resulting from tho superposition of 
sinusoidal vibrations will no longer bo ponodio Wo cannot go 
into tho mathomatioal discussions that aiiso from this, but 
merely remark that such functions always have an appioxi 
matoly poiiodio character, or, as wo say, aio almost fenoiw 
Such functions have ]ust locontly boon studied m groat detail 
A final romaik on tho supoiposition of siiuisoidal vibrations 
18 ooncciued with the phonomonon of so called beats If wo 
superpose two vibrations both with imit amplitude but with 
difteront oiroulai frequenoics and Wg, and if foi tho sake of 
simplicity wo tako tho same valno of C (sco p 427) for both (tho 
genorali/ation to aibitrary iihaso can bo loft to tho loader), then 
wo are merely concerned with tho bohavioui of the function 

y = smeoja! -[ smwja (ai, > <03 > 0 ; 

• In aoouaUos tVo torme overionfi, {upper) partial aro also usod 
I* The ourvos dia^vn in tho n^,uro corroapond to tho trigonomotnoal poly 
nomiala obtained by taking 3 0 0 and 7 toiina loapootively of tho sorioa 
BuiiU . o8in2aj , slnZx . ain0» , nsinOtJ , amTcc . emOx . 
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By a well-known trigonomotrical formula we have 

y = 2 cosJ(tt>i -- ttig)* sin^(a)i + Wa)®. 

Tills equation represents a plionomcnon wkich wo may think of 
as follows: we have a vibration with the circular froqiionoy 
|(a)i -f tua) and tlie period 4w/(ft»i -|- tua). This vibration, how¬ 
ever, has not a constant amplitude; on the contrary, the “ am¬ 
plitude ” is given by tho oxprossion 2 cos 4-(a)j — toa) ®, which 
varies with a longer period 47r/(a)i — or^). This point of view is 
particularly useful and easy to interpret when tho two circular 
froquoncios and tua relatively largo while their difference 



(wi —Wj) is small compared to them. Then tho amplitude 
2 co3^{(Wi —nig)® of tho vibration with period d.7r/(a>i-|-cug) 
will vary only slowly compared with the period of vibration, and 
this change of amplitude will repeat itself periodically with tho 
long period iiT}(<i3i — Wg). These rhythmic changes of amplitude 
are called heals. Everyone is acquainted with this phenomenon 
in acoustios and perhaps also in wireless telegraphy. In wireless 
telegraphy tho circular frequencies and Wa are ns a rule far 
above those which the ear can detect, while the difloronco 
0*1 — coa falls in the range of audible notes. Tho boats then cause 
an audible note, while the original vibrations remain imper¬ 
ceptible to tho ear. 

An example of boats is illustrated graphically in fig. 0. 
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2 Use oi? Complex Notation 


1 Grenoral Remarks 


The investigation of vitiation phonomena and periodic fimc 
tions gams in foimal simplicity if we make use of comjdex iium 
bois, combimng eacli pan of trigonomotiic functions cos coo? and 
6111 waj to form an oxpicssion of the typo co^cov + ^ smcoa; = 

(cf Cliap VIII, § 7, p 411) Hero wo must boar m mind that one 
equation between complex quantities is equivalent to two equa 
tions between leal quantities, and that oui lesults must always 
bo inteiprctod and made intelligible in the real domain 

If wo everywhere replace the tngonomotiic functions by 
exponential fimotions in accordance with the foimulco 

2 cos d =« “h 2^ sm d = — er*^, 


wo express sinusoidal vibrations in terms of the complex quan 
titles or 


respectively, whore a, oi, and cef are the real quantities amph 
tudo, oiroular ficquonoy, and phase displacement The real 
vibrations are obtained from this complex expression simply by 
taking real and imaginary parts 

The convenience of this mode of roprosontatiou for many 
pmposes 18 duo to the fact that the doiivativcs of the real vibra 
tions with respect to the time 0 are obtained by dilfoiontiating 
the complex exponential fimotion ]U8t as if ^ wore a real con 
stant, aa is expiessed by the foimiila 


^ a{ ooBce (x — ^ mxo){x — 0} 

dx 

s=: aaj{—' sinco(a/ C)^ tco8ce(a — 
s= tao) { cosei {x — H ^ smo) (a --- }, 


dx 


2 Appltoation to the Study of Alternating Currents 

Wo slmll now illuatrato thoso mattora by moans of an inipoifcaut 
example Hero wo flliall denote the mdopondonfc variable, tbo time, by I 
instead of (V 
(]a? 08 ) 


16 
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Wo considor an elcotrio circuit with rosiatance It and inductance L, 
on whioli an external deotromotive force (voltage) E is impressed. In tho 
onse of dircot current E is constant, and the current 1 is given by 0hin*8 
law, 

If, however, wo are dealing with alternating current, JG? is a function of 
the time and oonsetiuontly so is 7, and Ohm^s law takes the form (efr 

p, 182) 

E-L^ = Itl. 
dl 

In the simplest ease, to which we roatriot ourselves hero, the external 
elootromotive force E is sinusoidal with oiioular frequency Now instead 
of talcing this oscillation in tho form a cosco^ or a sinco^, wo combine both 
possibilities formally in tho complex form 

E ^ s=s e ooso^ + h sinci^, 

where €(>0) represents tho amplitude. Wo shall operate with this "com*' 
plex voltage " as if i were a real poi’amotor, and wo thus obtain a complex 
Qurront 7. Then tho signifioanco of tho relation thus found between 
tho com pi ox quantities E and 7 is that tho current corresponding to an 
electromotive force e cos to/ is tho real part of 7, while the current correspond¬ 
ing to an olcotromotivo foroo e sin to/ is tho imaginary part of 7, Tlio com¬ 
plex ourronb can bo calculated immediately if for 7 wo wite down an 
expression of tho form 

7 = a(coso>/ -(- i sino/); 

that is, if wo mako tho assumption that 7 is also sinusoidal with circular 
frequency co. Tho derivative of 7 is then given formally by tho expression 

dt 

«= <xo>(—sinto/ + i cosw/). 

By substituting those quantities in tho generalized form of Olim’a law and 
dividing out the factor we obtain tho equation s — aZrfco jRk, or 


E -h {<^L* 

so that E^{E + mL)I ^ WL 

Wo may regard this last equation as Ohm’s law for alternating curronta 
in complex form, if wo call tho quantity 

TT » 7J -h 

tho complex resiaiance of tho oirouit. Ohm’s law Is thou tho same os for 
direct current: tho current is equal to tho voltage divided by tho rcsistanco. 
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If wo ^vrito l/ho ooinplox losistanoo m tlio form 
}y = = w; cosS H iw sin 8 , 

where 

to ^ V (Ji^ -h X tan S = 

wo obtain 

/ = 5 ei(w-~5) 
to 

According to thie foimula the current has the samo period (and circular 
frequency) aa the voltage tlio amplitude a of tho ourient la connected 
with tho amplitude e of tlio oloctromotivo force by tho equation 

e 

to 

and m addition thero is a diffoionoo of phnso between tho ourront and tho 
voltage Tho ouriont ronohes its maximum, not at tho same time as tho 
voltage but at a time S/w later and tho samo is of course tiuo for tlio 
minimum In oleotrioal ongmcoiing tho quantity » V is 

ficquently called tho impedance or altertudinff cw'tenl restsUince of tho 
circuit for tho ououlai fiequonoy co, tho phaao displacement usually staled 
in degrees, is called tho loff 

3 Oomplox Bopresontation of tho Superposition of Sinusoidal 
Vibrations 

So far tliQ complex notation has been used to denote the com 
bmation of iwo sinusoidal vibrations But a Single vibiation or a 
compound vibration of the typo 

n 

(a:) s= a -h S (a, cos vx-{-h^ sin vx) 

(for Bimphciiy wo liavo taken w — 1) can also bo reduced to com 
plex foim b 7 substitutnig 

cos va3 = i (e'"* 4- 

and Bin i ( 0 "'* ~ 

Tbo above expression tbon becomes an expression of the foim 

Sifu) s= 
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wliore the complex numbers a,, are connected with the real 
numbers a, a^,, and by the equations 

+ a_^, a~ Uq, h^—i (a^ — a„ 

Ill order that the equation a, — a, -|- a_^ shall formally iacludo 
the case v = 0, wo often put a = oq = a^j^. 

Conveisoly, wo may regard any arbitrary expression of the 
form 

S a^e’** 

ai9 a function representing the siiporposition of vibrations, written 
in complex form* In order that the result of this superposition 
may bo real it is only necessary that should bo real and 

a puxo imaginary; that is, and a^y must bo con¬ 

jugate complex numbers* 


d*. Deduction of a Trigonometric Formula. 

By using complex notation wo obtain a very simple proof of a formula 
wliioh we shall need later. This is tlio trigonometno summalmt formula 

Cffa) *=« 4 + oos« + oos2a + •. • + ooswoc 

2Bmia 

wliioh is tnio for all values of a except the values 0, ±2?^, ±4?:,,,, . 

To prove this wo replace the oosino function by Its exponential ex- 
picssion and thus bring the sum 0 „(a) into the form 

0„(a) J- S 


On tUo right wo have a geometric progression with the common ratio 
q ^ eia 4: 1, Using the ordinary formula for the sum, wo liavo 



1 ^ fn\i 

l-Q 


1 e-IHa ^ g(»‘hl)ia 

2 i"— 


On multiplying numoi*ator and denominator by wo obtain 


On(«) 


Mn(n+ 
2sm|a ’ 


as was atAtod. 
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Examples 


1 Sketch the curves y = S for JV =: 3 5, 6 

i»«i n 

2 Sketch the oiirvos y ^ S for ^ 3 6 8 

3 Evaluate the sum since + ain2a + + sinwa 

4 If 5^(a) = Qo(<^) + ^i(q^) h —whoxo o„(a) has the value 

e,j(a) = J + oosa h oo 32 o 6 + + ooswoe prove that 

(m + !)(/'* 




w 4" I 


smi 


a 

sm- 


(Tlio expression is called the ** Eoj6r koriiol *, and is of great importanoe 
m the more ndvanood study of Fourier senes ) 

6 Show that 


I ^ir 

- / = 


. 1 


where a,„(«) is tho Foj4r lioruol of F\ 4 


3 Eoubiee Series 

Tho function 

» 

S{x) = a + S (a, cos vas + sinvas) 

resulting from the superposition of sinusoidal vibrations contains 
2n + l arbitraly constants a, a^, Tho question now anses 
whether these constants can bo so chosen that in tho interval 
—TT ^ ^ 77 tho sum £i(a;) shall approximate to a given function 
f{x)y and if so, how they aio to bo found Moro precisely, wo 
inqiuio whether tho given function /(a?) can be expanded in an 
infimto senes 

00 

/(as) — a 4 S (a^ cos vx + b, sin kb) 

If we assume for tho moment that this expansion of tlio 
function f{cr) is actually possible and that tho soiios converges 
uniformly in the intorx al —tt ^ ^ tt, wo leadily obtain a 

simple relation between tho function f{x) and tlio coolBoionts 
a |ao, a^, and b^ (We shall soon see that tho notation a ^ 
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is justified by its convenionco.) We multiply the liypotliotical 
expansion above by cos px and integrate term by term, aa is por- 
missiblo on account of the uniform convorgcuce. In virtue of the 
orthogonality relations 


f sin mx sinm; dx = 

/ sin CQBfixdx = 0, 


a m^n, 
iim^n “|=! 0 , 


fj 


f TT 

COS mx ooBnxdx ■ 


(0, if m 4= 


(0, If 

Itt, iim^ n ^ 0, 
proved in Cliap. IV, § 3 (p, 217), wo nt once obtain the formula 

^ I f{x)QOBvxdx 


for the ooofficionts. Similarly, by multiplying tho scries by sin vx 
and integrating, wo havo 

6 ^ = - / f{p) gin vxdx. 

These formula) assign a definite sequence of coefficients 
and 6^,, usually called the Fourier coefficients, to every 
funotion f{x) which is defined and continuous in tho interval 
—TT ^ aj ^ TT, or has only a finite number of jump discontinuities 
there. If tliQ function/(( t) is given, we can use these quantities 
hy to form the Fourier partial sums 

n 

8„ (as) = -Jao -[- S cos vx + sin vx), 

K-l 

and wo may also formally 'write down tho con’osponding infinite 
" Fourier series Our problem is to distinguish simple clasaos 
of functions f{x) for ■which this Fourier series does actually con* 
verge and does represent tho fimction. 

In order to formulate tlio result which 'we ■wish to prove, wo 
introduce the following definition. A function j(x) is said to ho 
sectiomlly smooth* in an interval if it is itself sectionally 
continuous f (that is, continuous in tlio interval except for a 

* Gor, stilchveise glait* t 9ictig* 
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fimto mimber of jump discontinuities) and if m addition its first 
derivative/(») is sectionally continuous 

Wc shall imagine the function/(a;) oiigmally defined in the 
interval —tt ^ a; ^ tt to bo periodically extended 

At each point at which tlio function/(a?) has a jump discon 
tmuity we shall alter the function, if nccessaiy, and shall assign to 
it the value which is the arithmetic mean of the left hand limit 
and the right hand limit of/(a?), that is, we write 

f(x)^m^-o)+f{x+o)), 

ftUero /(oj — 0) and /(O/ + 0) aio simply the limits of /(tc) as 
approaches x from the left and from the right respectively This 
equation is obviously tiue for every pomt x at which f{x) m con 
tinuous 

Our goal IS the following theoiom 

If thefunchon f(x) secttonally smooth and satisfies the above 
eguation^ then its Founei sems converges at eveig point x and 
rcpiesenls the function 

Further, wo shall piovo the following theorem 
In evoy closed interval in which the function {{x) {magined 
periodically extended) is continuous as well as sectio7ially smooth^ 
the Fourier senes conveiges umfonnly 
Finally 

If the function f(x) is sectionally smooth and has no dis 
coniinuiiieSf the Fouiio senes converges absolutely 

The pi oofs of tlicso theorems will bo postponed until § 6 
(p 447) Ileio we merely wish to emphasize that the lunotions 
which can bo expanded accoiding to these theoiems have a very 
high degree of arbitiaimess, it is by no means necessary that 
the functions should bo given by a single analytical expression 
In the next section wo shall display the oxtraoidiuary 
fertility of the Fouiier expansion by discussing a number of 
examples 

may bo romarlccd inoidoutally that this ilicorom can bo proved for 
more goncial classes of lunotions Tho result formulated hero, however, sndlces 
for all applications 
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4. Examples oe Fourier Series 

1. Freliiuiuary Eomarks> 

Wo sliall (iBsnmo that our fiiuotions /(a:) havo tho poriod 2w 
and aro defined in tho interval —tt < ® < ji. Beyond tJim interval 
to tho Mt and tho riglit, they aro to he extended periodically, 
as on p. 4.26. 

Before going into doteils wo roiniirlc that if f{x) is an even 
function (of. p. 20), then clearly /(a')Hini'a! is odd and /(a;) 
cos i<a; is oven, so that 

6 ^ = - / f{x) mnvxix = Oj ay = - f /(») cos Kvdx, 

Tr-'o 

Wo thus obtain a " cosine scries If, on tho other hand, tho 
function/(») is an odd function, then 

-1 /(a?) COB vxd<x) 0; - / f{x) mn^<C(h, 

7T»'0 

Wo thoToforo obtain, a “ aino soricB ”.*** 


2. Eximusion of tlio Funotiona s=s :;ic: and 

For fcho odd funotion » wo have h ^ B\nvx(hf and ou intogm* 

fcioii by parts ^ ♦'O 


—05 008 va5 


-h “ r ooavojfiw ‘'a (— 

0 V ♦/fi V 


Honoo for tho period io funotion ^(o?) which in tho intorval — < oj < k Jfl 
epal to X (of, fig, 7) wo obtain tho expansion 


^(a;) 2 


/Biua5 B\n2x , sin3a; , \ 


If WO put X ^ 7 c /2 wo obtain Grogory^n sorloa, 


i' 


6 


with which we aro already familiar (p, 810), Tlio function i|j(rtj) roiiroflontecl 
by this series is not a continiious funotion; on the contrary, It jiimpa by 

* Consoquontly, if tho funotion/(a;) is initially given only in tlio Interval 
0 < a; < w, then wo can oxtond it in tho Interval -w < a < 0 oithor na an 
odd function or as an ovon funotion, and correapondingly expand tho function 
in tho interval 0 < <« < oithor in a slno Horioa or in a coaino florioa, 
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m amount at tho points UJ — Aijr h— ±1 ±3 ±6, At these 

points of discontimuty that is at the points a? =/it J-1 :£:3 rh6 
each tcim of tho stnca is zero and lioiico tho function itself is zero Ilonco 
at tho points of diBContniinfcy tho series lepresonta tho orithmetio mean 
of tho loft hand and n^ht hand limits 

If Os any fixed number between — tc and tt and if wo replace «in tho 
above Boncs by (^ — 5) we obtain tho bolics 




5) = 2 _ Bin 2 (a; - Q ^ Bin3(a!- ^ 

2 2 2 

— Bin^ cosaj 4* r eofl^ Bln^ -f* sin2^ cos Sr 

X 1 2 

2 2 2 

‘ - cos 25 sm2ftj -- ^ 0in35 cosSa. d - oosS^ smBa; + 

2 3 3 



This may also bo ^vlltton m tho form of a Pomioi soiics with coolTioionts 
a<i 0, 0^ » 2 i — L emw^, &, t= 2 - —i — oosw^ 

which tend to zero as n iiioi eases this senes roprosonta a funotion having 
the diaoontmuiticQ desonbed abovo at tho points ± it ^==^437: 

Por tho oven funotion (p(a) «=5 a* wo find on iiile£,ratii% by parts twice 
that 

=a ^ r Qo&vxdx — (^1)*"(v > 0), 

K^fl V« 


60 that W6 obtain tho expansion 


; 3 ^ p ga 


oosSt? 


- 1- 


By differontiating this souos term by term and dmdmg by 2 we formally 
recover tlie senes for it(») x 

(»7Q8) W* 
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3. Expansion of the Funotion xcobx^ 

For this odd funobiou wo have 


dy - Of 

By using the formula 





X coa^r shiver do;. 


f {csm(i.a;f?a?=t (—1)^*+^ ^ = 1,55,, , 

Jo 

found in the provious sub-seotion, wo ovaluato b^,t 


5 r, 

t^Jq 


003 a;; sin 


i f a;(sm(v+ l)jr+ Biu(v— \)x)dx 

K Jo 


T:pT + 



(v — 2, 3f •. 0* 



Wo therefore obtain the sorios 


X cosa; =5 —~ smaj -|- 2 S —r — - sm vflCt 
2 


and if wo add the seriea found on p, 440 tliia becomes 


x[l + ^ sina? + 2 

2 


a 


Bin 2.1; 


sinSa? , sin 4a; 
. -h ; 


.2.3 2.3.4 3.4.6 



When the function which ia equal to a?oosa? in the interval — tt < a? < k 
la extended periodically beyond bhia interval, - the same diacontinuifciea 
(of. fig. 8) occur aa are exhibited by tho function i|j(,a;) conaiderod in No. 2. 
On the other hand, if the function a;(l + ooso;) is periodically extended it 
romaina continuous at tho end-points of tho intervals, and in fact its deri¬ 
vative also remains continuous, since tho discontinuities are eliminated 
by the factor 1 -j- cos a;, which together with its derivative vanishes at 
the end-points, 
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4 TJie Function f{x)—\x\ 

This fuuotion la ovon oonsoquonlly 6^ = 0 and 

2 f 

a^— lx 003 vx 

and on integration hy parts wo readily obtain 

1 


f 


a; cos da = ‘-asmvr 

V 


'-if, 

0 vJo 


Bin va dx 


To if V la oven and ^ 0, 

1 — ^ if V IS odd 


Consequently 


/W_|-i(»,. + 2^ + !255+ ) 

If we put a = 0 wo obtain Iho romarkablo formula 
— *=1 h -+<— h 

6 Example 

The function defined by tho equations 

1 —1, fOl —TT < a < 0, 

0 foi a = 0, 

I 1 foi 0 < » < 7C, 










jjyc 


Hg 9 

aa mdioatcd m fig 0, is an odd function Ilonoo a^,^ 0 and 

f 0 if V IB oven, 


^ r 

T^Jo 


sin vx dx ’ 


— if V IS odd, 
7tV 


so that tho ITourior soiios foi tho fnnotion ia 
4 /Bin a , sin 3a 




7P \ 1 


I 


JTor particular this again yields Giogoiy^s soiics 

2 

Tins soiies can bo fomalhj douvod from that for | a | by torm by term 
differentiation 
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Fouuii-u skiuI‘:h 


It’HAll', 


il Tho Function y‘(.r) | Hin .v [. 

I'hn ovrii filiinliuM /( ►) ' I i*iTi I !»<' hk M 

tllO riN'tlii'li'Hln li, lli'in}? n l>y 


K 1 

t*,, s ' / l♦iha'<'o^^u»’f/.»‘ / p'in(v I l),r i>iM(v i)a’|»/v 

^ Jn A\ 


\V(k tJiiiH ni)tuirk 


' (I if V ia fxlilf 

if V fil MVI'M. 

i 


. , , , rni'*!»** 


7. ExmiuKlon of tli« Fniuidon «miii |i.A:. Ucsolulltiii of iho f'ohuj- 
Koiit liiUi l*urtial FnioliitiiN. Tito IiilUiito rroiliiol for 
(ho {iino. 

I40I, J{.r) 1 • <‘ii'i|fr fur K ' . X •• If, wlii'iK |( |ii U"l nil iult>:rr. t<'iin « 
/(a)) in iivt’ii \vi' Hfiuiii dIiIiiIii />,, ■ • (I, wliilit 


7r j»u [ 

« Ji) 


1 I v)tr . mIm(|h 

M {A I V 


v)n 




r( IV 

|^« v’' 


7iiii(iK. 


Wo I lltIH )lUV« 


^ ^ ^ illUjiii |IL« /J \ 


fiUHtliort rnniikiiiM I’uMihnihiKi pM* IIim )><>iii<M ,t!. j tt> If |uif * rt^ 

<Iivi(lo \m\]\ Mlilni nf \h\ (<i|Mmiiiiii l»y i4ii|iu. iikiif flM ii wuhi a': iunU ti| 

WO niftniu (ho otjuoilMa 


OoliTTr? 



1 



M’hio l« IImi Mfk inilhMl rt f Judnn af fhr o»Uiwjntl int^t t% trty 

imi>nifuh(, funioilo ftniiMoUly iliMriuotiiMt iti on»il>7»i«. \Vn Mriw wriiU ihu 
worlfvi In Uko ho'io 




1 

hv<| 


W.K 


o f I 
K U» »» 



\ 

T 


I( X Hint in nil iiilorviil (I x r 1 1/ *, 1, iln* w ili i«.nit i.m iim {» lr»» in 

•I I 

alwnhiio volno ihnrj ^ Iloiii o Ihn m rM iMnvrr^m mi\Uitui\y Im 
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this interval and can bo integrated term by term Wo thus obtain 




Bm7r;B Bimra , BinnaJ 

at = log — hm log-=== log- 

Tzx ira? 


on tbo loft, and 

log(l-p) + lo{.(l-J) + 


= ])m i; 

«—>00 




on tlio right multiplying both sides by tt If wo pasg from tlio logarithm 
to tbo exponential funotion wo have 


Heneo 


BinKO/ 

rex 


hm loe(l—A Iv ) 

>co V —1 


lim e’ 
«—>00 


= lim n I 
«—>« 


ii'-i) 

/ a5»\ / »' 

BinTta Kit (1 — jjj) (1 — g. 



Wo have thus obtained the famous oxpiesgion for tho Bine as nn infinite 
product * Prom this, by putting obtam Wallis’s product 

2v+i~l 3 3 6 ’ 

OS on p 224 


8 Purtlior Examples 

By brief oaloulations similar to tho preceding we obtain tho following 
fuithor examples of expansions m soups 

Tho funotion f(x) which Is defined by tho equation f{x )« Bin^jur for 
— 7 C < « < 7 c can bo expanded lu tho seaes 

2 Bin UK / flhiaj 2Bin2:i; 3 sinSiB \ 

/(*) = sm^o; --^ h “ + ) 


If wo put *■== - and neo tho relation 8ln|jin=s 2 ob— oo8*^, tbs 

2 4 ii 

gives us the losolutlon of the secant into paitial fractions, that is, of 

the funotion —-—, this expansion is 
ooa(A^ 


TV SOO TViW 


_TV_ I (-1) (2 v-l) 
co^7v^ I't;® ^ (^v — 1)^ 


where for ix/2 wo havo wiitton x 

♦This formula is partlculaily intoiosting bocauso it shows diiootly that 
the funotion sin ttOJ vanishca at Iho points a? 0 ±1 X2, In this rospoofc 
it corroaponds to tho factorization of a polynomial whon its zoios aio known* 
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'I’ho W'l'Ir:i fur Mio fiUH'liitiiMt " ilijx'iiiiil ' ( 


iiro 


(toHlifUJ' ! iijhlqoc ^ 
n- \(i.^ I 1 


ViiAX 

,si I 1« ' pfl j ||« I ;h 


(i.« I i» \ rM 





lOxAMi i.r* 


1, 1‘'iiiil llin Ktimli'i' (>\|mti'iii>ii!i for (Ito fiiiiodoin «l>t' li itio in ilo'lli' 
willl |H't'lllll !!k Hint wtlii'll il) 1C il' ; . !■ IMO llil'IK-l I'V fol 

(il) 'SH (r) oiMorfI I 

60= I/(•'■) ■"( if' .’ - "), /(..i .rr,;ct). 


2. 'I'lifi fiiiKttlon/(O in iii'i'iMiliii willl I. mill in •• ,' >« •: I il ii 

, 1 1 

Kivoii hyf(i )' 1 1. IVovii IliHl/O) ' 1 ,, }, . 

(li ^i’ho |uilyn»nninl?i //„(#) (IlniMHilll nii^ flrHio 'I l\V Mir* 

rdufirniHS i* W .. i(0» (o) / il. 

(Noli\ 'I'lio nnnii»*ifi /^„((l) t\u^ mfiMinil, nm! tttt*, Im ^ «« 

limuiulirn imiiilmni I’f. pp* 


4* Viu'ify llio Kimdt^r fnr n(’iinuilll |K>Iyii'’iMisd«; 
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rP 
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5 Till] CoNvi RC 1 Ncr or Fourilr Snurs 

Wo now proceod to establish iigoionsly tho thcoicms which 
weio stated m § 3 (p 439) and illustiated m § 4 (p 440) 

1 The Convergence of tho Fourier Senes of a gectionally 
Smooth Function 

Wo fust recall that if f{x) is any function which is defined 
and sectionally continuous (that is, continuous except for a 
fimto numbci of jump dmcontmuiiics at most) m tho interval 
—TT ^ a? ^ TT, wo can foim tho Fouiiei coefficients oif{x) accord 
mg to tho formula 

- r f{t) cos vt dt, 6,, = i r f{t) BmUdt, 

it 

and wo can formally write down tho soiies 
00 

^^0 + S cos vx Bin vx) 

v«l 

This senes is called tho Fourier senes coiicsponding to /(a?), 
irrespective of whether it convoigcs oi not Wo aie now about 
to find tho conditions which must bo imposed on f(x) in order 
to ensure that tho Fouiioi soxics corresponding to f{x) does con 
verge and does lopiosont /(a) We ussunio that f{x) is extended 
poiiodically beyond tho interval “Tt < a? ^ tt 

Tho theorem which wo shall now piovo is as follows 
If the function f(\) is sectionally smooth and at each 'point of 
discontinuUy{x)saiisfies the c{fwaizonf(x) = ^{f (x—*0)+f (x+0)}, 
then the Fourier soies corresponding to f(x) convoges at every point 
and represmts the Junction 

To prove this tlicoiem we consider tho partial sums 

u 

2 COSVX H &„Sinj^) 

I*--! 

If fox the coefficients wo suhstitute tho integral expressions 
found above and then mtoichango tho older of lutogiation and 
summation we obtain 

8n(x) =; — / /(i) { ^ + 2 (cos vt COS PX ”t SlU vt 8111 Vitt) [ dt^ 

7r^^„ 12 J 

* That ia f{x) ib sooUonally ooniiiiuoua and its dorivatlvo/'(a:) is aoofcionaUy 
contanuonB aho 
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or, using tio addition theorem for the cosine, 

'S„(aj)==-/ /(<){^ + Scosv(J— 


If we now apply the summation formula obtained on p. 436, this 
becomes 


te) = J_ f^fU) ain(w+^)(<-a!) 


tc) 


dt. 


Finally, making the transformation t — a?) and noting the 
periodicity of the integrand, we obtain 


ZTT*'—‘ SlUfl-T 


sm^^T 


Starting with this form of the paHial sum jSft(a?) wo can 
prove, by means of the following lemma, that /S„(a?) tends 
to f{x). 

Lemma, If the function s(x) is sectionally continuous in the 
interval a ^ x g b, ihe^i the integral 

1^1 s{t)BmUdt 
tends ^0 0 A inoi^eases. 

In tho proof wo may take s(a?) to bo continuous in tho 
whole interval, since otherwise wo need only carry out tho 
argument for each sub-interval in which ^(a?) is continuous. 

As in the similar argument on p. 418 et seq^^ we notice 
that if A ia positive the function sin U is alternately positive and 
negative ia successive intervals of length tt/A. For largo values of 
A the contributions to the integral from adjacent intervals almost 
cancel ono another, since on account of continuity tho values of 
fi(®) in two such adjacent intervals differ from ono another only 
slightly. Wo make use of this circumstance by transforming the 
integral 1 by tho substitution ^ = r + A, where h = tt/A; then 
sin A/—---sin At, and wo obtain 

ph--h 

2 — — / s(t + h) sinArrfr. 

If we again write the letter t instead of r and then add tho two 
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oxprcssioiia foi I, we have 

2Z = —J 5 (< -|- h) Bin Udt -j- [ "(4 {(■) — s{t + 7i)} am AJtIf 
^ -fa 

8(«)BmA<c?i 

'ii~h 


If M 18 an upper bound for tbo abaoluto value of s(x), that is, 
if for all valuoa of x in tko inteival under consideration j s(a:) j 
^ M, then fiom tins expression foi I the inequality 

21 J I ^ 2il/;i + [*] s{<) - s{t + h) I dt 


follows at once Now let e bo any positive number, if we choose 
A so laigo that in the wholo interval a^t^b—htho expres 
Biou I s(i) — 8{l 4- h) 1 xcmains less than 6/(6 — a) and also 

Mh = then ] / [ < 6, and consequently,’’' amce e can 

A p 

be chosen as small as wo pl< aso, lim I === 0 

Besides tliis lomma wo neod the inlogiation foxmula 


/'”Bin(«-|-i)f^j,_7r 

A 2 8mJ« 2’ 


wluch IS true for ovciy positive integer n Tins wo readily estab 
lish by using oui summation formula for tlio cosine, since 


I 


^ a m (n+ ^)t 
2 sin^t 


di-- 


=/:(H 


S cos pt) dt • 
1 


7T 


Proof of the Mam Theorem —^By means of tbo lemma it 
IS easy to prove our mam theorem, i o to prove the formula 


bm iS,i(aj) = lim 

H—>CO «—>•«) 


L. 

27r 



2 sin ^<5 


d^=^f{x) 


* If Tvo aafliiiTio tliat ii{x) bosuloa boinK coiitlnuoin has a secfcionally oon 
tiniiouB fieri vati VO 6 (ic) the pi oof of this lomma follows simply on integration 
by parts 1 or 

siuAl *« 1 |s(a) cosAa fl(6) ooflA6 +J s (f) oosAtz?^ | 

Hero wo 860 at onoo that aa A inoroasos tho light hand sulo tends to zero 
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Wo begin by subdividing the interval of integration at tbo 
origin. For fixed values of x the function * 

is sectionally continuous in tlio interval 0 ^ ^ ^ 7r» For this is 
obvious when 0 <t^ 7 r, while the continuity when t ^ 0 follows 
from the assumed existence of the right-hand derivative 

lim /(a=+ 0 -/(a^+ 0 ) „ /(a!+ 0 --/(!C+' 0 ) ^ 2 sin j ;/ 

i>o t 2 C 

= lim /(^ + ^)-/(a;+0) _ 

«-)-+o 2 sin-^t 

Hence, as A = w + increases, the integral 




r //(®+^ di -1 //(» + 0) 

^<77 *'0 flin 9<7r *^0 HI 


sin A# 


277 *'0 


8in|^ 277 *^0 ' ' ''' sin 


dt 


tends to zero. 

Since, however, the factor f{x -f 0) can bo talcon out of the 
second integral on the right, and since for A == w + J the integral 

^ 1^1"^ immediately obtain the equation '[ 

lim i r/(» + 0 ^ = lf{(0 + 0). 

X-.5H 00 277 *^0 sini^ 2 

In the same way we obtain 

lim ^ff{x + i)p^dt=^l fix - 0), 

X->eo 277‘'^n- Billet 2 

for the interval —tt ^ ^ 0, and by addition 




* Tor this notation seo p, 439. 

f By putting a = 0,/(<) = (aln i/)// in thm equation, and tlion roplaoing I 
by u/A, we obtain tho important relation (of, pp, 261-263) 



IX] CONVERGLNCE OF FOURIER SERIES 


451 


2 Further Investigation of the Convergence 

In the neighbourhood of ihose points where the function/(a?) 
18 discontinuous the Fouiici senes does not conveige uniformly, 
for according to Chap VIII, § 4 (p 393), a nnifoimly convergent 
senes of contmuous functions possesses a continuous sum Never 
thcless, we have the following important theoiem 

If a sectzomllij smooth penodtofunclton has no disconhnmtics, 
'its Fourier senes conveigcs absolutely and uniformly The conver 
gence of the Fourier series foi any sectionally smooth fmdxon what 
ever is uniform %n every closed interval which contains no point 
of discontinuity of the function 

In order to piovo this theorem we start from a fundamoiital 
inequality satisfied by the Fourici cociricients of any function 
/(O/) which IS seotionally continuous (note that/(a.) is not assumed 
to bo seotionally smooth) This so called BesseVs inequality states 
that for all values of n 

iao8 + S(a/ 


The proof follows from the fact that the oxpiession 




cos vx + Bin vx 



la always positive 01 /eio If wo ovaliiato the integial by 
expanding the bracket uiidoi the mtcgial sign and locaUing the 
orthogonality relations and the definitions of the Fourier 
ooolficionts, wo at once obtain Bessel’s inequality m the foim 

^ V )}^0 


In addition to BosboI’a inequality wo make uso ol Schwai7’8 
inequality (p 13) if , «„ and Vj, , v„ aro 

arbitiary real mimbois, it is always tmo that 

( n \ 2 n « 

2 ^ S m/ S vJ^, 

l'«l / 

the sign of equality occmiing only when Iho sequence u is pro 
poilional to tho sequence v 

We now assume that tho ponodio function f{x) is seotionally 
smooth, and also contmuous Tho derivative is 
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sectioiially continuous, and wo cosily show that o„ and the 
Eouiier coefficients of <?(*), satisfy tho relations 


0 , 


c. 



for on intogiotion by paits wo have 
1 

/ ^(o;) cog vx dx 

77 *'-Tr 

— - f{x) cos vx + - / /(ic) sin vxdx^ 

7T I —»r 77 


a similar proof holding for the other statements. 

Bessers inequality applied to the function g{x) therefore 
gives ns 

S + V) = S (c/ + dj^) ^ 1 ig{x)y dx. 

r«l v=.l TT^'-n- 

If for Brevity we denote tho right-hand side of this inequality 
by and apply Schwarz’s inequality, wo find that wlion m>n 

m w 

S I cos KB + sin pa; I ^ S Vi®/ H" K^) 

F»=»f)‘hr v«»fi'hl 

since is the amplitude of tho periodic function 

cosi^aj + sinj/o?. 

00 J 

But owing to the convcrgeuco of S - tho right-hand side, 

which is independent of x, can be made as small as wo please by 
choosing n and m largo enough, which proves tho absolute and 
uniform convergence of the series.* 

In order to prove the above theorem for sectionally smooth 
functions which are discontinuous, we first consider a special 
function j/r(a?) of this typo, 

* Tho Bfinio consitloratiom show incidentally that for periodic fnnotions 
with continuous dodvatives of tho (A - l)-th order and dorivntivos of tlio 

A4h order which are at least ccctionally continuous, tho sum 21 -h Ai/*) 

romalne below a fixed bound. This gives us a definite statement about tho 
order to which tho Fourier coefneionts vanish. For such a function tiio Fourier 
Berios of tho derivatives up to the order (A - 1) converge absolutely and uniformly, 
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In tho interval —tt < a; < we define i//(a’) as equal to a?, out 
side this interval ifi(x) la extended, pciiodieally According to 
p 4.10 its louiiei series is 

q/siu'C sin2u , BinSaj \ 


This senes cannot be iinifoimly coineigent for its sum is 
the discontmuous Ivinction iIj(x) AVo shall show, howcvei, 
that tho convcrgoncQ is uniloim m cvciy mteival — 
for wliicli 0 < J < TT 

The proof is based on a special artifice Wo obaeivo that in 


the interval -l^x: 


I 


I the function cos - is never less than tho 

A 


positive quantity cos „ — K wo multiply tho absolute value 


of the difEcionce bitwcdi tlio m tli and n th paitinl sums of tho 
above series (m > n), that is, tho cxpicssion 


\S„ix)-S„{x)\ 

_ „ am (n + 1 )a? sin (n 2)x , 

^+T- 


H 


sinm 

m 


by tho function cos then in accoidnnco with tho well known 

trigonometric formula 2 smw cosv = sm(« -p v) + sm [u ~ v), wo 
obtain tho absoluto value of tbo oxpicjsiou 


„ X 1 ^111 (n+ l)a ; _ Bin(w | 2) a ; ,_ 

2 ' n -h 1 « 1- 2 

__sin(n-| |)a._sin(n-| |)a; ._ 

ft-j-i «+2 

■ Bm(«+^)a; ■ flin(» h|)a! _. 

»+l «“|-2 «-[ 3 


j_ Bm(w+§)a! 
■“ m 


* Wo are lod to this m iifioo natinally by obsorviitg that tho fwnotion 2y cosy, 
when oxtondoO peiiodically boyond tho interval loinains con 

tlnuouB BO tlint accotdinf:, to tho /irst part of tho thcoHin its 1 oimor soiios 
must converge niufoiinly ancl imiRt lopicBont tho fnndion ihisRouos howovoi, 
15 obtained if wo multiply tho loiuici soiiob foi 2w by cosy If wo now put 
y fr/2 this multiplication loads to tho stops m tho toxt 
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If m\ (^otiiltiun ilih loriiiH ou <lio liuvn th*v 

iminomhn’rt, wo olHuin llio n\prr.i;iiiin 

jiiii (h I I Min{»f I 
n I I yn 

. nin(7/ I J);i? i\\n{n | 

(n \ l)(n 1 :J) [n \ \ :’0 (m [)m ' 

iind Hiiutn <nj;i . a* juhI I ’ I, wo filHiin* tlo* i ^diituHo 

♦I ' ‘ 




^.(.'■)l 

I 


.'l ' I...! ' 

[.?4 I I m (» I 1) (?4 ! VI) (m I 

I^uIj tlio oxfMiVifiioii (in tliii rmUl dni ii iinl dojM nd i*n nnd in 

I 

virUKHif liluMinnvc'mnu’o Ilf I htMiiTini ii , il> (itn iniolo 

. .1 r(r 1 1) 

iiH Muudl ao svii pliMiiih l»y tdiiMvanp u mim! in loi/tp mioifdi, 'I’hia 
iinjilira llin uniform (’(inViU/Muao (tf flu* Kmuior irn» jj, wJnrh wi* 
mmiwil. 

Now fludi \Yu tmv(i (ihluiurd flto oxjomhinu for n )*utfirnl«r 
ilmr(inliininim fniMdinii, wn ran (if. |i. 411) fianidii IhoilitniM 
liiliilify In any ailniimv pinul. in lln^ infrrvnl hy (lanflufinh nf 
iUi) VMiViS {)v nf IliM (!(i (Uiliiiaif' ayhlniii. In fuM, flii* ftim hmi 

(i) ain:!(;r ,^) \ 

IJ n 7 

ia (Uiiilinunna (^xci^pf al. ihi’ pninla (:!/ | 1)// | f, wlo yf» k in an 
inliifjiU*.. On [ianainp^ llicao pniida, hnwnvot, f hn fnm tnoi jiiiihip:i 
hy nu ainnnnl) Vl/r, frtiin f Im vntiiM n ti» fhn vaino tin nf 
fhnan piiiniH tln'iiiKnlvort fin* viilin* nf fin* ftniofiMn in vvw, 

If iuiw/(;r) ia any nrnfiinmlly aininifh fnin tinn wlnt h in fhn 
ininrvul - ?y ^ i ;i:" ; tr in (tb nnfiinimiM only ni On* |*niiifa 
du ^a» * * * f (ivn jf <01 piiMuniL^ On nn pniiifa from l» ff njidd* 
Ilia furnliori jnnipH hy iho iiinnniif?i . . . , n fjn i Ovp ty, 

ihan IliM Innofinn 




(i) 

“V 1 


/{■>') l „ ' '/'(:« I If 




'/' O*' 




/;.) ! 

U 


s,. 


i/( ( r I 'i « , , 
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wall bo continuous and scctionally smooth, and hcnco by the 
prcviouB proof can be expanded in a umfoimly convergent Foiiner 
senes We now obtain tbo Fourier series of tlio function/(O/) by 
adding the finite number of Fourier senes coriespondmg to tbo 
8 8 

hinctions —^ it— ^m) term by 

Stt 

term Our tlicoicm is thus proved 

This result is quite adequate for most mathematical investi 
gations and for applications Wo would, however, point out 
that the investigation of iouriox series has been pushed much 
further The conditions for expansion in Founor senes which 
we have found hero aro suffioientf but by no means necessary Fimc 
tiona with far fewer continuity properties than those discussed 
here can be represented by Fourier seiios There is an extensive 
literature devoted to these questions and to the general pioblem 
of tlio expansibility of a function m a Fourier senes As a 
icmaxkablo result of such investigations wo mention the fact 
that there aro continuous functions whose lounor series do not 
converge in any mtorval, no matter how small Such a result 
does not m any way impugn the usefulness of Fourier scries, 
on the contrary, it must bo regarded as evidence that the con 
cept of a continuous function involves fairly complicated possi 
bilities, as has already boon shown by the example of continuous 
functions which nowhere have a derivative 


Appendix to Chaptei IX 

Inteqkaiion oit boumnn Scuils 

One of the remaxkablo properties of Fourier sexies is thou 
term by tcim mtcgrabihty In genoial, a scries can bo intcgiatcd 
fceim by term if it is umfoimly convoigcnt, othomiso toim by 
term integration may lead to false results In contrast with this, 
for Fourier soiies, wo have the thcoicm 

If f(x) ts seckonally contimious %n ^rr ^ x ^ tt, and if ilie 
senes ^ao+S(a,, coax k K JPouner senes correspondmg 

to f(x), then this senes can be ^nicgmlcd ieim by term between any 
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IhnitH ^ and \ Ufhuj in ihv wU rvnl - vr r k r * v?; an 

' I -- a^.voi\i\rd:r, 1 ^ h^,tH\\ vj'dj 

AhiVt tm )\ for i rt i f/ JiJt d rohtr of f f/u' ,sf j n .v nn f/ot rlt//if 
vnifoitiil// in >f\ Tim fi urtm^ nf lliia in thiil 

nol- only il<i wo i»ti> r«’i|uirn !lmf» l.lu- iMMiiirr tif*r ir a Un/{.t ) nliull fm 
iinifninily rMUVi*r|»i*Ht., ImiI wo iwwA imfr f'vnn lUiiMinm tlinft it 
i!nnvi*i|»r.'i uf< alL 

Trj prnvn I 1 mm, Int^ llm fimt l inii F{ir) ha diTuM'il hy tho tajuiiliMU 

J {/M ' ‘ fnirniiiMi IH Mf'f tinimlly Miiiunt h, 

mnl hy ilu^ ili^liiniiiin nf n,j wm hivo f{n) Pf ^'0 that 

7''(»r) <iu!i liM MxlMUiir<l pMi MMlirully nml roni iiniuUMly* *\'ho Kauriar 

wnii'H JW|j I X (Wj, MiviKf! 1 7^,, tiiimu) af i\io fiiUiriion /'*(;!) Ihrir 

t 

loro < (mvor|i;i‘H nnifinioly in /<*(/). Wi^ now iiivonlijiiata flii^ on 
ollirioolH anil 7^,,. Ily inri*/»m(iiin liy |nnta ao on p, 4 1*1. wo 
liiiil iha(., for v ; - II, /I,,: ? inul ajv. llfin o fur to\y 

viiluoH ainl iij in llm inf.orvut > n ■ "[ -jr; 'I tt, wo hnxo 

Fix)- •/''((•) r - I (lliiu-jl ■ } 

' >1 (hin r,r Min (roa i.r roa rf) |, 



MouviM|;jri|< unifiaoily in ir, H wo lojitmo f(.i) hy ita ili liuifion, 
thiM Itoi'oiiioa 



1*4 (n^f vm i\t dx \ h^j ain t 
^*-.1 *'( 


wllioli WHH l<» ho provoil, 

ll in ojiMy In hvo IImiI if/(;r) ]h porioftin aial Modiunally oon- 
linunuH (ln^ li’rin hy toiiii inlrgmlinu t un ln^ prrfounod ovor any 
intorvul wlnvUivtn*. 



CHAPTER X 


A Sketch of the Theoiy of Functions 
of Seveial Vaiiables 

Up to this pomi we have concorned oiusolves exclusively 
with functions of a single independent variable Wo must now 
go on to considoi functions of sovoial mdepondont vaiiables 
Even the applications of the caloulus force us to take this step 
In almost all the lelationships winch occur in nature, m fact, the 
functions m question do not depend on a single independent 
vaiiablo, on the contrary, the dependent vaiiablo is usually 
determined by two, tliioo, or more indopcndoiit variables Thus, 
for example, tlio volume of an ideal gas is a function of a single 
variable, the pressmo, if wo keep the Icmpoiature constant, but 
not otlieiwisG As a rule tho tempoiaturo also vanes, and the 
volume depends upon a pan of values, namely, the value of the 
pieasmo and that of the temporatuio, it is tWefoie a function 
of two mdepondont vaiiables 

From tho point of view of pure mathematics also, tho need 
for detailed study of fimciions of several mdopondent vaiiables 
IS uigent Here we shall bo able to take advantage of wliat wo 
have previously learned, so that m many cases wo have only to 
make simple extensions of oui arguments 

It IS usually suHioiont to consider tho case of only two mdo 
pendent vaiiables x and j/, so long as no essentially now con 
siderations aio required for an extension to functions of tlueo or 
more variables In order to keep our statements and notation 
simple, theiLforo, wo shall consider only two independent 
variables as a iiile 

A systcmatio pieseniation of the dillorential and integral 
calculus foi functions of several vaiiables is impossible wilhiu 
the compass of this volume, but will bo given m Vol II 

467 
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of i liin I All Ihul; I in ilnnn hni o in to t lm rnnilnr 

u |iri'liiiiiniiry vinw of m>mn of tlin ih(i;.I. impoiluni nnw nonnnjilH 
null opriiiiiniiji. \\> nliiill fn-i|ni*o(Iy rnly on iuluifivn jilioini 
bililiy, llin full |»rouiii liniu/; iiMvnlo[iril riulu i ntu iil ly in \ oL 11 


1, Tuk ('0N<‘i:i'T o\f li'uNonON IN 'iiiK (’aui; (if »Si;VMtAU 
Vauiauij:?! 

1. FunolionH and ihvit UatmcH of Untinillon, 
h](|nul ioi]n of ihn form 

u j ' I u i ;i? > f/» u ’.l ift or u ^ v^( 1 - ^ - fr) 

^n^li^u u/r/nr/io>ioi! iv//ou n i,o rnnh pnir of vabu H (.?*, ;/). In fhn 
IhHt (lirnn of our nMimplin lliin rorri MpiUMliinni liohin for ovrry 
nynbuu of viilurH (ir, r/), wliib^ in ilu^ Innl. t'liho llin oouvnpouilfUM n 
liiin a lucniiiui' only for ilio,''n of vnlunn (r,;/) for wliirh ihn 
iiMM|unlily :r" I trun, 

III l liiN;n iMuu ji \vn any l luif n in a/omfion of llin iWr/rm/rn/ 
mmhh'H and y. 1*lim n7(|uv:<niuo \vi' luin in wliohuvnr 

homo law iiMi|tnn h vnhio of n no dtfintdruf iv/ro/Wr*, intrrr 
HiHOulin^' I/O nnnii pjiir of vahovi (;i,, ij) bnlou^iiig to « (•• rijiiiri 
npmilinil rnC Tlin rnliiliou imlwnini ur^ i/ mul ii louy bn hinfoil in 
Inrum of n "fuunlionni km kImivo, or liy umnuH of a \ vr 

Iml (Knrnpf ioii muili an in tlM‘iO(*Hof Miu rnriau^ln with rmlm 
ununl ji'\ nr if. iiiny follow from phyiiinil ol»Kf*rvnlioiiM, mu for iu 
Hlumtiu ill llu' iMifio of ihu (Irnlinaf iou for difforiiil Inti" 

lUflnH and lou|^ilU(inH. 11in rmirnliu) I in Ihul u fVrrrrA^/NUM/rorn 
nxialu. Siiiiilarly, u in ntiul to bo u fiiunlbui of (ho fhroo imlo 
pninlnut vuriulplnH if\ f/, z if for rnrh Uiiol of vuluou (.r, i/, st) of a 
onriiuin rnt iliorn (s\ihi« it cononpomliu^ vulno of u f^ivnn by nomo 
(Inlluib^ law; uiul niinilnily for ilm iUMUMul oiihm of fuiu f imm of n 

indnpi'nilnul; vuriublnn ir^ .. 

Thn Hr(/ of valur« wliinli thn pair (a*, y) vnn nwiimn i« tuIInI 
Iluv mitfn* of ilvfniUion of (ho fiiunf ion . - J{j\ y), Kof f hn pur- 
[>mm of tluH (‘Impinr wn hIiuII n-Mlnct our utlnmioii to flu* Mim 
jiluHli typcM of nin(.Mt of ilnlliiitioiu Wn nhntt noiUiiilur fhut {X, y) 
Ih limittMl nllhuc to u no ruttiMl rrU/iuyu/ar mfion {doumin) 

a r; a;r; Ift 0 y ;:l d, 
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or else to a circle detcimmcd by an inequality of tbe form 
(a; — a)* + {y — hf ^ 

In tbo case of functions of tbiec vaiiables x, y, z wc sball again 
consider only icotangulai regions 

o^y^d, e^z-^f 

and spbencal regions 

(x — a)® -j- (y — 6)® -|- ^ r® 

In dealing witb moio than three independent vaiiables geometn 
cal intuition fails us, but it is often convenient to extend geo 
metrical plnasoology to this case also Thus for functions of n 
variables Xy, , x„ we shall consider regions 

and also regions 

(®1 — «l)® + (*2 — «2)® 4- + (®n — ttn)® ^ 

which wo call rectangular regions and spherical regions respec 
lively 

2 The Simplest Types of Functions 

Just as 111 the ease of functions of one variable, the simplest 
functions arc the latwnal tnlegial functions or folyiwmah 
The most gcneial polynomial of the liist degree (linear function) 
IB of the form 

u — ax-\-hy c, 

where o, h, and c aro constants The gencial polynomial of tlie 
second degree has the foim 

u= ax^-\-hxy cn/-\ dx+ey+Z 

The gencial polynomial is a sum of terms of the form amn®”!/"* 
where the quantities a^n are aibitiaiy constants 

Eatwnal f) actional functions oro quotients of polynomials, 
to this class belongs o g the linear factional function 

me -h hy 4 0 

a!x + h'y + o' 


u>= 
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By extraction of roots we pass from tlio rational functions to 
certain algebraio functions,* e.g. 


u = 




(a! + y)^ \ 
-h ooy / 


In the construction of more complicated fimctions of sovoral 
variables we almost always fall back on the wolUaiown functions 
of ono variable;t e.g. 

u ^ sin {xy) or w = log {y^ + cos 


3. Geometrical Representation of Functions. 

Just as we represent functions of ono variable by means of 
emves, W6 seek to represent functions of two variables geometri¬ 
cally by means of surfaces) henceforward wo shall consider only 
those functions which can actually be represented in tliis way. 
Wo achieve this representation very simply by considering a 
rectangular co-ordinate system in space, with co-ordinates a?, 
j/, and w, and marking off above each point (a?, y) of the range 
(R) of definition of the function the point P with tho third 
co-ordinate u^f(x, ?/), As the point (a;, y) ranges over tho region 
R the point P describes a smiaco in space. This surface wo take 
as the geometrical representation of tho function. 

, Conversely, in analytical geometry surfaces in space are 
represented by functions of two variables, so that between such 
suifaeoa and functions of two variables there is a reciprocal 
relation. 

For oxample, to the fuuotion 

V(1 — a* — y*) 

there oorreaponds the hemisphere lying above tho a?, y piano, witli unit 
radius and contra at tho origin. To the function w *= ft;® + there corro- 
spends a so-called paraboloid of revolution^ obtained by rotating tho para¬ 
bola u = ft;® about the w-axis (fig, 1). To tho funotiona ^ and 

u^ecy there correapond hyperbolic paraboloids (fig. 2). The linear function 
w =! <nr -f 6^ -f 0 has for its graph a plane in space. J 

* For an ncourato definition of tho term “ algobraio funotion ** see p. 486. 

f Cf. also tho sootlon on compound fiincUone (p. 472), 

(If in tho function u ^ /(«, y) ono of tho indopondont variables, say y, 
docs not occur, so that u doponds on a; only, say « « [/(a;), tho function is 
ropresonted in a^yii-apaco by a cylindrical surface obtained by orooting tlio 
porpondiculara to tho ^ift;-p1ano at tho points of tho curve u « o{x). 
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Tins reprcsoiiiatioii by moans of lectaiigular co oidinates 
has, hosvovei, two disadvantages liistly, intuition fails us 
whonevcr wo liavo to deal with tliioo or moio independent van 
ables Secondly, oven 111 tho case of two mdepondent variables it 
IB often more convenient to confine tho discussion to the m 
plane alone, since in tho plane wo can sketch and make geometrical 
constructions without difliculty Fiom this point of view another 
geometiical lepicsontation of the function, by means of contom 
lines y IS to bo pi of erred In tho 'ey plane wo t iko all the points 
for which w—/(a, y) has a constant value, say k Iheso 




points will usually ho on a ourvo or ciiiwos, the so called contour 
lino for tho given constant valuo of tho funotion Wo can also 
obtain these cuives by cutting tho surface w —/(aj, y) by tho 
plane w = /c paiallcl to tho xy piano and piojoctmg tho curves 
of mtorsGctioii poipendiciilaily on to tlio xy piano Tho sysiona 
of these contoux linos, maikcd with tho coriospondmg values 

of tho height h, gives ns a ropicsontation of tho function 
As a rule Jo is assigned values in aiithmotio progicssion, say 
Jc = vh^ whole — 1, 2, Tho distance between tho contoux 
lines then gives us a measiuo of tho Rtoopness of tho surface 
u^f{Xy j/), for botwcoii every two ncighboiuing Imos tho value 
of tho function changes by tho same amount Whoio the contoux 
lines arc close together tho function rises or falls steeply, whore 
tlie lines are far apart tho suifaco is flatiish This is tho principle 
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on which contour maps such as those of the Ordnance Survey 
and the U.S. Geological Survey are constructed, 

In this method the linear fimotion u ^ axhy c is roprosonted hy 
a Bystem of parallel straight lines aX‘\-hy-\- h The function 
is represented by a system of concentric circles (of. fig» 3). Tho function 
u=^ ^ ^ 2 ^ whoso surface has a saddh ^oini at tho origin (fig. 2) is re¬ 

presented by tho system of hyperbolas shown in fig, 4. 

The method of representing the function «—/(», y) by con¬ 
tour lines has the advantage of being capable of extension to 
functions of three independent variables also. Instead of tho 



contour lines we then have the level surfaces f{x, y, z) = h, whore 
k is a constant to which we can assign any suitable scquonco 
of values. For example, the level surfaces for tho function 
+ + are concentric spheres about the origin of tho 

co-ordinate system. 


Examplb 

1. For eaoh of the following functions skotoh tho contour lines corro- 
spending to e = -2, -1, 0,1, 2, 3: 

(а) z = a-Y 

(б) * = (ca -p ys _ 1. 

(o) y\ 


(d) 

(e) z=y(i — _ _if_Y 



X} 
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2 CoNTtNUITY 

1 Befinltioa 

Aa m tlie case of functions of one variable, the basic require 
ment that functions should be capable of bung represented 
geometrically leads to the analytic condition of continuity Here 
again the concept of continuity is given by the following do 
fimtion a function u= f(x, y), defined in a legion U, is said to 
bo conlinuom at a point (^, ij) of ^ if for all points (x, y) near 
(^91?) llio talue of the function f(x, y) dijfos but Utile from ij), 
the difference being arbilranly small if only (x, y) is neai enough 

io ($, V) 

More precisely the function f(x, y), defined in the region E, 
ts continuous at the point rj) of E, poinded that for emy posi 
live number e it is possible to find a positive distance 8 = 8(e) 
{m geneial depending cm e and tending to 0 with e) such that for dll 
points of the region whose distance fiom (i, vj) is less than 8 
{that is, for which the inequality 

holds) the relation 

\ /(«. y) —y) 1 ^« 

IS satisfied Or, in othox words, tho relation 

IS to hold for all pans of values (/^, Jc) sucli that Ji^ + Ji? ^ 8® 
and H- A, rj ^ h) belongs to the legion R 

If a function is continuous at every point of a region U, 
wo say that it is continuous tn R 

In the definition of continuity wo can loplace the distance 
condition ^ 8^ by the following equivalent condition 

To every e > 0 there shall co)re$j}ond two 'positive numbers 
Si and 82 such that 

\f{i+kr) + Jc)-Mr})\^e 
whenever [ A | ^ and ] A | ^ 8^ 

The two conditions arc equivalent For if tho original con 
dition IS fulfilled, bo is the second if we take 81=82= 8/V2, 
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and conversBly, if tlie second condition is fulfilled so is the fiist, 
if for S we take tlie smaller of the two numbers S^l and 82* 

The following facta are almost obvious: 

The sufTiy diffmnce, and product of continuous functions arc 
also continuous. The quotient of continuous functions is continuous 
except where the denominator vanishes. Continuous functions of 
continuous functions are themselves continuous (of. tho note on 
pp. 473 - 474 ). In particular, all polynomials are continuous, and 
all rational fractional functions are also continuous except wh&t'c 
the denominator vanishes* 

2. Examples of Discontinuities. 

In the case of functions of one variable wo met with thrco 
kinds of discontinuities: infinite discontinuities, jump discon¬ 
tinuities, and discontinuities at which no limit is approached 
from one side or both. With functions of two or moro variables 
no such simple classification is possible, In paiiiicular, tho situa- 
. tion is made more complicated by the fact that discontinuities 
may occur not merely at isolated points but also along whole 
curves. 

Thus for the funotion u «= —-— tho lino aj «= f/ is a lino of inflnito 

diacontmuity, As we approach tho hne from ono sido or tho other tho 
values of u inoreaso numoifcally beyond all bounds tliiough positive or 

through negative values. Tho funotion u has tho aamo lino of 

(X y)^ 

discontinuity but tends to +00 as wo approach the lino from either sido, 
Tlie funotion u ^ -has the single point of discontinuity a; ==: 0, 

+if j 

w 0. Tho hmotion :=5 sin -r—-tends to no limit as wo approach 

tho origin; tho surface which it represents is obtained by rotating tlic 

graph of tho funotion w — sin i about the w-axis. 

Another instruotivo example of a discontinuous funotion is given by 

tho rational funotion u — In tho first instance tho fimotion is 

x^ + y^ 

♦ Another obvious fact, %vhich, howovor, is %Yorlh is ns folio wsj 

if afuTiclion f(x, y) ia continumia in a r^ion B and is different from zero at an 
intericr point V of the region, it ia poeaibk to mark off about V a 7uighbmtrhoal, 
aay a circle, helmging entirety to B, m which f(x, y) ia nowhere equal to zerfi, 
Eor if tho value of the funotion at P is a, wo oan mark off about P a circle so 
iinall that tho value of the function within tho oirolo differs from a by loss than 
0 / 2 , and thoreforo is certainly not zero. 
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point 111 tLo p(f> piano with icotangulai co oidmates p, ^ Thus 
fcho region H, a ^ p ^ b, is ropresciitod in, the 

piano by a loctanglo R', a-^ p^b, a ^ ^ / 3 , and 

eaoL small icgion R(j, p^^^ ^ p^ pf, ^ ^ ^ is represented 
by a small rectangle R,/ But the aiea AR„' of the rectangle 
R,f 18 not the same as tho area A/f,, of 1 ?,^ The lelatioa 
between them la easily found Tho aiea AR,/ is simply 
{p( — while tho area 13 given by tho 

formula 

AR»— {{(jif — ^/_i) (pi® — p<_i®) 

== i(p< + Pi-i) {‘I’i~ i'f-i) {pt— Pm)~ l(Pi H Pm)AR</ 

In each region Rfj lot us now choose tho point p,= |- p,_i), 

^ Then by definition 

= hml.f(p„ ^,)ARt, 

But ^f(Pi> — S/(pi, ^i)p(ARf/y 

and tho latter oxpiession is just tho sum which wo form in do 
fining tho double intogial of tlio function/(p, <j>)p ovoi Ihoreot 
angle R' in tho pcl> piano Ilonco as tho fineness of tho subdivision 
increases tho sum uppioaohos this intcgial and 

^)dr=J fjiPi </»)pt/r' ~J Jjip, <l>)pdpd<l> 

=j[‘(j[V(p. ^)pdi^dp -fi^fjip, 0)pc?p)# 

A a an oxainplo, lot uh oalculaio iho volumo V of tho Bjihoro of iftdlua a 
^lio ui)poi liomisplioio 1 h given by tho ct^unlion tt V(a® — p®), 0 g p g a, 
0 g <p ^ lluiB 

1 a , 27 ca® 

“si, 

BO that F g 7ta* 
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undofincd at aJ = 0, ^ 0, and wo Bupplomont tho definition by assuming 

that w(0, 0) ~ 0, This function hm a peculiar typo of discontinuity at tho 
origin. If we put aj =s= 0, that is, if wo move along tho y-axis, the function 
becomes w(0, y) = 0, wliioli has tho constant value 0 for all values of y. 
Along tho wo liko^viso have it{x, 0) = 0* Thus nt tho origin tho 

function y) is continuous in x if wo keep y at tho constant value 0 and is 
continuous in y if we keep x at the constant value 0. Nevertheless, tho 
function is discontinuous when considered as a function of tho two vari¬ 
ables X and y, !For at every point of tho lino y=x\fQ find that « = 1, 
BO tliat arbitrarily near the origin wo can find points at which u assumes 
the value 1, The function is therefore discontimioua at tho origin,* and 
cannot bo defined at the origin in such a way ns to mako it continuous. 

The above example shows that a function can be continuous 
in X for every fixed value of y and continuous in y for every fixed 
value of X and yet discontinuous when considered as a function 
of the two variables. Tho essential point in the definition of con¬ 
tinuity is that tho value of the function at a point P must bo 
arhitrarily close to the value of tho function at a point Q, provided 
only that Q is near enough to P; it is not permissible to restrict 
tho position of Q relative to P in any other way* 


Examples 

1 . Examino the continuity of tho function z *= 4^;* Sketch tho 

lovol lines z~ k {k<^ —i, —2, 0, 2, 4). Exliiliiti (on ono graph) tho 
behaviour of « as a function of x alono for *—2, •“!, 0, 1, 2. Similarly, 
exhibit the behaviour of 55 as a function of y alone for »*= 0, ±1* d:2. 
Finally, exhibit tho behaviour of 55 as a fimotion of r alono when 0 is con- 
Btarit (r, 0 being polar oo-ordinatos). 

2. Show that tho following funotions arc continuous; 

(a) 8in(a;»+y). (c) ^L±-?!, 

Binmj ** + V* 

' Va?T?' (d!) a;»Iog(ie‘ + y''). 

* More gonorally, on tho straight lino y « a? tan a iiioliuod at tho angle <x to 
the a-axia wo have u ^ 2 tana/(l + tan* a) 2 sin a cos a sin 2a. The sur¬ 
face corresponding to tho function u ^ 2xyl{x^ + j/*) is thoroforo formed by 
rotating a straight lino at right angles to the «-axie about that axis until it 
coiuoidefl with tho a?-axiB, and slmultanooiialy raising or lowering it so that tlio 
height Bin 2a is associated with tho angle a. As a iiioroaaos up to 46® tho 
atraight lino rises to tho height 1, and subaoquontly falls to tho lovol of tho 
y-axis and bolow it to tho depth 1, thoroofLor rising again to tlio lovol of tho 
ar-axis. Tho surface onvoloped by tlio moving straight lino is known m tho 
cylindroid; it Is of importanco in moohanios. 

Cb7»8) 16 
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3 Find whether or not the follo\\ing funotions arc oontmuous, and 
if not, where they are discontinuous 


(a) sm?J! 

X 


(&) 


IT* + 2^® 


(o) 


+ 


(d) 


9^ H y* 
+ !/ 


S The Derivatives of a Function of Several 
Varubies 

1 Definition Geometrical Representation 

If in a function of several variables wo assign definite niimoncnl 
values to all but one of the variables and allow only that oiio 
variable, say to vary, the function becomes a fimotion of ono 



Venable Wo considci eg a function w=/(a;, y) of tho two 
vaiiables x and y and give y a definite fixed value y^y^^^c 
Tie function u ==/(a?, of tho single variable x which is thus 
formed may bo simply lopresentcd geometrically by letting tho 
surface u^f{Xy y) bo cut by tho piano y — j/o ^ 

The omve of inteisection thus formed in the piano is represented 
by the equation w=/(a?, j/q) H difieicntiato this function in 
the usual way at tho point (wo assume that tho derivative 

exists), we obtain the j)aiHal dmvaHve of f(x, y) with respect to 
X at the point (% j/q) According to tho usual definition of tho 
donvative this is the limit * 

/KH- h yo)-/(a!o, yp) 

* If (iTo j/io) Ib a point on tho Boundary of tho region of dofiniUon wo maho 
tho roatriction that m tho passage to tho hmit tho point {a? + h, y^) must ahvaya 
roinaia m tho region 
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Geomotrically this i)arfciiil dorivativo denotes tlio tangent of tho angle 
botween a parallel to tho a;-axis and tho tangent lino to tho curve w = Vq)* 
It ia thoroforo tho slope of the surface \i = f(x, y) in the direction of (he 
x-a(cis. 

To represent these partial derivatives several different nota¬ 
tions are used, of which wo mention tho following: 

lim />oH-A,yo)-/(%yo) 
h —0 h 

If we wish to emphasize that the partial derivative is the limit 
of a difference quotient wo denote it by 

or — f. 
dx dx'’ 

Hero wo use a special round letter 0 , instead of tho ordinary d 
used in tho differentiation of functions of one variable, in order 
to show that we are dealing with a fimction of several variables 
and differentiating with respect to one of them. 

It is BomotimoB convenient to use Cauchy’s symbol D, men¬ 
tioned on p. 90 , and write 

V _ 2) /■• 

hut wo shall seldom use this symbol. 

In exactly the same way wo dofino tho partial clorivativo of 
f{x, y) with respect to y at tho point (% by tho relation 

= SJK !/.)• 

*->-0 K oy 

This represents the slope of tho curve of intersection of the sur¬ 
face u—f{x, y) with tho plane x=:Xq perpendicular to tho 
a:-axis. 

Let us now think of tho point (a!o. Vo), hitherto considered 
fixed, as variable, and accordingly omit the suffixes 0 . In other 
words, wo think of the differentiation as carried out at any point 
(sc, y) of the I'egion of definition of/{«, y). Then tho two deri¬ 
vatives are themselves functions of x and y'. 

y) y) = «»(®» y) ’=/*(*> y) “ "fe --- 
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tor example the fimotion « = a-** + y Imq tbo partial (loiivati\P4 
!= 2v (m differentiating, -with icspeot to ^ the term is regnidul ns a 
constant and so has the derivative 0) and = 2i/ Ilio partial donvativcs 
of u ^ are = 3x^i/ and 


We sumlarly make the following definition foi any miinbor 
(n) of independent variables 

_ > ^n) 

= ]xax 

;i->-o h 

= /*.(®l. »2. . ®n) = »a. » »«). 


it being assumed that tbo Inmt exists 

Of course we can also form higher partial denmhves of/(a?, y) 
by again difierentiatmg the partial derivatives of tim “first 
order y) mdfy(x, y), witli lespect to one of tbo variables, 

and repeating tins process Wo indicate tlie oidoi of diftoron 
tiation by the order of the suffixes or by tbo order of tbo symbols 
dx and dy m the “ denominator ”, from right to loft,*^ and uso 
tbo following symbols for tbo second partial derivatives 


dx \ 9 aj} 
dx \dy/ 
> 


■ /«» “ 
_ 


dxdy 


■ fav — ^\vf> 


1(^1 

dy \dx, 


Jm ■ 


dydx 
dy\dyj df 


-»\v/ 


We likemse denote the third partial derivatives by 



• In Contmentd usage on the other hand ~ (is written ~i~ 

^x\dyj 3ySx 
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d 



dx 

\9a;^‘^V 

a®” •'“ 

A/ 


^ 3"/ 

9y' 


dyddD^^^^ 




Einally, wo shall study a few examples of the actual calcu¬ 
lation of partial derivatives. According to the definition all the 
independent variables are to bo kept constant except the one 
with respect to which wo are difiorentiating* We therefore have 
merely to regard the other variables as constants and carry out 
the differentiation according to the rules by which we difieron- 
tiato functions of a single independent variable. 

Thus for oxamplo wo liave: 


1 , Function 
fii’st derivatives, 
second dorivativos, J 

2 . Function 

firet dorivativcfl, = 


/(a?, y) == xyi 

P » 0, /jpj, «= Aaj = 1, fyy 0. 

f(x, y) x^V{x^ + 

X . ^ y 

V{x^ *f y®)' ^ V(a;^ + V^y 


(Tima for the radius vector r = V (a;® -|- y^) from the origin to tlio point 
(a;, y) iho partial dorivatives with roapeot to aj and to y arc given by the 
cosine, oos^—aj/r, and tho sine, Bmq>s=sy/r, of tlio anglo 9 , which the 
radius vector makes with tho positive direction of tho a-axisi) 


Second derivatives, 






fm — 

/(W ^ fv» ^ 


Bin^y 


a;a yi 


V(a;^ + y^® r 


V\x^ + F)® 


smy cosy 


^V(a? + y*') a. 
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3 Reciprocal of tlio radius vcotoi m three dimensions 

first derivatives, 




/« ^ 
/v = 


_ X _ 

V I 

y ^ 


, _ z _ z 

V(s;» I if I 


Booond dorlvativca 


^'T Jl/V' 




r TiT 




,5 » *^V 2 ■ B » 


1 , 3 .* 
Tn I -rr^ 




Prom tins tvo bco that for the fimotion /«=* —t '-;—ttk 

75? I »• I 

f uf +( __3 I ?!:iJj!Liil>_o 

JrtaJ r Jyy ^ J %9 I ^ 

holds for nil values Qlx,y z oxoopt 0,0,0, as wo say, tho otiualiou 
fm H /vv I faz ^ ^ 


is flfttisQcd identically m tr, y zhy tho fimotion/(a?, y, z) ^ 1/r 

4 IFunotion f(x, y) > 

first donvatives, 


e-(n'-(t) liy 

Vy 

1 ■d^At~(»-oyiiy, 
yy 2y 


Bocond dorivatlvo<3 




fa 1 

\4 


4 


J/W2 8^7/ 

3 (»!-«)> , (a!-a)«' 


J/ 




1^ «“(*' 


><i)VAy 
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/(WJ fv^ ^ 

is thorofore satisfied idontioally in x and y. 


Just as in the case of one independent variable, the possession 
of derivatives is a special property* of a function. All the same, 
this property is possessed by all functions of practical impor¬ 
tance, except perhaps at isolated exceptional points. 

In contrast with functions of one variable, the possession of 
derivatives does not imply the continuity of the function. This 

is clearly shown by the example u ^ aheady considered 

on pp, 46drHl;65; for the partial derivatives exist overywhero, 
and yet the function is disoontimious at the origin, But, as is 
stated by the following theorem, the possession of bounded 
derivatives does imply continuity: 

If a fimction f(x, y) has partial derivatives 4 and iy evei'yivhere 
in a region B, and these de)ivatives everywhere satisfy the in- 
eqmUties 

y)\<^> IA(«. y)\<M, 


where M is independent qfx and y, then f(x, y) is continuous every¬ 
where in R. 

In particular, if /„ A continuous they aro necessarily 
bounded, so that/(!B, y) is also continuous. 

Th .0 proof of this tlioorem wo shall loavo for Vol. 11. 

The reader will have noticed that in all our examples the 
equation /««?= Am satisliod. In other worrls, it made no dif¬ 
ference whether wo clifEorcntiatod first with respect to x and then 
with respect to y or vice versa. This is no accidental occurrence. 
In fact, wo have tho following theorem: 

If the “ mixed partial derivatives f„y and fy, of a function 
f(x:, y) are continuous in a region 11, then the equation 

A«”Av 


holds everywhere in tho interior of this region; that is, the order 
of differentiation with respect to x and y is immaterial. 


♦Tho expression “diCforontiablo" itm)lios more than that tho partial dorU 
vatlvos with rospeoi to » and to y exist. Ci. Yol. II, 



^^3 FUNCTIONS OF SEVERAL VARIABLES [Chap 

By applying tins tinorom to /* nul /„ then to 
and 80 on, wo find that 

fcsxv ^ ^ fvxxi 

fxvv ^ fvxv ^ fvvxi 

fttxvv ^ fxvxv ^ fxvvx ^fyxKV ^ fvxya ^ t/t/i/aw , 


and in general wo have the following lesult 

In defeated differenhaiion of a function of two variables the 
order of (k^oeniiaUon can he changed aihtranly pomded only 
that the denvaHves in question aie continuous functions 

Tor the proof of this theorem wo refer the reader to Vol II 


Examples 

1 ITmd the first partial derivatives of the following 


id) ^ -=- 

' ’ Va + -B +«/“ + z>) 

(e) y Bin(T 2 ) 

(S) logV'(l + fc* h I/*) 

2 ITind all tho first and second partial doiivativcs of the following 
(o) ay (d) x'> 

(6) logay (e) e<’^) 

(o) tan(aio tana | arc tany) 

8 * Find a function /(a y) which is a function of {a* + y*) and 3s also 
a produob of the foim 'l»(a)ili(y), that is solve the equations 

/(a y) = (p{a* + y*) »= <Ka)i|)(yl 
for the unlmown functions 


(o) V** + 

(6) 8m(a* — y) 
(c) 6*^-3" 


4 The Chain Eum and the Doterlntiation or Inverse 
Funohons 

1 Fonotions of Fnaotions (Compound Functions) 

It often happens that a function u of the mdopoudent 
vatiablos ®, y is stated m tho form 

), 

whore tho arguments of the function / are themselves 

funotions of x and y 

^—< f > ia ), y ), s? == 1/), 
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We tlion say that 

«=/(^, 1?. •' •) y), y )>...) = ■P(®. y) 

is given as a cornpoimd function of x and y. 

Pot example, the funotion 

SM e^'y{x -\- y)^ 

may bo written oa a compound function by means of the relations 

u «= 6^7)8 = /(5, V]); 5 ^ X% YJ === a; + y. 

Similarly, the fimotion 

u log (a; + 1)» arc ooa V(4: — a;^ — y^) 
oan bo expressed in tho form 

M := Y) arc 008$=== /(?, ri)i 5 = V(4 - - y% yj = log{aJ + 1). 

In order to inako tliis concept moro precise, wo assumo to 
l)cgin with that tho functions ^ = <j){Xf y), 7} ~ ijj{Xy y), , « . arc 
defined in a certain region R of the indopondont variables oj, y» Then 
to ovoiy point (ic, y) of R there corresponds a point yj, • • •) 
in tho space with co-ordinates yj, ♦ . . . As tho point (a?, y) 
ranges over jR, tho point (^, '»?>•*.) range over a certain 
set of vahies. Wo assume that tho point yj, .,always lies 
witliiii a region S in which/(^, y?, ♦. 0 is defined. The function 
u — y)» y), . • v) i® defined in the region 

R, 


Boforring to our oxamploa, in tho flrst wo And that 5 and y) aro doHned 
for ovory a?, y and/(?, 7)) is defined for ovory y), so that o\ir region II oan 
bo taken to bo the whole a^-plano. In tho second oxamplo, however, the 
region S is restricted by tho inequality | 5 | ^ 1> Binoo for | ? | > 1 tlio 
funotion aro ooa ^ ia undofined. Secondly, tho region B is rostrioted by tho 
inequalities a? 4- 1 ^ 0 and + y^ g 4, since for other values 5 t) 
aro not both defined. Tlurdly, tho region M must bo further limited by tho 
Inequality 3 g -I- y® in order that tho point with co-ordinatca y| 
sliall fall in that ia, tho roetriotion | § | g 1 implies that a;® + ^ 3. 

Hence M consists of tho part of tho ring 8 ^ + y^ ^ 4 lying to tho right 

of tho lino X » —1. 

Tho following blieorom on compound functions is an im- 
inediato conaequonco of tlio definitions: 

If the function u — f(^, y;, ...) is continuous in S and the 

functions i = ^(x, y), yy ifj(x, y)t * * * continuous in R, then 
(« 708 ) 16 * 
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the compound fmdton ii — 'P('c, y) is conlinuom m II 'I’lio reader 
Will be able to prove thm for Inmsolf 

2 The Chnm Eulo 

Wo now turn our attention to compound funotions of tlio 
typo rj, ), wlioio ij, depend on tlio singlo 

vaiiablo a 

^ == 0 (»), 17 = 

Ifoi such functions wo Lave the important theorem known as 
the o 1 mn rule 

If the funriion u=:f(f, 77, ) has conliimous paiUul iloi 

vahves of the first Older in R and the fmdions $ =• f/i(x), rj ~ ^>(x), 
have conlmnous fi/ist derivatives in the interval B, a ^ x < b, 
then ii = f{^^(x), !/j((x), } = li’(x) has a continuous derivative in 

R, and 

m^ftm+f.v'ix)^ 

Tlio right hand side of tins equation is an abbreviation for 
f({<l>(x), >li(a>), }<i'(a!) + 

To simjilify the notation wo shall assume that/la a function 
of the thieo aigumonts 77, $ Wo shall donoto by ao an aibi 
trary fixed point of the mtoival a by 770, fp 

the oorrcsponding values f„«^(a;o), iJo=<A(®o), “ x(»o)i 

and by 77, ( the values ^(oi), p^(a) coiicsponding to a 

variable point Xq -|- h We fcst write down tho identity 

^fiC, V> 0 -/(fo. to) 

— {fit, r)> t) ~-f(^ 0 ) V> 0} + {/(^oi ’ll £) —/{^oi Vo> ^)} 

-MM.’lo, 0-f(io> Vo>to)} 

Tn each braokot on tho right wo observe that only one of tho 
independent vaiiablos changes its value Ilonco to each biaokot 
wo can apply the mean value theorem for functions of ono vanablo, 
and obtain 

F(x) - F{^) 

==i^-io)Ml % S)^ (’?-’?o)/,(foi^, C)-l'{C--g/r{^o. ’lo. 0. 
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wliero ^ lies between and between and i;, and ^ between 
{(, and Eurthor, by the mean value theorem, wo have 

^ — ^0 == ~ ^(»o) = (» “ iCo) 

V~Vo== ^(®) — 'A(»o) = (» — ®o) 'A'(»a). 

S ~ ^0 = X{*) “ X'(»o) = (»•“ aJo) 

where aii, aia, and a-g all Ho between (Sq and x. Substituting thcso 
values in the last equation and dividing by a — a'g, wo have 

F{x) - Fjxg) 

X—Xq 

^Ml V, m^i) +Mio. n> tWM "hMU Vo, l)M- 

Wo now lot X tend to ap. Owing to tho continuity of ^(a), 
X{x) tho_quant[tio8 ij, C tend lio ^o> Vo, Co I'ospectivoly, and a 
fortiori ij, ^ do likowiso. Also x^, a^, and ag tend to ap. 
Since all the functions on tho right are continuous, wo have 

lim 

=M^ 0 , Vo, CoHW-fni^o, Vo, CoWi^oWd^o, Vo, Q x'KN 

thus establishing the formula for F'{x), 

Tho continuity of F'{x) follows immediately from tho formula, 
since (j)', i//', and x' are continuous by hypothesis aud/(, and 
are continuous functions of continuous functions. 

This theorem may bo extended to compound functions of 
two or more variables, as follows: 

If the function u — .) has continuous partial (hri- 

vatives of the first order in the region S, and the functions ^>(x, y), 

•q = ^(x, y),... have continuous partial derivatives of the first order 
in E, then u — r(x, y) = f{<^(x, y), ^4(x, y), . .. } Ms continuous 
partial detivatives of the first order in E, and these derivatives are 
given hj thefcrrmulw 

"h • • • p 

These formula) are often written in tho abbreviated form 

Mffl ~ ^aj "f" W,, ”1" • • • t 

Wy = Uf^f, -|- U^7]i/ “|- . • • » 
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To establish them wo temporarily intiochico the notation 
g{x) — <^(aJ, h{x) = i/r(a;, , where is a fixed value 

of y By the definition of the paitial daivatives it follows that 
g\x) 2/o)» k\x) = y^), Siinilaily, if wo wnte 

n\x) = F{x^ y^)^ we havo ir{x) = F^(Xi y^) We now apply the 
theorem just proved to the function n{x) —/(^, rj, ) 
}> obtain 

Retiraung to the oiigmal symbols, wo have 
a(^0» 2^0) ^ I/q) fn^vi^Q) 2/o) 

The other foimula is proved in a similar way 

If we wish to calculate the derivatives of lughcr oxder wo need 
only difierenti ito the right hand side of our formula) again with 
respect to x and y, regarding /^, as compound fuiictiona 

Thus for «=/(^, rj) y), i/i(a!, y)}, wo have 

=ftt4a + ^ftr, i>ie +/ 1 ),, +/f ^^«ia +/>) 

—/f f ^ V* "I" 2/f, >l>u +/,t| '/'v* +/{ hv +/, l/'vtf 


3 Examples'" 

1 t4= 

Hero wo puli 5 tan 2 / cos a?, bo that ^ = tany, 5v 

0a> Since u = = i4q £:=i > »i, and 

fiv tftni»+y C03AJ (tan 2 / — y sma;) 

« = e*tony+J'«>a»'(_^ + ooBa') 

Xdovy / 

2 An oxamplo of a compound function of a smglo variable is 

7,), 

where wo put § = g(x), 7) A(x) Wo immccbatoly obtain 


oos^^ 


da 


= (A(a:) log(7{i!)} 


Wo have already dealt with a special caao of this by rather artificial mothocia 
(p 203) 

* Wo would omphasizo that the following difleiontiations can also bo carried 
out directly, without using the chain rule 
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4. Change of the Independent Variables. 

A particularly important typo of compound function occurs 
in the process of changing the independent variables. Eor ex¬ 
ample, let u — /(^, 7]) be a function of ^ and t}, which wo interpret 
as rectangular co-ordinates in the ^ij-plano. If we rotate the 
axes in the ^ij-planc through an angle 0 wo obtain a now system 
of co-ordinates x, y, related to the co-ordinates n] by the 
equations; 

^ — xao&Q — ysind, •>} = ajsind-l-ycos0, 
or 3!== ^ COB0-|-siu(?, — ^sint*-h 1 J 0080 . 

The function u = rj) can then bo expressed as a function of 
tlio new variables », y: 

« =/(i> V) = 2/)- 

Tlion the chain rule immediately gives 

Ua COS 0 + sin0, Wy =5 — sin 0 -h coaO, 

Thus the partial derivatives are transformed by the same formula) 
as the independent variables. This is true for rotation of the 
axes in space also. 

Another impoitant type of change of co-ordinates is tlio change 
from rectangular co-ordinates x, y to polar co-ordinates r, 0, 
Tliis is done by moans of the equations 

s=5 r 0030, BinO, 

r = ff s--. tan 

We then find that for an arbitrary function W£==/(a), j/) with 
continuous partial derivatives of the first order we have 

^— f{^} V) =f{f OOB0, r sin0) jP(r, 0), 

I /) ^ ’ y . n sin0 

=== ^ COS0 — U0 -, 

f T 

1/1 Vi ® , rt , 008 0 

“ M/v + «A = «(. “ H- — Mr 8in0 -h Mj -. 

f f 
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3?rom this wo obtain tho equation 


whicli IS often useful 

In geneial, let us consider a pan of functions ^ === y), 

r) = y) winch, are continuous and have continuous deii- 
vatives m a region R of the %y plane To each point (a-, y) in R 
these equations assign a point ^ “ ^(aj, y), rj — y) in the 
^77 plane As (x, y) ranges over J2, tho coriesponding point 
(f, 7 }) Will range over some set of values S m tho ^77 plane It is 
of course possible that several distinct points (cb, y) will give the 
same values for 77, so that to several points (cc, y) there coitg 
sponds only one point 77) Wo shall assume tho-t this is not tho 
case, but instead that to one point 77) in S theie corresponds 
exactly one point P{x, y) m R We may therefore look at tlio 
correspondence from either pomt of view—saying that Q coi- 
responds to P or that P corresponds to Q The latter pomt of 
view can be expressed thus to each point 77) m S there coi 
responds one x and one y, namely, the co oidinates of P, or, in 
equations, there are two functions = 77), y=A(^, 77), 

defined in S, which represent the correspondence invoiso to 
i = <l>{x, y), 1 ) = ijs{x, y) 

It often happens that the functions jr(f, rj), 7 i(|, rj) aio by no 
means easy to calculate, even when they do exist Honoo wo 
shall now find how to obtam tho partial derivatives 
directly from tho partial derivatives ^v> without oal 

oulatmg y and h themselves at all For this purpose wo obseivo 
that if wo choosG any point 77 ), find the corresponding point 
v)) tlien find tho point m 8 conespond 

mg to P, which IS rj), 7i(^, tj)}, ^i{g(C, r}), h{^, •>})}, wo 

have Simply returned to the point Q That is, the equations 
v)> ’?)}. 'n ~ rj), 1i{^, 7 j)} aro identities 

in i and rj Wo now differentiate both sides of both equations 
With lespect to f and to ij We have 

1 “ ^xSt ® "I” 

0 == '/'a.S'j + 1 = 

* Jt an equation expresses an tdmitcal relationship, differentiation \sith 
respect to any independent variable m it yields an identity, as follows hn 
mediately from tho defimtiom 
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n 7i = — 7> — ^ 

9ii fy f^n Yi> 


or 


».=i'. *,- 


D 

D' 


D’ 


D’ 


VV 


— 'i<‘ „ ~ i» 

B’ X>’ 


where by Z) wo mean the cletcrimuant 


•D — = 


?i ^ 

0.1? dy 
di) d't] 
dx dy 


which we assume is not zero. 

This detorminanl} D, called the functional deieminant oi 
t7aco6ian of (^, rj) with respect to (a?, y), occurs so frequently that 
a special symbol is often used for it: 

p — V) 
d{x,y)' 

Examples 

1, Caloulato the partial derivatives of tlio first order for; 




V(a^ + 1/ H' 2xy cos^) 


(2^) y s=s are sin 


+ 7/® 


(0) /=:a;34.ylog(i4.a;a+2/8+««). 
(d) / t=s arc tan V(aj + yz)* 


2. Caloulato tlio derivatives of (a) / — (t) ^ ^ 

3. Prove that if/(«;> y) satisfies ^^Lai^laco’s equation ** 

dx^ ^ dy* 

«odoea 9(«^,!/)-/(^,. 

4. Prove that tho funotionfl 

(a) /(». y) = log V (*” + j/>). (6) (f(». y> a) = 
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/ oo 

e~'’ dx 

-CO 

rho formula) of tho picorflnij^ flub ^notion onitblo ub to oiibnilalo tho 
area imdoi the ourvo -<oo ^ whioli fiofj[tionUy oiouxa 

in Uio theory of prolxability lliia mto^iaUoii is espe cially luU i( s(ni;j5 in 
that WG can o\aluaio iho doniiilo intc^ial fiom — oo to co a fniKtum 
fox wliioii wo oannotllml a piimitivo fimolinn oi an mdolimto inlt ^lal at all 
I ofc ua firat conaidei tlio lule^^ral of llio function e **"(''* * ^ ^ r < 
ovoi the onolo 0 ^ p ^ a Lhia ib given by 

'■ “ rxr*''’'' " /'G - 2“"" 

rho sqiiaio — os ^ a, ^ —a Sy (ontiuns tlio onolo 0 < p « 
and jq Qontainocl in iho ouolo 0 p ^ and tho intc|^iand y* iH 

ovoiy where poaiUvo, lionoo 

Tt(l ~ e-«') {f S Im « n(l - e“‘'') 


Tho mtogial can bo wiition in iho feum 


Iionoo 


n(l - g (^J" a~'V!»y g n(l ~ c-'"') 


If wo now lot a inoioiwo without limit, tlna givoa tlio cqunllon 



6~’''ds>i 


V It, 


and our integral is ovaluatocl 


G Moineats and Oentre of Mass, Monionts of Inorila 

In Chap V, § 2 (p 283) wo saw that tho momi iit oC n systi in 
of points 1\, Pi, , Pn witli CO ordinates {%i, %), (a?^, «/a), , 

(®»> Vn) masses ?«a, , about tlio x axis is givon by 

n 

S Wfiji, and that tho ordinato of its contio of mass is given 
by tlio equation 

1 ” 

7} t= ^ S m^y^, wlioio ilf -= ij «i,, 

il2,>nl |,».l 

With analogous oxproasions for tho momont about tho y axis 
and tho abscissa of tho contro of mass Wo now oxtond tlioso 
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ideas to masses distributed uniformly over a region, We 
suppose that a mass is distributed with density 1 over the region 
J?; that is, that each portion of H with area A72 has also mass 
AiJ. Then the total mass M of is the same as the area of ii, 

Lot us now divide i2 into portions 22^, . . ., iB„ with areas 

.A2i„, and in each portion 22^ choose a point ij^). 

If we imagine that the total mass of the portion 22^ is con¬ 
centrated at the point the moment of the resulting 

system of points with respect to the aj-axis will bo Sij^A22^, and 
the ordinate of the centre of mass will be 


S'>;yA22y _ S'>j^A22„ 

SA22„ ~ M 


If we now let «->•<» and let the diameter of the greatest 22, 
tend to 0, those sums tend to the integrals 





rospeotively. Theso expressions we take as the definitions of the 
moment J'a, of U about the rr-axis aud of the ordinate ^ of its 
centre of mass. Similarly, the moment about the 2 /~axis and 
the abscissa ^ of the centre of mass are respectively given by 


J J xd/r, 



whore 



dr. 


Per example, the momont of the Bomioirol© R, 
0 ^ 2/ S {K-axis ia 

and sinoo M ^ f f 


(b7O0) 


17 
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aatisfy tlio lespeotivo Laplaco s cqtiaiions 

(^) fxX 'I' fvV ^ ^ ^ ^VV "f” OjsZ ^ ^ 

(<^) Kjs H“ Kv + Kz I K\0 ^ ^ 

6 Given r’^cosO, ^vlloro r and 0 aio polar co oidinatos, find 
and Zy at tlie point 0 “ ^ r === 2 

Express z,. and Z 0 n\ terms of Zg, and 

6 By tho tiansfoimafjon h«'^+Py> V) “ & — P^ + Ciy h 

winch a h v p aio constants and a | j finiction y) iff 

transfoimed into a function /)) of ? mid /) Piovo that 

^tn = 

7 Find the Jacobians of tho following tiansfoimaiions 

(ff) g + iy, Y)» cii; + dy (6) r — V(^® h y®) 0 *= oro tan^, 

(c) 5 = o^?/* 

8 If ~ a('M t>), y := y(«, v) and u = q) v(g, vj) prove that 

d{% y) _ 8(a? y) d{u i;) 

a(§ 0 ) d{u,v) a(g /)) 

9 Ab a corollary to Ex 8 prove that 

I 

a (« v) d{% t;) 

2/) 

10 Using Ex 9 find tho Jacobians of the iransfoimationB 'wldoF arc 
the mvorsca of tlioae m Ex 7 

6 Imptioit Funotions 

In iho Btudy of functions of soveral vaxiables wo liavo as yot 
had no analogue to tho mverso function Wo can rogaid tlio 
inverse function of as tho function obtained if wo 

solve the equation y^f{x)^0 for x In this section wo 
shall seek more gonoially to solve equations F{Xy y) == 0 foi 
X or for and to discuss funotions of soveial variables in a 
coriesponding way 

Even in olomentary analytical geometry curves are freguontly 
represented, not by equations y^f{x) or but by an 

equation involving x and y m the form F{x, j/) 0 For oxamplo, 



X] 


IMPLICIT FUNCTIONS 


481 

wo have the circle x^-\- y^—l^Oy the ollipso ^ + iL — 1 — 0, 

and the lomniscate {x^ + — y^) — 0. In order to 

obtain 2 / as a function of Xy or ic as a function of y, we must solve 
the equation for y or for x. We then say that the function 
y ^f {x) OT x= <l){y) found in this way is defined implicitly by 
the equation F{Xy y) — 0, and that the solution of this equation 
gives us the function explicitly. In the examples cited and in 
many others the solution can bo carried out and the solutions 
stated explicitly in terms of tho elementary functions. In other 
cases the solution can be obtained in terms of an infinite series 
or other limiting process; that is, we can approximate to tho 
solution y^f{x) or a? — ^(y) as closely as wo desire, 

For many purposes, however, it is more convenient to base 
our discussion on the implicit definition ^(a;, y) == 0, instead of 
resorting to an exact or approximate solution of tho equation, 

The idea that every function F(Xy y) yields a function 
y^f{x) or aj= ^{y) given implicitly by means of tho equation 
F{x, y) = 0 is erroneous. On tho contrary, it is easy to give 
examples of functions F'{Xy y) wliich, when equated to zero, 
permit of no solution in terms of functions of one variablo, Thus 
for example tho equation x^ -h y® — 0 is satisfied by tho single 
pail’ of values a; 0, y—0 only, while tho equation +y^ 4* 1 — 0 
is satisfied by no (real) values at all It is therefore necessary to 
investigate tho martor more closely in order to find out whether an 
equation F{Xy y) “ 0 can actually bo solved, and wlmt properties 
the solution has. Such an investigation wo cannot undoxtalco in 
detail here, but content oursolvos with a geometrical interpre¬ 
tation which suggests the required results, tho rigorous proofs 
being loft for Volume II* 

1. Geometrical Interpretation of Implicit Funotions. 

To discuss this problem goomotrically wo roprosont tho 
function u — F{Xy y) by a surface in threo-dimonsional space* 
Ending values (a;, y) which satisfy tho equation F{Xy 0 is 
tho same thing as finding values (oj, y) which satisfy two equations 
F{Xy y)^Uy 0; in other words, wo wish to find tiio inter¬ 
section of tho surface u === F{Xy y) and tiio piano u — 0, which is 
tho a;y-plaiie. Wo then suppose that wo have a definite point 
{^o> Vq) ^Wch satisfies tho equation jF(a?Q, y^) 0; that is, at 
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(^o> ifo) suifaco u = F(x, y) has a point; m common with the 
piano w = 0 (If no such point exists, there is no intersection, 
and tho equation J(a;, ?/) = 0 cannot ho solved ) If the tangent 
plane to the suifaco u = y) at tho point (a?o, j^q) 
zonial^ it cuts tho plane 0 in a single straight lino Intuition 
then tolls us that the suifaco w— /(jb, y)^ lying near tho tangent 
plane, lilcewise cuts the piano := 0 m a single well defined 
cuivo How far this curve extends docs not at present concern 
us The tangent plane will be horizontal if tho two curves 
u = F[xQy y) and xt = F{Xy xj^) both have hoiizontal tangent 
lines at (wq, xjq)^ that is, if F^^ix^y xj^) == 0 and F^{xQy xJq) = 0 
Thus if eithei ^o) 4= 0 or F^{XQy xJq) 4= 0 the tangent plane 
IS not horizontal, and, as we have ]ust seen, we may expect that 
a solution m tho form y^f{x)ovx^ ^(y) will exist 

If, on the othei hand, both Fg^x^y y^) aoid F^{xQy j/q) have tho 
value 0, wo readily see that there is no guarantee that the sola 
tion IS possible 

For oxamplo, for J' =« 1 — V(1 --• ft.® — y^) tho conesponding sphoncal 
surface « — 1 — V(l ■“ ftj® — has tho point (0, 0) in common with tho 
xy pJano Tho partial derivatives FgJ [0 0 ) and T,^(0 0 ) oro botli zoro, 
and we find that no point other than (0, 0) saiisfios tho equation J’ 0 
For the iuuotion F{Xy y)^ xy wo find that F {0 0 ) 0 , while ^(,,(0 0 ) 

Fy{(iy 0 ) 5SS 0 Hero all tho points on tho ft; axis and all tlio points on 
tho y axis satisfy tho equation F{x y) = 0 , and in tho noighhourhood of 
tho oiigm we have no unique solution ft; *= 9(2/) or y s= f{x) I Inis wo sco 
that when Fg.{xQ y^) Fy(xQy j/^,) 0 wo cannot bo euro that a solution 

exists 

If we accordingly return to the case m which one of tho partial 
derivatives—say Fy{xQy yo), to be specific—^is not zeio, tho giaphi 
cal suggestion that a smooth surface should bo cut by a non 
tangent piano m a smooth curve leads us to suspect that tho 
following theorem is tiuo 

If the function F(x, y) has continuous dmvaixves P, and Fy 
and if at ike 'point (xp, yg) (he equation P(xg, yg) 5 = 0 ^5 satisfied, 
xFhih Fy(xg, yg) is not zero, then we can mark off about the point 
(Xg, yg) a rectangle x^ ^ x ^ Xg, y^ S y ^ y 2 that for every 
nvn the interval ^ x g Xg the equation P(x, y) s==s 0 deloimines 
just one value y — f(x) lymg m the interval yi ^ y ^ ya This 
function y ^ f(x) satitfies the equation Jq ^ f(Xg), and the equation 
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is salisjfied for me/ry x in the inierml. Moreover^ the function 
y ^ f(x) w co 7 itinuous and has a continuous derivative, 

Tliia can actually be rigorously proved, and will be proved 
in Vol, II, Assuming it to bo true, wo can add tlio following: 
The derivative of the function y = f(x) is given by the equation 

Tbk follows immediately by iiaing the chain rule. T'or 

V. BuUmc^F{x,f{x)} 

is idontioally zero, its derivative is also zero; hence 
and the formula is established. 

If wo regard the right-hand side of the formula as a 
compound function of » and differentiate according to the chain 
rule, replacing y' by —FJFy, we have 

u" as — ^vi^icx-h Fy„y') —• i\^y') 

.. i'V 

_ Ffc^F^ 2FayFi,F^ -h F^yF,^ 

i'V 

Continuing the process, wo may calculate y*", &o. 

By usmg this formula wo can usually find the derivative of a 
function given in implicit form much more easily than by solving 
fifst and then differentiating. 

For oxamplo, for the circle 

F(x, 2/) » — 1 « 0 


we have 



This ig easily verified» For on solving the equation of tlio oirolo for y wo 
obtain two solutionfl, namely, V(l —a;®) and y :=» — V(l—giving 
tho upper and lower Bomioivolos xespootivoly. For tho upper wo have 

M.* __ —ftj 

^ “■ V(i - »»)’ 

for the lower y' = _dz^_ 

SO that In either case w' 

y 
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Afl another example we have jP(ar y)^ y — Q Wo find 

thatjF^Q — s= 0 , while ^ ^ Thus the equation has a Bolu 

tion y ^ j{x)i but the actual oxplioit oaloiilation of the function /(«) 
would not ho flimplo Nevortholess wo have 

^ +1 


In order tliat the function /(a) may have a maMmum 01 a minimum wo 
must have y* ^ 0 , that is, — 1 0 whence y — —» Substitution 


of y ^ — a m the equation F{x 


0 gives 1. 
I 


2 x^ 0 , whence » =' ;r 
2 


y 5= — If wo calculate / (a) for a; =5 we find it to ho negative, so that 
I ^ 2 

—513 tha maximum value of y 


An extension of this tlieorom for implicit functions to fimo 
tione of a gieater number of mdepondont variables readily sug 
gesfcs itself The extension is as follows 

Ld I(z, y, , z, u) he a conUnmus fmct%on of Hie tndepen 
dent variables x, y, , z, ii mth conUnuous partial derivatives 
]?y, , F,, F„ For the system of values (x^, y^, , z^, «o) 

let F(Xo, Jo, , Zo, Uo) -d and Fu(Xo, y^, , z^, iij) j= 0 

Then we can marl ojf an interval u^ Ug about Uq and a icgion 

R containing (x,,, y^, , Zq) smh that for miy (x, y, , z) in R 

tfm egwiian F(x, y, , z, u) = 0 w satisfied by just one value of u 
in the mterved ^ u ^ Uj This value of u, which we denote by 
u — f{x, y, , z), is a continuous function of x, y, , z and 
possesses contmuous paitial deiwalwes 4> iy, > f*i and 

«(i=/(%yo> .«o) 


The derivatives of f a/re given by the equations 

F„ -|- F^,ff, ~ 0 , 


F, + FJ,=.0 

For tbo proof of the existence and continuity of u we again 
refer tlie reader to Vol II The formulro foi &o, follow im 
mediately from the chain rule 

Incidentally, the concept of an implicit function enables ua 
to give a general defimtion of the term “ algebraic function ” 
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We say that u=/{x, y,... ,z) is an algebraic funclian of tlio 
independeiil; variables x, y,. .., z it u can bo dofnied implicitly 
by an equation F(Xy y,. . ,, z, u) ~ 0, wliero i?' is a polynomial 
ia X, y,. , ., z, u] that is, if « satisfies an “algebraic equation”. 
Functions which do not satisfy any algebraic equation are called 
transcendental (p. 24). 


Afl an example of our difforontiation formula wo oonsidor the ellipsoid 

' 


1«0. 


For the partial derivatives wo have 

2a? 

' 2u 




" '6* ‘ 2tt 


_ c” «! 
?/. 


and by differentiating again 




I:!-, t -u ^ Z.U ^ 

u 0^ It® ^ 






ru 






Uyy « — r;i 


.a 

iS 1 


c* (cy 




d- ^ It ' 




Examplihs 

> 

1 , Provo that the following equations Iiavo unique solutions for y 
near the points indioatod; 


(a) afl + tey + y" ==> 7 

(2,1). 

(6) » oo8a;jf = 0 

(‘•D 

(o) xy 4- log.^•y =■ 1 

(1, 1). 

(d) a' 4- 4- iify = 3 

(1. 1). 


2 * Find tho first dorivativos of tlio solutions in Ex, 1 . 

8, Find tlio second dorivativos of tho Bolutiuns in Ex, 1 . 

4 , Find fciio maximum and minimum values of tho fuiiotlon m 
defined by tlio equation a;® -j- xy j/* » 27 . 

6, Show that tho equation aj H- y-\-z^ v\nxyz can bo solved for z 
near ( 0 , 0, 0), Find tho partial dorivativos of tho solution. 
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6 MtJLTIPLU and BePDATLD iNTLGllALg 

1 Multiple Integrals 

We consider a function u — f{x y) wliicli is dofincd and 
continuous m a leotanglo U{a ^ a; ^ 6, and which 

talces positive values only We wish to assign a volume to 
the portion of three dimoDBional space bounded by tho rectangle 
E, the surface u^f{x, y), and tho four planes a, «= 6, 
j/ = 0 , y^d perpendicular to tho xy piano Moieovei, the 
volume should bo defined so as to satisfy coitain elementary 
conditions (1) if the thiee dimensional region is a piism— 
1 0 if tho function w 18 a constant I —^tho volume should bo 
the pioduot of the base by the altitude, F == (6 — a) (tZ — o)kf 



(2) if wo dmde the rectangle R into smaller rectangles and 
by drawing straight hncs, then tho volume over R should be 
equal to the volume over R^ plus tho volume ovoi Eg (3) if the 
throe dimensional region E^ completely includes Eg, tho volume 
of El should ho at least as great as that of Eg 

These considorations lead us to a method of defining V winch 
IB an immediate extension of the method of dofinmg area m 
Chap II (p 77 et seq ) By constructing lines parallel to tho sides 
wo subdivide tho rootanglo E into smaller rectangles E^, Eg, , 
E„, whoso areas we denote by AEg, , AE^ In each 
reotanglo Rf tho function has a least value and a greatest 
value Mj Thorofoio a piism whoso base is R^ and whoso height 
IS M) completely moludes the portion of oiu region over E/, 
while this portion of tho region contains the prism with base E/ 
and height % (of fig 7) Wo see, theioforo, that the volume of 
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the portion in question lies between and Tims tho 

total volume V should be such tliat 

-1 j^i 

Suppose now that the number n of rectanpjles inoreases 
beyond all bmmds in suclx a way that the length of tho longest 
diagonal tends to zero, Intuition loads us to expect that tho two 
sums SmjAIif and SM^AB^ will both convorgo and will tend to 
tho same limit. This limit wo thereforo call tlio volnma K, 

The reader will have observed that wo have canhid out an 
immediate generalization of tho discussion in Cliap, II (j). 78). 
As in Chap. II, wo call tlio common limit of tho sums ABj 
and SAf^ABj tho integral of the function \i — f(x, y) over iho rect¬ 
angle R, and wo denoto it by tho symbol 

/ //(?>, y)^‘ 

It is at onco clear that if ia each rccttvnglo Rj wo oliooHO a point 
(61 ^i) liho coiTospoadiug value of tho function /(f^, 7)f) 

then tho limiting relation 

7)i)AR) f f /(», y}dr 

rt—Voo J Jft 

must hold; for tho sum lien lietweeu A 7 ij uiul 

both of wliioh approaoli the inttigml as a limit. 

As a particular motliod of subdividing R into Biimller ruot- 
anglosj we may divide tho side a^a^b into n intorvalH of longth 
A® = (6 — a)ln and tho sido into m int(u-valfl of 

length Ay = (fi! — o)fin, and then draw parullcls to tlwj axes 
through the points of division thus marked. Tho aron of oaoh 
rectangle R; is then AiB^ =--• AaiAy. Choosing a point rfj) 
arbitrarily in each rectangle Rf, wo form tho sum 

^//(^^> ’?^)AI^^“ i7j)Aa?Ay. 

As n and m both increase without limit, this sum approaeliea tlio 
integral as a limit. This typo of subdivisiuii suggests a hocoikI 
notation for tho integral, which lins boon in cumuuni nso siuco 
tho time of Loibnite, namely, 

/ y)(hdy. 
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The pioof that such a limit exists if w /(a?, y) is continuous 
can be carried out as m the appendix to Chap II (p 131 et seq ) 
We shall, however, assume without proof an oven stronger state 
mont, namely, the following 

If the function f(x, y) is coniimous except along a finite numhe/f 
of mooth ^ curves y = f(x) or x ^ <^(y) along which f(x, y) has 
jvmp dAscmimuikeSy then the double integml 

mats 

Tlio proof of tbs we leave for Vol II It depends essentially 
on the fact that as the nirmher of rectangles increases the total 
area of the rectangles having points m common with the curves 
of discontinuity tends to zero Thus oven though Mj and ttif 
may diflei considerably foi such lectangks, they give use to 
httle difioronce between the sums ZM/ARf and SnifAR^ 

With this assumption we can find tho area undoi suifaccs 
u =/(!», y) for which (®, y) ranges over quite complicated zogions 
R for suppose that iJie region R is bounded by a finite numboi 
of curves 18 = <f>{y) at y— tji{x) with continuous donvativos, and 
that f(x, y) 18 continuous m B We enclose in a rectangle 12', 
and at tho points of R' which do not belong to B wo assign to 
/{x, y) the value 0 Then wo take tho integral J J y)dr, 

taken over the region R', as tho volume undoi tho sutfaoo 
w = /(®, y)i where («, y) is m 5 This integral is usually 
denoted by J Jf{x, y)dr 

Certain simple but important theorems relating to those 
double mtograls follow directly from tho doflmtion Iloro wo 
simply state tho theorems, the roadoi will bo able to piovo them 
without any trouble 

If f (x, y) and g(x, y) are wtegrable over a reclanqle, then so are 
f±g. and of, where o ts a constant 

fl ^ y^}^ "= y)^± y)^> 

f jg y)d/r=cjy)dr 


♦ By smooth curves wo meon, as before curves with continuous derivatives 



X] MULTIPLE AND REPEATED INTEGRALS 489 
If i{x, y) ^ g(x, y) in R, then 

If R is the sum of two regions Rj^ and R 3 , then 

f f /(®. y)dr--=- f f f(x, y)dr + f f f{x, y)dr. 


2. Reduction of Double Integrals to Ropoatod Simple Integrals. 

We n.O'W liavo a definition of tlio donlilo integral, with its 
interpretation as a volume and with tlio many possibilities of 
usefulness which our oxpcrionco with the single integral suggests; 
hut as yet wo do not possess a method for evaluating suoli 
integrals. In this section wo shall see how the calculation of a 
double integral can bo reduced to that of two single integrals. 

Wo suppose that u=>f{x, y) is a function which is doBnod 
and oontiriuous in a rectangle R, a ^ x ^ b, 0 ^ ^ d. If wo 

fix upon any value Xg in the interval a the function 

f{Xft, y) is a continuous function of tho romainiiig variable y. 
Hence tho integral 

pd 

/ /(%!/) 


exists, and can bo evaluated by tho methods of earlier chapters. 
This integral has a definite value for each value of ®q that wo may 
choose; in other words, the integral is a function ^ (a;^,) of the 
quontity 


//(». 


For example, suppose that «■=/(a5, y) — 0 ^ ^ 1 , 

0 ^ 2 / ^ 3. For each fixed x in tlio interval 0 ^ ^ 1 tho 

^3 n-j 

integral f^ aV % can bo evaluated, and is, in fact, ™ a>®; that 


js, it 18 a function of *. Or if /(oj, y) == e"*', 1 ^ a) 2 , 

pi 1 

1 ^ ^ 4, wo have e®*' dy — ~ {e*" ~ e*). 

Having thus found tho fiinotion f^(a!), wo oaa prove that it is 
continuoua; this is a simple consoquenco of tho uniform con- 
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tinuity otf{x, y) It IS therefore possible to integi ito ^ (a:) between 
the limits a and h, thus obtaining the “ repeated integral ” 


By roveising the order of tlio process, first calculating the fimo 
tion of y defined by J f{Xy y) dx and then integrating from o to 
dy we obtain the other repeated mtegral 




These integials, as we have seen, aie obtained by a double 
application oi the ordinary simple integration which we have 
studied in previons chapters Their importance lies m the 
followmg fact 

For continuous functions f(x, y), and for functions f(x, y) 
having at most jump discontinuities on a finite number of smooth 
cmvesy the repeated integials aie equal to the double integral 


J y) ^ ^y) 


We shall content ourselves with an mtuitive discussion of 
the case whore/(ai, y) is continuous In our origmal discussion of 
the double mtoginl regarded as tbe volume lying above the lect 
angle a^x^b, o^y^d and below the snrfaco u=f{x, y), 
we obtained this volume by subdividing tbe solid into vertical 
columns and then letting the diagonals of the bases of those 
columns appioaoh zero Instead of this we can divide the solid 
into shoos of breadth h — [d— o)(n by drawing the Imos 
y = o-{- vh{v —0, 1, , «) parallel to tbo ir-axis and then 

constructing a plane perpendicular to the xy plane through each 
line (of fig 8) These planes out the solid into n slices which 
grow thinner as n inoioases, and whoso total volume is equal to 
the double integral We now see that the volume of each slice 
IS approximately (but of course not as a rule exactly) equal to 
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fche product ol the thickness Je by the area of the left-hand face, 
that is, equal to 

h j f{Xy 0 + vh) dx. 

Therefore, if we write 

/*b 



the desired volume is represented approximately by 
S /c^(o+ vh)» 



Ab n 00 those sums tend to 



It is therefore reasonable to oxpoot that the volume or double 
integral is exactly equal to 

f/l>{y) dy {f^ /(». y) 

which is the statement made above, A similar disousBion malroa 
it equally plausible that tlio statomont 

is also true. 
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3 Examples and Remarks 


A f6w examples will serve to illustrate how this theorem may bo 
used to evaluate double integrals 3?or the function u ^ f(% y) =; a^y^ 
we ha\ o 


A 1 1 

Jq 2 0 2 


The above oxamplo belongs to a geneial class of functions 
whoso integration is often simplified by the following thoorom 
If the funcii^on u — f(x, y), a ^ x ^ b, o ^ y ^ d, can be 
represented as the product of a function of x alone^ and a function 
of y alone^ 

fix, y) = ^x) tpiy), 

ihm the douhh integral of its the product of two simple integrals 
f == ii>{y) dy) 


For on integration with respect to y tho function 4>{x) can bo 
treated as a constant and placed m front ol the mtogial sign, while, 

on integration with respect to x, jf i//(y) dy is a constant, honoo 

^ iy) %) ^ (®) / iy) ^y) 


For tho funotion u ^ sm (xy)^ 0 g a? g tv/ 2, O^y^ k/2, wo 
have 


/ r /»n'/8 / /*w/2 \ 

J j sln(a; + « J Bm{x + y)dyjdx 

= J oofl^u? + h ooBc^ dx=: J ^ (sino? H oosa;)da; 


W2 

*w (--oosftj + sma?) = l + l = 2 
0 


Again let us ealoulate the volume V of the vortical pijsm wlioao base 
in the ay piano is bounded by the co ordinate axes and tho Imo x + y^l, 
and whloh lies below the plane « *= 2a; + We fhflfc extend the funo 
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fcion := /(a?, y) to tho Btiimro 0 g aJ g 1 , 0 y g I by equating it to 
0 outside the tuianglo (the base of the prism). TJicii for caob a? in the intor- 
val the funotion /(n;, y) is dilTcrent from OforOgy^l — a? only; bonco 

f /(»* y)dy = f /(«?! y)(^v ^ f + 3y)% 

Jo Jo Jo 

2aj(l — a?) + ^ (1 — a;)^ s=i — ^ — a; + 

I" ’■I !/(’■ "'I* -l! (- r’ -+D* - 5- 


The device just used is capable of extension to any funotion 
u—fice, y) wliich is defined in a region R bounded above and 
below by ourves y — il>{x) and y — <l>(x). For suppose R is de¬ 
fined by the ino<inalitics a^x^b, <j>(x)^y^tl) (x). Wo mark 
ofi a rectangle R', a^x^b, o^y^d, comifietoly containing 
R, and outside R wo put / = 0 . Then 
/’ll /"I'M 

/(». y) dy f(x, y) dy 


for every x in the interval a ^ ai ^ 6 , so that 

fl M y) ^ =/X /(»» y) {!/(<»> y) %) ^ 


Thus to find tho volume V of the ellipsoid — d 




a* 




■ 1 ES3 0, 


we notice that^F Is the volume under u^f{x, y) 
this funotion f{x, y) being defined only hisido an oltipso 


^ + or 




Caloulating tho repeated integral wo first have 

/_/fe y)i, „' V (' - S - s)"" 


aro ooa 


V(6«-6«a;Va“) 




■*■2VI tv_6va~.v«') 
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Proceeding ivith tlio integration wo haTo 


so that 


F--7C«&d 

3 


4 Polar Co ordinates 

In oux doflnitiou of the doublo integral, tlio subdivision into 
rooiangks was of couise chosen simply because such a subdi 
vision IS most convenient m connexion with icctangulai co 
ordinates As wo alioady Icnow, however, there aro many applica 
tions m which polar co ordinates are much moio suitablo than 
rectangular If wo aro considoiing a function /(p, whoio p 
and (ji are polar co oidmates, tho most convenient subdivision 
18 not into iGctangIcs, but into regions bounded by axes of circles 
p = constant and radu <l> — constant Suppose, thou, that our 
function f{p, <f)) 18 dofinod in such a logiou li, specified by tho 
inequalities p a ^ ^ ^ (If f{p, </)) is oiiginally 
defined m a xogion R' not of this typo, wo enoloso R' in a larger 
logion R of tho dosned foim and put /(p, (j}) “ 0 outsido R ^) 
Then, ]ust as on p 48G, wo can insert points of subdivision pq = a, 
Px^ P2,9 > Pn ^0 ^ ^1) > ^tn ^ Ulld COnstlUCt 

the coiresponding radii and axes of circles, thus dividing J? into 
legions Rf^f of aioa ARif In each Ri) wo choose a point (p^^, 
and form the sum S/(p^^,<jt^^) and then let m and n moroaso 
without limit Then tho sum will again iond to the volume under 
tho fluifaco u — /(pj </))i and wo may denoto this by tho integral 

IL 

So far wo have encountered nothing essentially now Tho 
point of importance is to learn how to evaluate those integials 
by leducing them oitlioi to repeated integials or to intogials in 
terms of reotangulai co oidmates Foi this piuposo wo mark 
oS a pail of rootangular axes m a new piano, tho p/j piano, and 
call them tho p axis and the 0 axis respcotivoly Coiiospond 
mg to tho point m R with pohr co ordinatos p, (f> wo plot tho 
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point in the /Diji-plano with rectangular co-ordinates p, Thus 
the region JJ, a^/3^6, is ropiesontod in tho 

p^-plano by a rectangle iJ', p^b, a ^ ^ ^ j8, and 
each small region pi_i ^ p ^ ^ ^ ^ <^^is represented 

by a small rectangle 72 ^/, But tho area ARf/ of tho rectangle 
Ri/ is not tho same as tho area of The rolatioo 
between them is easily found. Tho area Ai2^/ is simply 
— (t>j^i){pi^ pi^i)i while the area AjR^^ is given by tho 
formula 

ARi,=Ui>} “ — Pi-i) 

~ ^(p< + P<-l) f)~l) {pi ~ Pi-l) — ^{pi + Pi-l)^^i/' 

In each region jRy lot ua now choose tho point p<=^'(p<+ Pi-i), 
"I" Then by definition 

f f/^P> == ^f{pi> ?/) ^ 0 - 

But B/(p<, <f)})AIif = S/(p<, ^j)pfARj/, 

and tho latter expression is just tho sum which wo form in de¬ 
fining tho double integral of tho function f{p, ^)p over tho root- 
angle R' in the pt^-plano. Hence ns tho fineness of tho subdivision 
increases tho sum approaches this integral and 

Jfj{P> f f/^P> ^^P^' ~fI/^P> ^)P^P^'I^ 

As an example, lot us oalculato tho volume V of tho sphere of radius a. 
Tho upper homisphero is given by tho equation u V (a® — p®), 0 ^ p ^ «■* 
0 g 9 g 2 Tr. Thus 

1 2tta“ 

“sio ‘' '^’’"-8“' 
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/ OQ 

e~* dx 

"00 

formula) of tho piecediug sub seotion enable us to oaloulaio ilio 
area under tho curve < oo winch frequently ocouifi 

in the theory of probability Xliis mtogration is especially interesting lu 
that WQ con evaluate the dofimte integral from — co to co of a function 
for which wo oaimot And a primitive funotioii oi an iiidGfmito intogial at all 
Lob ufl first consider tho integral 1 ^ of the funotion I y ) = 
over the ouolo 0 ^ p ^ a This is given by 

The square —a^oJ^e, contains the circle 0 £ p ^ a 

and 13 contained m tho oirolo 0 ^ p ^ 2a end tho integrand e is 

everywhere positive hence 

7t(l - e-"’) ■=> I„ (y* e“* -y'dypx ^ = «(! - «“■*« > 


The integral can be wiitton m the form 


hence 


w(l - «-"*) g (y" ^ n(l - 

If we now lot a moroaso without hmit, this gives the equation 

J — 0 & 


and our integral is evaluated 


6 Moments and Centre of Mass» Moments of luortia 

In Ohap V, § 2 (p 283) wo saw that tho momont of a systom 
of points Pi, Pa, , P„ witli oo ordmatos (a^, j/i), (a!a> y^), > 

(»». Vn) aiid masses %, , m„ about tho x axis is given by 

n 

S TO<y<, and that tho ordinato of its contio of mass is given 

ynt 

by tho equation 

1 ” 

■'? — iT ^ whoio M— S m* 

Ju.ynui'i V*wl 

with analogous expressions for tho moment about tho yaxis 
and tho abscissa of tho contro of mass Wo now extend those 
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ideas to masses distributed uniformly over a region R, Wo 
suppose that a mass is distributed with density 1 over the region 
R\ that is, that each portion of R with area AiB has also mass 
AE. Then the total mass M of 72 is the same as the area of 72, 

Lot us now divide R into portions , .., with areas 
AT?!,. . . , Aii:„, and in each portion It^ ehooso a point 
If W 0 imagine that the total mass A74 of the portion is con¬ 
centrated at the point rjj, the moment of tiio resulting 
system of points with respect to the se-axis will bo and 

the ordinate of the centre of mass will bo 


'tARj 'M * 


If wo now lot » ->• CO and lot the diameter of the greatest i?, 
tend to 0, those sums tend to the integrals 


ffjdr, 



lospoctively. Those expressions wo take as tho definitions of the 
moment 1\ of R about tho iB-nxis and of the ordiuato 7 ; of its 
oontro of mass. Similarly, tho niomont about tho y-axis and 
the abscissa i of tho contro of mass aro rospootivoly given by 




///*■ 


If/* 

'M “ 


whore M 


-If*- 


For oxamijlo, tho monionb of tho Boraioirolo Jt, —p p, 
0 ^'^{p* ~ **). ahoiit tho a-ivxlB I0 

p p pP / \ 

2'(,« J J ydre^^ J ydyjdx 

“ 4 1 “ I " ! 01 , “ I 

and sinoo if »=* f ^ 


(a7W) 


17 



49^ FUNCTIONS OF SEVERAL VARIABLES [Chap 

By a similar argument, starting from the definition of the 
moment of inertia of a system of particles, 

4 == 

we arrive at the expression for the moment of inertia of the 
region R about the x axis, 


and similarly we obtain the moment of meitia with respect to 
the y axis, 

Analogous formtilj© hold for three dimensional regions B, 
the CO ordinates i, r), £ of the centie of mass are given by 

M ' 




whoro M 


///.“*■ 

M 


' M 
volume of B 


^ = ' 

To find the moments of 


merfcia I„, /* of R about tho x, y, z axes rcspeotivoly, we must 
remember that the distance of the point (», y, z) from tho x axis 
IB '\/[y'^ + 2®)) hence for a system of particles tho moment of 
inertia about tho x axis is + 2^^), 

and on dividing B into sub regions and passing to tho bmit as 
before wo obtain the formula 


Similarly 


Ia = j /j^(«/® + 22)dr 




Thus fcha raomont of inortia of the ouho 
—A about tho axis is 




*= y {/ h y^)dy^dx^J 27i>(2xVi + 


4A 


{Qph + jrA^) 


16 .- 
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Tlio significance of tlio momont of inertia, as we have already 
romarlcGcl in Chap. V (p. 286), lies in the fact that in rotatory 
motion it plays tho part taken by the mass in translatory motion, 
For example, if tho rogioix R rotates about tho ou-axis with angular 
velocity o), its kinetic energy is This, however, is not 

the only application of the concept of moment of inertia; for 
example, it is also important in structural engineering, whore it 
is found that the stiffness of a beam of a given material is 
proportional to tho moment of inertia of the cross-section taken 
about a line through its centre of mass. Tho reader will find 
further information about this in any textbook on strength of 
materials, 

7. Further Applications. 

The student should not assume that the applications aboady 
discussed exhaust tho possibilities of tho double integral, For 
instance, wo have not proved tho important theorem that tho 
area A of the surface t/), where.(ir, y) is in J?, is given 

by tho integral 

provided and ^ aro continuous; and wo liavo loft many other 

interesting fields untouched. Those further developments, how¬ 
ever, do not come within tho scope of tho present book and must 
bo loft for Vol. II. 


BxAm>i:.is3 

1 . Perform tho following IntogrationBi 

(«) f f 

Jo Jo 


n TT 

cofl(a7 i/)dydx* 
1 

-'dydx, 

((i) [ f 

Jq Jq 
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(a) / / y^dydx 

Jo Jo 

(/) / [ ydydi, 

Jo Jo 

2 !I?md the volumo between the iKy piano and the paraboloid 
«2 — — 2/^ 

3 Find the volumo oommon to the two oyllndoifl | ^ 5 * ^=3 1 and 

H - X 

4 By integration, find the volume of the emallor of the two poitionfl 
into wluoli a sphere of radius r la out by a plane whoso poipondioular dis 
tance from the centre iah{< r) 

6 For the following figures find the area, the oontro of gravity the 
moments about the x and y axes, and the moments of mortia about iho 
ft; and y axes 

(а) tho somioiiole 0 ^ y ^ V(r^ — a;^), 

(б) tho reotanglo 0 ga;ga, 

(o) tho reotanglo — 

(d) tho ellipse \ y\ ^ 

(e) tho triangle with voitioos (0, 0), (a, 0), (0 h) 

6 For tho following figures find tho volume, tho con tie of gravity, and 
the momenta of inertia about tho a , y, and z axes 

(a) tho parollolopipcd 0^yg&, 

(&) tho liemispJioro 0 ^ « S V y^), 

(o) tho triangular pi ism with verliooo (0, 0, 0), (a, 0, 0), (0, 0), (0, 0, o) 



CHAPTER XI 


The Differential Equations 
for the Simplest Types of Vibration 

On sovoral oooasions we have already met with differential 
oquationa, that is, equations from which an unknown function 
is to be determined and which involve not only this function 
itself but also its derivatives. 

The simplest problem of this typo is that of finding the inde¬ 
finite integral of a given fiuiotion/(a;). This problem requires us to 
find a function y — i'(a!) which satisfies the differential equation 
y —/(a) =3 0. ITuithor, wo solved a problem of the same type in 
Chap. Ill, § 7 (p. 178), whore we showed that an equation of the 
form y' *= ay is satisfied by an exponential function y == 

As wo saw in Chap. V (p. 294), differential equations arise in 
connexion with the problems of mechanics, and indeed many 
branches of pure mathematics and moat of applied mathematics 
depend on differential equations. In this chapter, without 
going into the general theory, wo shall consider the differential 
equations of the simplest typos of vibration. Those are not only 
of theoretical value, but are also extremely important in applied 
mathematics. 

It will be convenient to bear the following general ideas and 
definitions in mind. By a solvlim of a differential equation wo 
mean a function which, when substituted in the differential 
equation, satisfies the equation for all values of the inde¬ 
pendent variable that are being considered. Instead of solution 
the term integral is often used; in the first place because 
the problem is more or less a generalization of the ordinary 
problem of integration; and in the second place because 
it frequently happens that the solution is actually found by 
intograbion. 

tot 
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1 Vibration Problems or Mi oiianips and Vm sios 
1 The Simplest Meohaiiioal Vibrations 

Tho simplest typo of incohamoal vibiation lias all rncly boon 
considered in Gimp V, § 4 (p 29B) Wo ilioio ouiiHidoiod a 
part/iolo of mass m i\lucli is fieo to inovo on the x axis and wliiol) 
18 bi ought back to its initial position 0 by a rcstoiing foioo 
The magnitudo of this lestomig foico wo took to bo piopoiUonal 
to tho displacement a?, m fact, wo equated it to —Ac, wlioio /uis a 
positive constant and tho negative sign oxiircssos tho fact that 
tho force is always diioctod towaids tho oiigin Wo flhiill now 
assiiine that there is a frictional foico iiicsont also and tliat tins 
frictional foico is pioportional to tho velocity dx/dt — x of tlio 
particle and opposed to it Tins foico is then given by an oxpios 
Sion of tho form —^a;, with a positive fictional constant r li'jnally, 
we shall assume that the pax^ticlo is also acted on by an oxtoinal 
force which is a function f{i) of the tuno t Tliou by Newton’s 
fimdamental law the product of tlio mass and tho accoloiation 
ttJ must bo equal to tho total force, that is, tho elastic foico phis 
tho fiictional force plus tho oxtoinal foioc Tins is oxpiosBod by 
the equation 

wia? + Td> + /up =«/(0 

This equation deteiminos tho motion of ilio paiiiolo If 
wo recall tho previous oxamiilos of diftoiontial oqiiatioiiSi such 

as tlio integrakou problem witli its solution 

*=//(«) or the Boliition of tho partioulai difEorontml 

equation -| /up ^=5 0 on p 296, ^\o obsoivo that those piobloms 
have an inflmto number of diflorcnt solutions Uoio too wo 
shall find that there are an infinito number of solutions, wluoh 
are oxpxcssod in tho folloimg way It is possible to find a general 
solution or complete integral x{t) of tho dillGiontial equation, 
depending not only on the indopondout variable t, but also on two 
paramoters and cg, called tho constants of %n(eg)ation If wo 
assign special values to these constants, wo obi am a paiticular 
Solution, and e/very solution can bo found by assigning special 
Values to these constants The oomploto mtegial is tJiou tho 
totality of all particulai solutions 
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This fact) ia qiiito undoratandablo (of. also Chap. V, § 4, p. 298). We 
cannot oxpcot that the dillorcntial equation alono will dotormino the 
motion complotoly. On tho contrary, it is plausible that at a given instant, 
say at tho time i ~ 0, wo should bo able to ohooso tho initial position 
a'(0) — a?o and tho initial velocity a'(0) = a'o (in short, the initial slate) 
arbitrarily; in other words, at timo / = 0 wo should bo able to start tho 
partiolo from any initial position with any volooity. This being done, 
wo may oxpeot tho rest of tho motion to bo deilnitoly dotormined. Tho 
two arbitrary constants Cj and Cg in tho general solution aro just enough 
to onablo us to aoleot tho particular solution which fits these initial con¬ 
ditions. In tho next section (p. COS) wo shall sco that this oan bo done in 
ono way only. 

If no oxfcoTiial force is present, that is, = 0, tho motion 
is called a free motion* Tho diilorential equation is then said to 
bo homogeneous, K/(^) is not equal to zero for all values of 
we say that tho motion is forced and that tho differential equa¬ 
tion is non-homogeneous, Tho term fff) is also occasionally 
referred to as tho ^erturhation t&im* 

% Elootrioal Osoillations* 

A mechanical system of tho simple typo described can actually 
bo realized only approximately. An approximation is ofiored 
by tho pendulum, provided its oscillations arc small. The oscil 
lations of a magnotio noedle, tho oscillations 
of tho contro of a tolepliono or microphone 
diaphragm, and other mochanioal vibrations 
can bo roprosontod to within a ooriain degree 
of accuracy by systems such as wo have 
described. But there is anotlior typo of 
phonomonon whicli corresponds far more 
exactly to our difiorontial equation. This is 
tho oscillatory oloctrical oirouit, 

Wo consider tho circuit skotchod in fig, 1, having induotanco 
fi, rosistanco p and capacity 0 — l//c, Wo also suppose that tho 
oirouit is acted upon by an external olcctromotivo force 
which is Icnown as a function of tho timo ty such as tho voltago 
supplied by a dynamo or tho voltago duo to olootrio waves. In 
order to deaoribo tho process taking placo in tho oirouit wo denote 
tho voltago across tho condonsor by Ji and tho charge in tho 
Gondonsor by Q, These quantities are then coimeotod by tho 
equation 02? 2 ?/k == Q. Tho ourront /, which like tho voltago 
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E la a function of tho time, la defined na tlio rate of c]inn{;o of 
the oliaigo por unit time, that is, as the rate at which tho ofiargo 
on tho condenser dinunishcs I = —Q = —dQ/dt — — Eji< 
Ohm’s law states that tho product of tho cunoiit and tho lesis 
tanco 18 equal to tho olectromotivo force (voltage), that is, it 
ii8 equal to tho condenser voltage E minus tho counter olootio 
piotivo force duo to self induction plus tho ovtornal olectromotivo 
force ^(0 Wo thus arrive at tho equation Ip~ E fx,! ■]- <l>{t) 

Qi~PE = E + f^E-\ ^{t), that IS, ixE pE + kE =-kiJ> (<), 

fC K 

whioli IS satisfied by tlio voltage in tlio oiicuit Wo boo, theroloio, 
tliat we have obtained a differential equation of exactly tlio typo 
considered in No 1 (p 602) Instead of tho mass wo have tho 
inductance, instead of tho fnotional foico tho resistnnco, and 
instead of tho elastic constant tho looipiocal of tho capacity, 
while the oxtcinal olectromotivo foico (apait fiom a constant 
faotoi) coiLOsponds to tho external foico If tho olectromotivo 
force 18 zero, tho diilorontial equation is homogoneous 

If wo multiply both sides of tho diftorontial equation by 
—I/k and difforontiato with respect to tho tamo, wo obtain for 
the current 1 tho coiiospondmg equation 

fil -j-* pi + k1 = ^{t)y 

which differs fiom tho equation for tho voltogo on tho right 
hand side only, and for free oscillations 0) has idontioallj 
the same foim 


2 SOTXJTION OV TUB IIOMOQBNBOUfl EQUATION EliriiJ 
OsOirXATIONS 


1 The Formal Solution 

Wo can easily obtain a solution of tho homogoneous equation 
tnai + ^ — 0 oil P 602 m tho foim of an exponential ex 

pression, by seeking to doterimno a constant A m such a way that 
the expression {» is a solution If wo subBtituio tins and 
its derivatives i ?= Ae^^ aJ — AV* m tho differential equation 
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and remove the common factor wo obtain the quadratio 
equation 

mA® + r A + Z; = 0 


for A. The roots of this equation are 

Each of the two expressions x = and x ^ is, at least 
formally, a particular solution of the difierontial equation, as we 
see by carrying out tho calculations in the reverse direction, 
Three different oases can now occur, 

1, r® — imlc > 0. Tho two roots A^ and Ag are then real, 

negative, and unequal, and wo have two solutions of tho differen¬ 
tial equation, a? = and aj = With the help 

of these two solutions wo can at once construct a solution in 
which two arbitrary constants are present, Eor on differentiation 
wo see that 

00 — Ox% + 

is also a solution of tho differential equation. On p. 608 we shall 
show that this expression is in fact the most general solution of 
the equation; that is, that wo can obtain &vmj solution of tho 
equation by substituting suitable numerical values for and Cg,. 

2, --- 0 ^ quadratic equation has a double root, 

Thus to begin with we have, apart from a constant factor, only 
tho one solution Yoviiy that in 

this caso the function 

aj c=: := 

is also a solution of tho differential equation.^ Eor wo find that 



and by substitution wo soo that tho differential equation 
dm 


* Wo aro lod to tide eolution naturally by tho following limiting procoBsi 
If Ai =1^ Ag, then tlio oxprosfllon (c^i« ” c^iO/(Ai “ A^) alao roproaonta a solution, 
If wo now lot Aji tond to Ar and wi'ito A inatoacl of A^, Aa, oiU‘ oxproaalou booomos 


(» 708 ) 


17* 
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Jfl satisfied Then the expression 
no = 

again gives us a solution of the dificKiitial equation with two 
aibitiary constants of integration and o^ 

3 ^2 _ Q put and obUiin 

two solutions of the diflcreiitial equation in complex loan, given 
by the expressions aj ?= % = and vt; — Wa = 

Euler^s formula 

^±ivt ^ oQg vt Bin vt 

gives us for the real and imaginary pails of the complex solution 
ill) hand the expressions 

==5 (JQ3 fi -rtim 3U1 


and on the other hand the representation 

Ui 4- «a ill — U2 


From th .0 second foim of rcprcsonlation wo soo that and Vj 
are (leal) solutions of tho diRorontial equation To voiify this 
directly by diilorontiation, and substitution foims a sinqilo but 
valuable exorcise 

From oiu two particulai solutions wo can again foim a gonoral 
solution 

X = H OgVa = (Oi cos pH Cjs sni vt) e ~ 

with two arbitiary constants Cj and Cg Tins may also bo wiitton 
m the form 

a! == ae~ oos v{t — 8), 

whore wo have put = a cosvS, Oj a smvS, and a, S aro two 
now constants 

We recall that we have already come across this solution for 
the speoial case r = 0 (Chap V, § 4, p 296) 


2 Physical Interpretation of the Solution 

In the two oases r>2VmJ6 and r=2Vmk tbo solution 
18 given by tbo exponential curve, oi by tbo gmpli of tbo fiinotion 
tg~rtl 2 in^ wbiob for laigo values of i icsomblcs tbo exponential 
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cuive, or by the superposition of such curves In these cases 
the piooess is aperiodic, that is, as the time increases the “ dia 
tanre x approaches the value 0 asymptotically, without oscil 
latmg about the value a; === 0 The motion, therefore, is not 
oscillatory The effect of fiiction or damping is so great that it 
prevents the elastic force from setting up oscillatory motions 
It 18 quite different m the case r < 2'v/^, whore the damping 
IB SO small that complex roots Aj, Ag occur The expression 
a?=a cos v{t^ here gives us damped haimomc oscillations 

These are oscillations which follow the smo law and have the 


oncular frequency 



but whose amplitude. 


instead of being constant, is given by the expression 
That 18 , the ampbtude dinumshes exponentially, the greater the 


expression r/^m is, the faster is 
the late of deciease In physical 
litoiatuie this damping factor is 
fiequontly called the loganthmio 
decrement of tho damped oscilla 
tion, the toita indicating that the 
logarithm of tho amphtudo do 
oieases at tho rate r/2m A 
damped osoilhtion of tins kind is 



Hff a—Damped harmonic ob dilationi 


illustrated m fig 2 As boloio, wo call tlio quantity T = ^irjv 
the poiiod of tlio oscillation and the quantity vB tho phase 
displaoomont For tho spooial caso r = 0 wo again obtain 
simple haimomo oscillations with tho frequency Vfj—Vkim, 
tho natural fiequmey of tho imdamped osoillatoiy system 


3 Fulfilment of Oivon Initial Oonditions Tlnigiuenoss of the 
Solution 

Wo havo still to show that Uio solution with tho two oonstants Oj and 
0 , can ho mode to fit any pro assigned initial state and also that it lopro 
Bonts all tho possible solutions of tho equation Suppose that wo have to 
find 0 solution wlnoh at time t = 0 satisfies tho initial conditions !t;(0) = utj 
! l(0) wheio the mimbois and oan have any values Ihon in 
caao 1 on p COG wo must put 

Oj j 02*=* 
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l>oi tlio constants Ci and Cq wo accoidnigly liavo two Imoai oquationa, and 
thcflo have iho nim^uo Roliitions 

c. == 0,= ^— 

^ Xi-X,' * 

In 0088 2 (p 50 B) tho same process gives iho two Imoajc oquatioUfl 


0i -= 

%Ci h To «« 


from wluoli Cj and Oa can again ho nnlquoly dotormincd Finally, In onso 3 
(p 600) the Gq[iiationfl dotermining tho constants take tho foim 

a 008 vS « iCQy 


a( 


V Bin vS “• COB vS 

2m 


)■ 


with tho solutions 

1 


S « i aio ooa = JV ^ £ *“)*} 


JClnis wo havo shown that tho gonoial solution can bo mado to lit any 
arhiUary initial conditions Wo have still to show tlmt tlioio is no othoc 
solution 1 01 this wo need only show that for a given Initial etato tlioio 
oan novor bo two dilToiont solutions 

If two such sohitionH and existed, for whloli w(0) rt?o 
ii(0) » and v(0) (Cq v( 0) — thon thoir dilToionoo to w — v would 
also bo a solution of tho dilToiontial equation and wo should have ^0) «=* 0, 
t^(0) := 0 Him solution would tlioiofoio coiicspond to an initial state of 
rest tlmt is, to a state m whloIi at time i = 0 tho parliolo is in its position 
of lest and Jum /!;oro voluoity Wo must show that it can never sot itHolf In 
motion lo do tins wo multiply both sides of tho dilToioiitial equation 

mw \ + i(ju> 0 by and leoall that ^ and 2mb ^ tii* 

dl <U 

Wo thus obtain 

f H f (/mo*) I 2 u 6*«=0 

Uu iiv 


If wo inlograto botwoon tho instants i *== 0 and ^ t and uso Uio initial 
conditions ti^(0} *= 0, i^(0)» 0, wo have 

/dw\^ , 

m#(T) H W{'v) h 2rJ di^O 

This equation liowovor would yield a contiadiotion if at any timo t > 0 
tho function ta wore dllTeionb fiom 0 i‘or thou tho loft luuid side of the 
equation would ho positive, slnco wo liavo taken m k and f to bo positive, 
whilo tlio right hand sido is /oro lloiico w «==» w —* ii is always equal to 0, 
whioh proves that tho solution is unique 
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Tor tUo equations in Ex, 1-6 find the general solution, and also tha 
Solution for which a!(0) = 0, ii(0) — It 

1. di-3.'i-|-2a)=0. 

2. a! + + 2a; = 0. 

3. 2i! + ;« — a; = 0. 

4 . d) 4 - 4 ;* + 4.1:« 0 . 

5. 4di 4 4a! H- a; = 0. 

0. Eind tho general solution, and also the solution for which a:(0) = 0, 
a2(0) = 1, of tho equation 

a! 4 4 * >= 0. 

Dotermina tho froquonoy (v), tho period {T), tho aniplitudo (a), and tho 
phono (8) of tho solution. 

*7. Eind tho solution of 

2d! 4 2.15 4 a: = 0 

for which a;(0) »= 1, if(0) = — 1. Calculate tho amplitude (a), tho phoso (8), 
and tho froquonoy (v) of tho solution. 


3 . The Non-homogeneous Equation, Eoeoed Osoillations 
1. General Bemarks. 

Before proceeding to the solution of the problem when 
an oxtemal force f{i) is present, that is, to the solution of the 
non-homogoneouB equation, wo make tho following remark. 

If w and V are two solutions of tho non-homogeneous equation, 
the difference «= w — n satisfies tho homogeneous equation; 
th-ia we see at once by substitution. Convorsoly, if m is a solution 
of tho homogeneous equation and v a solution of tho non- 
liomogoneous equation, then to = m 4 w is also a solutibn of tho 
non-homogencouB equation. Therefore from one Bolution* of 
tlio non-homogeneous equation wo obtain all its solutions by 
adding tho complete integral of tho homogeneous equation.f 
Wo therefore need only find a single solution of tho non-homo- 
geneous equation. Bhysically tliia moans that if wo have a forced 
osoillation duo to an oxtemal fotoo, and on it Buporpose an arbi¬ 
trary Iroo osoillation, represented by a solution of the homo- 

* Oftoii oallod tliG pariiculnr inlcgrah 
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geneouB equation, wo obtain a plionomonon wliirh satmfipa tlio 
samo non Lomogeneous equation as the original foiced oscilla 
tion If a frictional foico is present, tho fioo motion in ilio case 
of oscillatory motion will fade out as time goes on, because of the 
damping factor Ilonco foi a given forced vibration with 

friction it IS immaterial what free vibiation wo siqioiposo, tho 
motion will always tend to tho samo final state as tmio goes on 
Secondly, wo notice that tho effect of a force f(i) can bo split 
up m tho samo way as tho force itaolf By this wo moan tho 
following md f{t) aio thioo functions such that 

and if a?! = is a solution of tho diffoiontial equation 
wuB + and ajj = x^it) is a solution of tho equation 

msi + 4- /c® = fS) then x{t) = -| x^it) is a solution of 

the differential equation wtai + rx 4- ho ~f {l) A oomspond 
mg statomont of coiuso holds if/(i) consists of any mnnbor of 
terms Tins simple but important fact is called tiro “ puiioiplo 
of supoipoBition ” Tho proof follows from a glanco at tho 
equation itself By subdividing tho funoiioii f{i) into two or 
more terms wo oan thus split tho differential equation into 
several equations, which m cor lam oiioiunstanoos may bo onsior 
to manipulate 

Tire most important ooso is that of a poiioclio oxtonial force 
/(i) Suoh a periodic oxtornal force can bo resolved into 
purely periodic components by expansion in a Foiuior sorioa, 
and can tliorofore * bo approximated to os olosoly as wo pleaso 
by a sum of a finite number of purely pouodio functions It is 
therefore sulTiciont to find tho solution of tho diffoiontial equation 
subject to tho assumption that tho right hand sido has tlio foilu 

aooBcot or b sinoii, 

whore a, 6, and to are arbitrary constants 

Instead of working with these tngonomeiiio functions, wo can 
obtain tho solution more simply and neatly if wo uso complox 
notation Wo put/(t) = ce'"*, and tho principle of supoi position 
shows that we need only consider tho diffoiontial equation 

»8ai 4- ™ 4- ^ 

• Providoii that it 19 oontinuous and Boollonnlly Binoolh (p 430) which 1« 
tho only oaao of importanoo in pliyeioa 
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whore by c we mean an arbitrary real or complex constant. Such 
a difEcrential equation actually represents two real differential 
equations. For if wo split the right-hand side into two terms, 
if o.g, we take c === 1 and write cosmi^ d- i mncoi, then 

and ajg, the solutions of the two real differential equations 
rm + r^ -|- lex == cosco^ and ma; + + /ca; — sincoi, combine to 

form the solution x^-\- ix^ of the complex differential equation. 
Conversely, if wo first solve tho differential equation in complex 
form, tho real part of tho solution gives us the function and 
the imaginary part tho function 0 ^ 2 . 


2. Solution of tho Non-homogouGous Equation. 

Wo solve tho equation m£ + rA-\- lex ^ by a device 
naturally suggested by intuition. We assume that 0 is real 
and (for tho time being) that r 4^ 0. Wo now make tho guess 
that a motion will exist which has tho same rhythm as the 
periodic oxtornal force, and wo accordingly attempt to find 
a solution of the differential equation in tho form 

fit) =j 

where wo have only to determine tho factor a, which is indepen¬ 
dent of tho time. If wo substitute this expression and its deriva¬ 
tives X ^ & ==: •—in tho differential equation and 

remove tho common factor we obtain tho equation 

— mo}^a d- iro}(T -h ha == 0 


or 


-I- + h 


Convorsoly, wo sco that for this valiio of a tho expression 
is actually a solution of tho differential equation. To* express 
tho moaning of tlus result clearly, Iiowovdr, we must perform 
a few transformations. 

Wo begin by writing tho comifiox factor a in tho form 


a 


{h — 


whoro tlio positivo “ distortion factor ” a and tho “ phase die- 
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placement <wS are oxpxeasod m terms of ilio given qiiaiititios 
m, r, i, by tbo equations 

^siucoS — rcua, coscuS ^ (h^ m<x!^)a 
(k — 7ntoy^ + ^ W 

With this notation our solution takes the form 
X = cae^ 

and tho meaning of the result is as follows to tlio foico o coswi 
theiG corresponds tho oUect ca cosa)(^ -- S), and to tho foico 
0 smojt corresponds tho oiloct ca sin.aj(^ — S) 

Honco we see that tho oficot is a function of tho same typo 
as tho force, that is, an undamped oscillation Tlua oscillation 
differs from tho oscillation lopiosoutmg tho foico in that tho 
anaplitudo is increased m tho ratio a 1 and tho phaso is alloiod 
by tlio angle wS Of coiuso it la easy to obtain tho eamo icsiilt 
without using tho complex notation, but at tho cost of somewhat 
longer calculations 

According to tho remark at tho beginning of this sootion 
(p B09), by finding this ono solution wo have complotoly solved 
the problem, for by superposing any free oscillation wo can 
obtain tho moat general loiccd oscillation 
Collecting tho results, we have tho following 
The complete integral of the differential equation 

{where x 4= 0) x = + u, where u is the complete 

vniegral of the homogeneous equation mx + rx kx == 0 and 
the quantities a and 8 are defined by the equations 

d? — - -sincoS === rcca, cosceS (A? m<x?)a 

{h miJcrY + rW 

Tho constants m this general solution leave us tho pos 
sibihty of malong tho solution suit an aibitraiy initial state, 
that 18 , for arbitiarily assigned values of (Cq and ^^o tho oonsiaiits 
can bo chosen in such a way that iJ:(0) =: Xq and {t(0} ===: (j&q 

3 The Resonance Oiirve 

In order to acquire a giasp of tho solution which wo have 
obtained and of its significance m applications, wo shall study 
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tho distortion factor a as a function of tlio exciting frequency ” 
o), that is, tho function 

1 

V(*-W)2-|-}-2a,3‘ 


Tho roaaon for this detailed invostigotion is that for given con¬ 
stants 1c, m, r, or as wo say for a given “ osoillatory system ”, 
wo can think of tho system as being acted on by periodic ex¬ 
citing forces of very different circular frequencies, and it is 
important to consider tho solution of tho differential equation for 
these widely different exciting forces. In order to describe the 
function conveniently wo introduce tho quantity s= V/c/wi. 
Tliis number is tho circular frequency which tho system would 
have for free oscillations if tho friction r wore zero; or, briefly, 
tho natural frequency of the undamped system (of. p. 607). The 
actual frequency of tho free system, owing to tho friction r, is 
nob equal to ojq, but is instead 



whore wo assume tliat 4/cm — r* > 0, (If this is not tho case the 
free system has no froquonoy; it is aperiodic.) 

Tho function tends asymptotically to tho value 0 as tho 
exoiting froquonoy tends to infinity, and, in fact, it vanishes to 
tho order l/a>®. Finthor, <l>{0) == Ijk in other words, an exciting 
force of froquonoy zero and magnitude 1, that is, a constant 
force of magnitude 1, gives rise to a displacement of tho oscil¬ 
latory system amounting to l/k In tho region of positive values 
of w tho derivative <//(tc) cannot vanish except whore tho deri¬ 
vative of tho expression (/c •- -j- r®co® vanishes, that is, 

for a value co = coj > 0 for which the equation 

— mw^) -|“ 2r®w = 0 

holds. ■ In ordor tliat such a value may exist wo must obviously 
have 2fon — r® > 0; in this case 



Since tho function f/)((o) is positive ovorywhore, increases mono- 
tonically for small values of <a, and vanishes at infinity, this 
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value must give a raaximiiia We call tlio ciiculai Iicqucucy 
the xesouanco frequency ” of the sybtom 
By substituting tins ovpiossion for wo find, tbat the valuo 
of the maximum is 



As r ^ Oj this value increases beyond all bounds For r ;=! 0 
that 18, for an undamped oscillatory system, tli(3 function ^(o)} 
has an infimto discontmuity at the value to == oix Tins is a limit 
mg case to which we shall give special considoiation latei 

The graph of the function ^(m) is called the re6ona7ico curve 
of the system The fact that fox oj^coi (and conscquoully for 
small values of r m the noiglibouihood of the natiiial fiequonoy) 
the distortion of amplitude a^^j{a)) is paiticuliuly laigo is 
the mathematical expiession of the “ phononu non of xesonanco 
which for fixed values of m and Jc is moxo and moio evident as 
r becomes smaller and smaller 


In fig 3 wo have skoiohocl a family of roaonanoo ourvi^, all oonospond 
mg to tliQ values I and t «= 1, and coiiacqiiently to coo 1, hnt wltli 
different values of D === Wo seo that for small valucss of J) well matlcod 
resonance ocouis near ei = 1, in the limiting east) 0 thoio would 
bo an mflmto diacoiitimuty of ^(w) at co == 1 ins toad of a maximum 
As D increases the maxima move towards ilio Joft and foi tlio value 
I) ^ 1/V2ve have eoj = 0 In this last case tlio poiul wiioio tlio tangent 
IS homontal has moved to tho origin, and the maximum has dinappoaiod 
If D > 1/V2 there is no Fcro of 9'((o), tho resonance ouxvo no longer hoe 
a maximum and resononco no longer ocouis 


In general, the resonance phenomenon ceases as soon as tho 
condition 


^ 0 


becomes true In tho case of the equality sign, tho rosonaiico 
<'urve roaches its gicatost height at its 

tangent is horizontal thoio, and after an initial oouiso which is 
almost horizontal it diminishes towaids zero 


i Further Discussion of the Oscillation 

We cannot, however, rest content with tho above clisouasion 
fn prder that we ma^ really understand tho phenomenon of forced 
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motion an^ additional point requires to bo emphasized. Tho 
particular integral *1 is to bo regarded as a limitiitff stale 

wliioli the complete integral 

' x{t) = cae'“«-«) 4 . CjUi + CjMa 

approaches more and more closoly as time goes on, sinco tho free 
oscillation + superposed on tho particular integral 
fades away with tho passage of time. This fading away will tako 
place slowly if r is small, rapidly if r is largo. 



Fig, 3.—Ucaonnnco curvw 


Lot xis supposo, for oxamplo, that at tho bogiiiniiig of tho 
motion, i.o. at time t = 0 , tho system is at rest, so that a:( 0 ) == 0 
and !t( 0 ) = 0 . From this wo can detormino tho constants oj_ 
and 02 , and wo see at once that they aro not both zero. Evon when 
tho exciting frequency is approximately or exactly equal to mi, 
so that resonance occurs, tho relatively largo amplitude a = 
will not at drat appear. On tho contrary, it will bo inaskod by 
tho frmction -f CaWj, and will first make its appearance when 
tbs frmction fades away; that is, it will appear more slowly 
tho smaller r is. 
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For the undamped system, that is, lor r — 0, oiir solution 
fails Tvhon the oxcitmg frequency is equal to the natuial oiioular 
frequency for then is infinite We tlioiofoie 

cannot obtam a solution of the equation mcd -h Jcx — m tlio 
form 0 - 5 *“^ We can, however, at once obtain a solution of the 
equation in the form If wo substitute tins o\picssion in 

the difforential equation, romemboiiiig that 

we have 

a(2^mco — mcoH -j JU):^ 1, 
and, since = Jo, 

1 

O’—-r- 

2i7n(f) 


Thus when resonance occurs in an undamped system wo have the 
solution 


At — ^ AtW# ^ a/W( 

X =s-e 

Using real notation, whon/(i5)=coscoi we have 
and when f{t) — smco^ we have 


1 

2 


Bmwl, 

Vim 




1 t 

2 Vicm 




We thus see that wo have found a fimckon which may bo 
referred to as an oscillation, but whoso amplitudo moi eases pio 
portioiially with the time The superposed fioo oscillation docs not 
fade away, since it is undamped, but it lotains its original ampli 
tudo and becomes unimportant m compaiison with tlio increasing 
amplitude of the special foiood oscillation The fact that m tins 
case the solution oscillates baolrwards and forwaids botwoon 
positive and negative bounds whioli continually morooso as 
time goes on lepxosonts the real moaning of the infinite dmcon 
tmuity of the losonanoe function m the case of an undamped 
system 
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B. Remarljs on the Construction of Recording Instruments. 

In a great variety of applioationa in physics and ongineoring the dia- 
onsgion in the previous sub-section is of the utmost imporfcanco, With many 
instruments, aiioh as galvanomotors, seismographs, oscillatory olcctrioal 
circuits in radio rccoivers, and miorophono diapliragms, the problom ia to 
record an oscillatory diaplacomont x duo to an external poriodio foroo. In 
such oases tho quantity x satisfies oiir differential equation^ at looat to a 
first approximation, 

If if' is tho period of oscillation of tlio oxtornal poriodio foroo, wo oan 
expand the foroo in a Fourier soiies of tho form 

f(t)^ a 

I*,—CO* 

or, better still, we can tliink of it as roprcsonfced with siifHoiont aooiiraoy by 

2f 

a trigonometrio sum S consisting of a finite number of torma 

only, By tho principle of Buporposltion (p, 510 ), tlio solution a(i) of tho 
differential equation, apart from tho superposed free osoillatiou, ^vill bo 
reproaontfid by an infinite sorica ♦ of tho form 


or approximately by a finito expression of tho form 


a;(^) sss s 

In virtue of our previous results 
and 






. 2Tr? 5 . 

j-j, 


%Tdf 


T(h-- 


jr j 


Wo can then dosorlbo tlio aotion of an arbitrary poriodio oxtornal foroo 
in the following way: if wo annlyao tho oxoitlug foroo into puioly poriodio 
components, the individual terms of tho Fourier series, then oaoli com¬ 
ponent ia subject to its own distortion of amplitiulo and phase clisplaoo- 
mont, and the soparato offoots are thon suporpoBod additivoly. If wo aro 
interested only in tho distortion of amplitiido (tho pliaHo displacomout is 
only of seooudary importanoo f in applioationB and, moroovor, oan bo dia- 
ouased in tho same my ns tho distortion of amplitude), a study of tho 
resonance curve gives ua oomploto information about tlio way in whtoh 

* Quoetlons of oonvorgonoo will not bo cllaouBSod hero, 
j* Since G.g. It is imporooptiblo to the liuman oar. 
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tho motions of the recording appaiatiia ropioduco the oxtornal oxolting 
force For veiy laigo values of Z or « ^ ^ olTcot of tho oxoiting 


fieq[uonoy on tho displacomont will bo haidly poicoptiblo On tho other 
hand all oxoiting frcquonoica m tho noiglihoiuhood of Wp tho (oiionlai) 
resonancG frequency will maikcdly affcot tho quantity x 

In tho oonatruotion of physical moasining and loooidmg appaiatim 
tho constants m r and ^ aro at oui disposal at least within wido hmiU 
Ihoso should bo ohoson so that tho shapo of tho icsonanco curve is as well 
adapted as possible to tho epooial rcquiiomonUi of tho m(?flauromorit in 
question Heic tivo considerations predoininato In tho fiist place it is 
desirable that tho appaiatus should bo as aonsitivo as poRsible, that Is for 
all fioquonoica <o m question tho valuo of oc should bo as laigo as possible 
lor small vahioa of w as wo have scon a is appioxinmtoly piopoitional to 
so that the number 1/A; is a moasuio of tho sensitivoncss of tho instni 
mont for small oxoiting fioquonoics Ilio Bonsitivoncsa can tluufoio bo 
increased by moroaamg 1/A. that is by wcakomiig tho lostoinig foioo 
Tho other impoitant point is tho necessity for idaixvojimlomjiom du 

jf 

tortion Lot us assume that tho xoprosoutalion/(O ==> h is an 


adequate approximation to tho oxoiting foioo Wo then Hay that tho 
appaiatus locoids tho oxoiting foioo/(/) with lolativo freedom fiom dis 

2it 

tortion if foi all oiioulai froquonoios <*> tho diatoition factor has 


appioximatoly tho samo valuo This condition is nulisponsablo if wo wish 
to dorivo coiiolusions about tho oxoiUng pioccss diicolly fiom tho boluiviom 
of tho apparatus, if, for oxamplo, a giamopliono oi wnolotts sot is to lopio 
duoo both lugli and low imisioal notes with an appioximatoly (ou<ct ratio 
of intensity Iho loquiiomont that tho lopioduotion should bo lolativoly 
“ distortionless ^ can never bo Hatieflod oxaotly sinco no [loi lion of tho 
resonance curve is oxaotly hoil/ontal Wo oan howovoi, attempt to chooso 
the constants m I r of tho appaiatus In such a way that no marked 
rosonanco oooura and also m suoli a way that tho ourvo has a hori/ontal 
tangent at tho bogmmiig, bo that 9 (<o)a lomaius appioximatoly oon 
stant for small values of w As ’ivo liavo loaincd above, wo oan do tills by 
puttmg 


2hni f * «=a 0 


Given a constant m and a constant K, wo oan satisfy tills requite mont by 
adjusting tho friotion r piopoUy, eg by maoiting a piopoily olioson ro 
siatanoo in an elootiloal ououit Tho rcBonanoo ourvo thon Bho^vfl ua that 
from the frequonoy 0 to onoular froquoncios near tlio natiiial circular 
frequency cO(, of tho imdarapod aystom tho instrmnont is nearly 
distoitionlcas and that abovo this froquonoy tho damping Is oonsldorablo 
Wo thoroforo obtain rolativo ficedom fiom diatoition In a given 
mtorval of froquonoios by first ohoosmg m so small and k so laigo that 
the natural oiroular frequonoy 6)^ of tho undamped system is greater than 
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any of tho exciting oirctilar freqiionoioa under consideration, and then 
choosing a damping factor r in acoordanco with tho equation 
2hm — 0 » 


Examples 

Eor tho equations in Ex, I-~6 find tho solution satisfying tho initiai 
conditions a;(0) =3 0,1^(0) — 0. Eor equations 1-4 state also the amplitude, 
tlio phase, and the value of 6> for which tho amplitude is a maximum; 

L + cos to^ 

2 , = 008 

3, 4- ay + a: p=: sin 

4. 2cll + 2a5 a; = cos 

6, di *4 + 4aj ^ cos Oit. 


4, Additional Remarks on Differential Equations 

A moro systomatio study of differential equations is made 
in Volume II, Chapter VI. Hero only a few additions to the 
preceding special theory will bo given. 


1, Homogeneous Linear Dilforontial Equations of Order n with 
Constant Ooeffiolonts. 

More oomplicated vibration problems load to a linear cliileron- 
tial equation for tho unknown function w{t) of tho ludopoudent 
variable, of tho form 


d‘*^x , ^ 


. . . + »n® = 0, 


where Ox,..., a„ are conatnnts and « is a positive integer. Wo 
can solve this by a method similar to that for tho case n = 2 
(p. 60d). i 

Lot X = e^'. ‘ If wo Bubfltituto this function and its derivatives 
in the differential equation and remove tho common factor e'*, 
wo obtain tho following equation of tho n-tli degree for A: 

/(A) s A"+ axA«-i«0. 

If A is a root of this equation, e^' satisfios tho diJIoroutial equation. 

Wo shall now examine tho various pos,sibilitlc8. Lot A^, Aj,..., 
A„ be tho roots of tho equation/(A) — 0, so that 
/(A)s(A-Ai)(A-Aa)...(A-A„). 
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First asamno that aU the roots are diffeieut If all the 
are real, then we obtain n hiiearly independent solutions 
exactly as before The general solution is any linear combination 

-|' H- o„e^"' 

of these The constants c„ can be so deteimined that a: and its 
first n — I derivatives take arbitrary pro assigned values at time 
i = 0 To do this we must solve the following system of n 
linear equations 

<51 + 02 + + o„ == a;(0), 

\0l + ^ <5 d + ^n<5n ~ ®'(0)> 

= a;^''-i){0) 

I£ two of the roots are equal, say Ai = A, tlien not only 
e'‘‘* but also tc^ * is a solution This can be veiifled as foUowa 
since /(A) = 0 has a double root AasAj^Aa, by a well 
known theoicm in algebia it follows that 

f (A) = wA”"^ + {n — l)ajA”~* + + an»i =3 0 

Now, by Leibmtz’s rule for the deiivativo of a pioduot (p 202), 

Substitutmg in the differential equation, we have 
ie^'(A«+OiA’>-i+ +o„)+e^<(nA"-i+(n-l)»iA«-a+ +«„ j) 

-<o'7(A) + e^‘/'(A)-0, 

smce/(A) = 0 and by the above remailc on double ioots/'(A) = 0 
In the same way if Aj, Aj, , A^ aie equal, we obtain the 
following hnearly independent solutions 

which may be combmed to give a genoial solution depending 
on Cl, 02 , , o„ These parameteis again enable us to adapt the 

solution to n pre assigned conditions, so that for < = 0 wo can 
fix the value of a!(0) and its first n~ I derivatives 
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If tlic equation has complex roots, thou by a tlieorem in algebra 
the roots oeciu’ in pairs, each one with its conjugate. Just os 
in the case w == 2, we obtain solutions of the form 

coB^t, and sinjS^, where + Aga — 

A few examples will serve to illustrate the above. 

/(X) ^ X» + 2X« - X - 2 =« 0. 

The general sohiiiion ia oj s= Cje“^ + 4- 

A parfcioiilar aolution for wliioh »*= 2, « 0 at ^ 0 is given by 

a? es e* 4* 

Emmple 2. — —_ 4 . a* s=» 0. 

^ dt^ di^ dt 

The general solution is oj » 4* o4e^^ 4 

Bxam2)h 3» ^ — 2^44«0, 

di^ dt 

/(X)« x«--2X4 4=« (X4 3)(X^ 14 0(5^ - I-*). 

TIiq general solution Is a; 3==« oosi 4 smi. 

% Bernoulli’s Eduntion. 

An equation of the typo 

where A and B are functions of t alone, is called a linear equation. 
In the case jS =« 0, if a; a(^), da ^ ^{t) are solutions, any linear 
combination of a and ^ is also a solution. Wo shall now 
consider the slightly more general typo 

whoro tt is a positive mtogor. TJiis is known as Bemonlli’s 
equation. 

rirst oonsidor tlio simpler case wliore B is aero, i.e. whoro 

™ + A{t)!n «=i 0, 
at 
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RownUng tlie equation aa — wo sc-e that it can be 

integrated immediately as followa 

logoi = A{t)dt + 0 , 

it we write 

Let ua now try to satisfy Bernoulli's equation by a function of 
the form where we assume that is a variable, 

so that 

^ ^ _ vAe-i^‘‘‘ 

dt dt 

Substituting, we have 
dt 

which can be integrated at once, giving 

^i-fi ss (j — dt^ 

The above method is very important and may be applied 
m many cases It is called the metliod of mnaUon of potra 
meters (For furthef details, see Volume II, p d4B) Note 
that our solution la expressed in terms of integrals which can 
not m general be expressed in terms of the elementary fimotions 

JSmmple —CJonsider the equation 

^ — to « 


dx , dv n* , , lit 

dt dt 




and the equation booomea 


By integration, 


i{W‘, or 


2)e‘'' + 0 , or 1 = 2 — <* + ce~**' 

V X 

Tina result could have been obtained by direct subatltution in the 
formula given above, but actually to carry the method through la far 
more mstruotiro 
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3. Other Differential Equations of First Order Solvable by 
Simple lutoeration. 

There ate a low other types of difEerential equations of the 
first order which can bo solved by integration (although in most 
cases the integration cannot bo performed explicitly in terms 
of elementary functions). 

The first method we shall consider is that of separalim of the 
variables. If the differential equation can be brought into the 
form * 

d{3!)d!e-\- B(y)dij =0, 


the variables are said to bo separable. The solution obviously is 

Ja{<d) dx + jB{y) dyA- o~ 0. 


Example ,— Conaidor tho equation 

yf + a-'y* == ». 


Here 

bonce 


ydy 4-a’(y* — l)d»= 0, or + asA-s = 0; 

ilog(y«- 1) +or (y> - 1)6?* = 


Another typo of equation which can bo solved is of tho form 
M{x, y)dic-^N{x, y)dy =0, ’ 


whore M and N are homogeneous functions of x and y of the 
same degree. In this case tlio fraction MjN is a function of yjx 
only, and we may write 


1 =^©- 


If we put y ==s aw, this becomes 


The variables ®, v are now eoparablo as follows! 

dx _ dv 
X f (v) • - V 

* That'is, u'E{p) -p il(») « 0. 
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Integrating, wo have 


—Consider the equation 

(2v^— a;)% + ydaj= 0 
Subatitufcing y = vx, w© have 

+ vaj 0, 


^l) + V^ a:(2vi/a - 1) ^ = 0, 
dx 

— =3 — d = — — 4 - 

a 21)*^“ ^ V 2w*^* 

Integrating we have 


or 


log* S= —logo — t» *4-0 
logy + = 0 


4 Differential Variations of the Second Order 

There are a few types of non hnear diflorontial equations 
whoso solutions can also be found by integration One typo has 
already been discussed impbeitly in Chap V (p 297) when we 
studied the motion of a particle on a given curve This typo 
IB as follows 


Let V 


dco 


so that 




=/(*) 


^ ^ ^ ^ 
dt dxdt ^ 


and our eq^uation becomes 
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This may bo regarded as an equation of the first order with v 
as dependent and m as independent variable. Separating the 
variables and integrating, wo have 

V^D = /(»)<& 

a® = 2^'/(*)(&!+ 0 or a =■^2^’ f(x)da!-i~e. 

Then 

.± _ 

/(aj)cfo+ 0 



which can be solved by integration (although in general it is 
impossible to carry out the integration explicitly). 

This device aids us to solve equations of the following types: 



Those are equations of the first order which may bo solvable 
by the preceding motliods. Tliis solution, after v has boon re¬ 
placed by will again bo a differential equation of the first 
at 

order, wliich must be solved for ». A few examples will make 
the process clear, 
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MampU 1 

Lets ^ «jp Tiio equation be cornea 
dic 

dx 

Integrating by aoparatlng the variables wo have 

(ip^ ^ X-\‘ Cl 


Va = Vaj H Ox 
dx 


By integration, 
Squaring wo liavo 
Example 2 


Va{y 1-02)=|('8 i-0i)“'* 
o(y h oa)’ = ^(-w h Oi)* 




liOb ^ p 

d» 


a I ap-O, or 

aai p 1 \ 


Integrating wo liavo 


or 


wbonco 
Example 3 


log^5«^^log(l + (i:«) + o, 

Cji(I + 

dp Ol _ 
dx ’v/TT^* 

y Oa (- <5i BinUa? 


'S"*- 


■(IT 


Lob ~ p, then. =3 Wo have 
tlx ' dv? ^ dy 

or 

dy 1 _ p* y 


[Chap 
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By integration, 

—i log (1 — j)») = logy + c, 

that is, 


y = «i(i - 


-lit 


or 

and 




dx ^ 


Vy® 


Ci» 


or 


ydy 


Vyo - c,» 


‘ dx^ 


Integrating, wo have 
tlmt is, 


x+ O 2 , 

+ C^x + C4» 
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Examples 

Solvo the diflorontial equations in Ex, 1-22* 

1 . (1 H- y^)(ko - (y - VlTv) (1 + xf’^dy « 0. 

2, + ^)dy “ ^x^ydx, 8, j/(logaJ—log 2 /)%“a;daj=« 0 , 

4* xy^ + y ^ loga;, 6» (1 + y^)dx = (aro tmy — aj)%. 

0* H- 42/^* = 

7* {x^y^ H- xY + a?2/ + 1)2/ + («5®2/* - (^Y — xy + IW ^ 0. 


8. 3yy 'h y’ = « — 1. 

0. Binajoos^/d^+oosapsinydy 

10. (1+ da)+e"'''(l-: 

' 1 


, ^ d^x d^x . „ dx 

di^ dl^ dt 


, d^x d^x , r.dx 

18. 

dx^ 

13. y?+2S + »-0. 

dx^ dx^ 

10. (1-h a?) -1- Oajf'^O. 

dx^ dx 

14. 

da? da)> ' da; 


16. ^_2^--" + y«0. 
da!« 

d^X r* fd^^ 

da? dx 



23» Elnd tho motion of a partiolo moving in a atraiglit lino under tho 
attraotion of a forco varying as tho invoiso square of tlio distance from tho 
origin* 




SUMMARY OF IMPORTANT THEOREMS 
AND FORMULAE 


1. Hyperbolic ITunotiona. 

2. Convorgenco of Scquonoos and Seriea* 

3. DiUcrontiation, 

4. Integration. 

6. Uniform Convergence and Interchange of Infinite Operatiom, 
0. Special Limits. 

7. Special Definite Intograla. 

8. Mean Value Theorems. 

9. Expansions in Series? Taylor Scries, Eourior Sorioa. 

10. Maxima and Minima, 

11. Onrvoa. 

12. Longtli of Are, Area, Volume, 


1. Hypbrbolio Punotions 

(pp. 183-189) 


ooshoj — + 6'"®). 

ooeyoj — Bink^a) — 1. 


taiiho) — 




sinlio? _ 6® — e”* 
cosh a? e® + e'® 

1 _ e® + s'"® 

tank a; e® — e”® 


cosli^CD: 


1 — tonh^aj* 


cosh (a; ± 2/) — oodia? cosliy + einlia) sinhy. 

Binh(aj ± y) = shiha) ooshy + oosha? Biuhy. 

cosh^cK = i(GOsh2a; + 1). Binh^a — i(coBh2a? — 1). 

ar siiiliaj — log{aj + + 1)}* 



Sl(^rAl\K\ ()l lOHAtUI 1 




nr funh/ J ^ 

'(!'! 

f 

1) 

{U (lollu 1 lni» ' ^ 

J 

I'l'l 

1) 

2 CONVIIIUI Ntii ()I Sitjm HI 1 A‘i» Si nil H 

1 InlinUo Sna'ii'iu'i'1 (p 

IH) 


Cillll 11411 lit 

/(S/ (p 

1(1) i\ iMpi* in a of inimlitm 

IH if urni mit\ if (mi f\fi\ loniivo r 

\\wu) oxisl \ a mnniH i N ^Ki U tlmf 


1 <»« " 

-1 « 

^vhi 11 n iV, »« N 

()|it>tatio)M willi liiiiii 

thou 

1 (pp -II 

1') If nil ifiiii/*,, 1 Ant 

h H > «U 

liiii{ii„ 1 h,,) 

II 1 

tlMUl t ) 
r| *>w» 

H > 

liin(«„ /;,) 

liriNiM 

lnu/#„ 


N W) H ft 


IlMUl t 

liiu ’ pro I! (I liitW« \ 0 

n ^1, lilU^rt H Tk* 

fi * 

2 Iiiflnlto Scrltii (|i Ui'm/ r/) 

(’tiiuli>(''t ('oiitirtliiiu Ir ( (\t '<<7) lli« » ru « 5 ««tn\rr^i « 

if, iitlil if fni ovcrv ji<itif|\ ^ lit i«« n ! ■> hninlM r 

N Htit li (Iml 

|rtn I »«il H I *'-*! « 

v^luum n N 

Noh AlHh* fiUlMVMU^ 1 nf IM Ui nff 3ri>f|M< f fit 

INuinpli of MiinpiiiviM f u Mp ^ 

jf nuinlicmi h»H h fli *t | j ( nl\ ilo ^ ^ f n I 

t<mvf 



CONVERGENCE 


531 


Ratio tost and root tost (p. 378). Ea„ converges if there is a 
mnnbor N, and also a number y < 1, such that 


an 


<q or ^ \ an] <q 


for all values of n > iV; in particular, if there is a mimber < ] 
such that 


lim 

«^oo 


^n-hl 


= A or 


lim ^\a„\ = h. 
«—>00 


!£<?„ diverge,9 if there is a number /c > 1 such that 


lim 




or lim I ««I == ^- 

?J—>co 


Leibnitz’s Test (p, 370). San converges if the terms have 
alternating signs and | a„ \ tends monotonically to zero. 


3. Dippbrentiation 


1, Oonoral Rules (Fundamental Ideas, p. 88 et seq.), 

+/(»)/(«)• 



(Leibnitz’s Rule, p. 202,) 


If /(») = g{<f>{oi)}, 
df _ _ dg d(f) 
dx d<]> dx‘ 


ll 

da? 


d^g /dfV I dg d^ 

d,l,^ Xdxj 4 dx^’ 


and so on (pp 
1G3 et seq., 202) 


Chain rule. 
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SUMMARY OF FORMUL/C 


If u==fii, r), i, ), wlieio ^ v), V - v{«>> y)> > 

~ V fn^te “I ’ 

+ 2/f, 4- 2/ff la + 

+ 

+ /f fa® +/)|''?ea +/f + > 

With corresponding foimulai for and Mv» (P 

Imphoit functions If y) = 0, 

mt FaaF,^-iF,,F„F,-\~F,yF„^ 
da? Fy^ ^ 


Functions expressed in terms of a paramotox 

y^y{t), 

dy __ dy Ida: 
dx dtl dl 

Inverse functions 

^=l/^ 

dx I dy 


If a) — x{t), 

(p 202) 

(p m 


If f=^(a!,«/), X7 = ^{®, y), 
dx_>fj^ dx _ <l>y dy 

D' df' 

whore 


*A« 


’l>a 

d^ B' 


D: 


9(f>’?). 


Ipa 


d{x, y) 

(functional determinant or Jacobian) 


9^»'Av “ *{‘v^u 


(P m 


2 Special Pormulee (pp 9(1-96, 139-141, 149-lDO, 167 et seq 
186-187) 


(»«)' = naj*>-i 

(sm®)' = cos® 


(arc sm®)' = 


1 

V(1 - !»^) 


1 

V(l-®“) 


(cos®)' = —sm® 


(arc cos®}'=s 
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(tauoj)' = —— — sec®*. (arc tana)' =-. 

' cos^a ' ' 1 -f- a® 


(cota)' = —r- 2 -== 

—coseo^a;, (arc cota;)' ^ — 

’ l + ®a 

(einh®)'— cosh®. 


(cosli®)'==.Binh.®. 


*1 

(®>1). 

cosk*.- 

tsaoli*®. (artanh®)'— ^ (|®|<1). 

1 X 

1 1 
(cotli®)'=: ~-_j-^.=.-cosooh2®. (ar ootli®)' — (| » | > 1). 

(loga®)'= -logae; 

X 

(a®)' — a“ log,a; 

ill particular, 

in particular, 


(log a)' = (e*)' = 6*. 

X 

(«*)' = ^“{vu'fu -f t>'logM). 


i. lUTEORATION 

1. General Bxilos (Fundamental Ideas, p. 79 e( seg.). 
f /(a) d(c +f fix) dx=^J fix) dx. 

»/(l */<Z 

^ fix)dx=-J^ fix)dx. 

^ {/{aJ) + 3i«>)}d«> /(») dx +f^ gix) dx. 

f ofix)dx = 0 f fix)dx (pp. 81 et scg., 141). 


Bstiiuation of integrals. If fix) ^ ^^(a), b ^ 
^ /(») dx six) dx 


a, 


(p. 126). 
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hUeg>ahon hy Parts (pp 218-219) 

Method of suhstitutioii (pp 207-212) 

f{x) dx =f^ fi^iu)} <^'{u) du, 
where a = (^(a), b = 

Connoxion between diftcioniiation and miogiation (p 111 sefjl ) 

i £/(«)*=/(.) 


Improper Integ)dls {pp 197-254) 

li f(x) IS continuous except at tho point x^b wlioro it 
becomes infinite, J f(x) dx is (absolutely) conveigont, if lu tho 
neighbourhood of a? = 6 


where v < 1 (p 218) 


I/(S')! 


<_J1_ 

ib~xf 


aoo 

f{x)dsB couvoiges (absolutely) if 

3/ 

whore v > 1, for values of ® ^ ^ (p 250) 


2 Special Formuloa (pp 82-87, 128-130, 142 el seq, 151, 108 
cJ seq , 206, 208-209, 210, 213-217, 220 el seq ) 


/■*"*= *"■ 

J »-f 1 

J log® = ® log® — » 


r 1 

J -log^^^®= J(log®)a 

^ logei 


Jx’^hgxdx— ® ^ 1 
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Jmnx dx~ ~ coa®. J Hinha; dx = cosh a. 

Jooax (lx ~ sin®. J cosli® clx — »inh». 

Jtanxdx = —log | cos® |. J tonh® das = log cosh®. 

Jootx dx = log I sin® |. J coth® dx — logj sinh® |, 

y*arc sin®fiB = ® arc sin® -|- ^/(l — x% 

Jaro oosxdx— ® arc cos® ~ •\/(l — x^). 

Java tan ® iic = ® aro tan x — ^ log (I -(- ®^). 
y'aro co1i®(i!® = ® arc cot® + log (1 -f ®8). 

Jm sinh®rfo! = ® ar sinh® — ■\/(l -j- ®a). 

J ar coah®(?® = ® ar cosh® ~ ^/{x^ — 1), 

J ar tanh®ffe! = ® ar tanli® -|- J log(l — ®a). 

J ar coth®r7® = ® ar coth® + ^ log (®8 — 1). 

== 2 ar tanh ^tan 0. 

/iiiJij! ooshai” I I" 



S3<> SUMMARY OF FORMUL/C 

Jeiii^a, dx—^(x — sui® coa a,) 
ycoa^acfe ~ sin® cos®) 


f dx \ /a \ 

J ^BmH+b^ooBH ^ ab \b ) 

h 


ax 1 /a \ 

W®-68cos=“® “ ^ J ) 


/} 


a^ b ^0 


r cKc _ 1 

J ^ 
/: ^ 


J. ^ 

aic tan -» 
a a 




< -lortonhJ-^losI^, rf|»|<. 

1~^'“‘1“I'“^I°«S ifhlx*. «>0 


r dx _ 

VC®®—®®) 


I X 

-j- arc am - 

« f _ 

-arocos? 


dx 


/ 

/ 


xdx 


1 a 
■ - aioam- 
a ® 

, 1 a 
H- ~ aro cos- 
a X 


V(®® “H ®®) 

xdx 

V(®® — ®®) 

dx 


= V(«® + ®®) 

~ —V(®®~ ®®) 


/ ckc aj 

V ^a + “"li- = Iog{±® + V(®® -h a*)} 

/ d<c X 

/ - ;,jf. a; = - - ar smh ? » - ! log ±g:H-V(a® + ®») 

*' a a? a ^ £B 

f -. -1 _ _i i„„« ± V(«® - ®®) 

J X V(®® - ®®) ^ -- 


X 
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J ^/(a® — qqh ® _|_ -a;-\/(a** — sc®). 

2 c& 2 

— a^)dx~ — ^ a® ar cosli- + ^a:\/(a;® — a®). 


J ■\/{x^ + «®) dx=^a? ar sinli- -)- ^x ^/{x^ a®). 


I. 


dx 


2 a ' 2 

1 


av tanh • 


*+6 


(B® + 26a! H- 0 “ ®) "" °) 


2V(6®-o) 


log 


Vlfi^ — o) — x~b 
V {6® — c) + a: + 6 


if c < 6®, i.e. !B® + 26a: -|- o — 0 haa real roots. 


dx 


aro tau. 


a:+ 6 


/ . ... r=: - ILl'O i/Urli ' , 

a:®-|-26a! + o ^/{o — b^) ^(c —6®) 

if 0 > 6®, i.o. a:® + 26ai + 0=0 lias imaginary roots. 

/ I 

6“® sinbxdx = e"® {a sin 6a! — 6 cos 6a!). 

-I- 

r I 

j e““ooB6ai«!a! = . c““(acos6a! + 6sin6a!). 

r, „ , sin"’' ’-a! 

/ sin’'a! cosaioa! = —. 

J «+1 

Rcourrence Formula} (p. 221 el seq.). 

f<}OB'*xdx ~ i coB"“^a! sina: + -—^ fooa”~^xdx, 

J n n J 

f 8in”a!d!ai = •— - Biu"~^a! cosa: + ^f sin’*"®a!ci!aj. 

J n n J 

Jx’' coHxdx = a!" flina: sinairfa!. 

Jx" sinaJc^B = —x** cosa: + n ^a:”"^ eosxdx. 


r , , 8in"'’'^ai co8““^a! . «— 1 r 

/ sm’”a! cos”a)(/a! =- 1 -t-^ 

J m+n m + n*' 

(itvas) 


sin"'a: cos""® a: (te. 
18 * 
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y(logiB)’*(/a: = a;(loga!)" (log*)" 

= a:” 0 ® — •nj' 

Jx°(logxy'dx= - - *“(log*)"“‘fl^* (a 4= ~1) 

C dx _ ® , 2n~Z f dx 

J (1 + »T ^ 2(?i — 1) (1 -h a-®)" ^ ’^2(w- i)*/(i-I-a;^)"-‘ 


3 lategratlon of Special Types of Functions 

(a) Bahonal Functions These aio reduced to the following 
three fundamental typos by resolution into paitial fiaotiom 
(pp 226-231) 


f da, _ _^ 1 

J (x ~ a)” n— 1 (a — 


(a — a)" 


_- 1 f 

J- cl« (c — J 1 


J (a:® -f- 2ha; -J- c)" (c — J (1 -|- #)«’ 

wheio 0 — i® > 0, m =* (as -j- 6)/-\/(o — fi®), 

the integral on tins right being evaluated by the last lociuionco 
formula given above, 


(a,’ |- 2bx -h o)” 
1 


2(»—1) {a®-I 26a-I-c) 


- - b f 

a -I- c)"''^ J 


dx 

(a?® -j- 26a-f o)”’ 


wlioio the integial on the right is of tho typo inunodiatoly pro 
ceding 

In what follows R denotes a lational funotion 


(6) J ii!{sin't!, cos®) (fa (p 237) 


Substitution t — tan so that am® = —cos® = ^^, 
9 2’ H-1® 1 hi" 


dx _ 2 

Jt~ 1 + e 



INTEGRATION 


If, liowover, U is an oven function or involves tana; alone, tlio 
following substitution is more convenient: 

. . n O \ dX 1 

u ^ tana;, sni^a; = ——cos^a; — == ——z. 

1 + w® Idu 1 + ^2 


(c) J J?(coslia;, sinlia;)f?a; (p. 237). 


a; . 2i lA-fi 

Substitution: i = tan]i~, sotliat sinha;—-- - cosh a;—-— 

dx_ 2 ^ 


{d) jR(6^^^)dx, 

Substitution: t ♦ 

dt mi 

{e) fR(x, V(1 - (PP* 237-238). 


Substitution: 


(/) 238). 


2t dx _ it 

ir (i+w^ 


Substitution: 


‘=V{Si> 

{g) y’2?(®, VCl + (p-238). 


2t dx _ it 

If " 


Substitation; 

t=x+ v'(®® + 1). ®= V'(®"+ 1 )= f == 


(h) Jr {x, -s/iax^ + 26a! -|- e)) dx (p. 239). 

Tho substitution ^ reduces this integral to 

VI ae — 6®] 

one of tho three preceding types. 



SUMMARY or rORMUL/C 


(i) y R(a,, -j- 6), y/icv-i- d))dv (p 239) 

Subafcitiitioii ^ — ■\/{cx -j- d) ovx=-— d), M 

0 ttj 0 


SubaUfciition 



d$'' — b dx ad — he 

c^" — a' di {o^’' — 


6 UijrrOBM CoNVEBaLNOE AND TntEROIIANGE or iNriNITl 
OlBBATIONS 

Fo: ilio dofinition ol uniform convoigonco soo p 391 

A soiioa wluch is uniformly oouvoigoiit m a closed inlorval 
and wlioso teiras aio oontimious fimofions lopiosoiita a con 
fcinuous funotiioii in that mtoival (p 393) 

If )/»(*) 1 ^ converges, S/„(®} converges umfoinily 

(and absolutely) (p 392) 

Intercliango ofStimtmlion and Diffeientmlion pp 396-397) Any 
convorgont senes of continuous fimctions may bo diftoiontmtfd 
teim by toim, provided the resulting senes coiivoigcs unijonnhj 

I'ntevoliange of Summation and Irdegiation (p 394) Any 
unifoimly convoigont senes of continuous functions may bo 
intogiatod toim by term The resulting senes also oonvoigos 
unifoimly 

G SproiAE LiMiia 


Sibling's Foimula (p 361) 


lim 


^1 




IFaffis’s P> oduot (pp 223-22G, 363, 44C) 

7r_ g / 2» 2« \ 

2 nil \2?i - 1 2tt -I- 1/ 
(For infimto pioduots, soo pp 419-422) 
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e»=Hm(l + -y (p. 176). 

" / x^\ 

siiiTr® = 77® n (1-I (p. 446), 

«=i\ ny 

Definition of tlio Gamma BHinotion (pp. 260-261), 

r(®) = (® ^ 1); 

r(® + 1 ) = ®r(»); 

if ® is a positive integer n, 

r(M) = (» ~ 1)! 

Order of magnitude of functions (pp, 190-196), 

lim ~ =»CO, if c> 0 (p, 192). 

lim =0, if a > 0 (p. 192). 

X 

lim ®“ log® = 0, if a > 0 (p. 196). 

P6—^ 0 


7. Special Definite Integrals 
Orthogonality relations of the trigonoraoti’io functions (p. 217). 
. •7/0) if»i4=«'* 

1 Slum® 8mjw;a® = ( -j; . a 

v-ir W, if m = n, « 4 = 0. 


/ *r?r 

sinmaj Qo^nx dx «==* 0. 

-n- 


cosw® oosn® dx ■■ 


/O. 

if m n. 


w. 

if m n, 

« !=H 0. 

0. 



./O, 

if m n. 


w, 


»4= 0. 

_ 1 
" 2 

V'tt 

(p. 496). 

_ 1 
"2 

77 (pp. 261-263, 418,450). 



54a 


SUMMARY or rORMUL/r 


8 Mean Value Thlorems 

Mean Value Theotem of the Diff&enttal Calculus (p 103) 

ilE±^ZlI^^f'{x+eh), 0<d<l 

Jt 

If /(a?) —/(^ +/O == 0, this gives Rollers iLheoiem (p 105) 
botweou two zeios of the function thcio is always a /seio of 
tho doiivativo 

Gmoalmd Mean Value Tkemem (pp 136, 203) 

/(&)-/(«) „/(!) 

g{h)-g{(£) g'{^)’ 

whoio ^ 18 a valuo between a and b 
Taylor's Theorem (pp 320-323) 

/(<r + A) + A/'(a,) +1 f"{x) -I- + 

wifcb tho remamdci (pp 323-324) 

ii:„ = yj’(A~T)"/''"’(® |-T)dr 
(w+i)r 

« ^ (1 - 0)" /<" (1J + Oh) (0 < d <, 1) 

Mean Value Theotem of the Integral Galcuhis (p 127) 

= (6 — a) f{C), wlioio 

£fi^) Pi«>) =/(^) <K if p(®) ^ 0 
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9. Expansions in Sbiues; TAYnon. Series, Fourier Series 


1. Power Series (for definition, sea p. 398). 

(a) Power Series in General. 

OH 

Any power series 

w»=0 

in one variable has a radius of convergence p (wliich may be zero 
or infinite); tlie scries converges when | a;| < p, and in fact it con¬ 
verges imifoiinly and absolutely in every interval | a; | ^ tj, whore 
rj < p] when | » | > p, the series diverges (p. 400). 

If the remainder in Taylor’s theorem tends to zero as n 
increases, wo have the infinite power series (p. 326) 

fix + h) -/(») -H A/' (a;) -I- + ... + -h .., . 


(b) Special Taylffr Se/ries (pp. 316-319, 326-330, d05-409, 
422-423). 

^ u 4 . 

tor —1 < a; ^ 1. 






^=x+-., 




X‘ 


.2n 


Ajtl 

,ml..= .-|-L.+ g. + . 


for all 
/ valuoa 
of X. 




tana!= X (-1)—^ Mgf a}^-^ for-J<»<J, 

j»»il " 

(—1)'' for — tt <x<7T, 

where t]u» qmuititics are IhmoidWs numbers (p, 423), 


,.2n 


/ 
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SUMMARY or formula: 


23 216^2467 

ar smlia; = x~ - ~ + ? — ~ — ^- ^ ^ -|- 

23^246 2407 

gj 3 /vB 

arotan'B = a!—— 4-— l- 
3^6 ^ 

3 6 

ar tanhifc = — 

3 6 


for 


for I CO I <1 


Binomial Set les 

(1 + ®)“ 

foi —1 < » < 1, 

if a > —1 foi a- = 1 also, 

if a ^ 0 foi a! =5 —1 also, 


MX particular, 
1 


1H- a; 
1 


= 1 — aj-j-a:® — a?H- 


^-_^==l_2ai+3a5®-4a?‘ + 

^{1 + ®) = ! + ^®-^®®+ ^ ^ 
1 


:®' 


1 3 6 


2 4 6 2 4 6 8 




V(i+®) 2®+2 4 2 4 e"’ +rro + 


L 


Elliptic mtogial 
d<j> 


•\/(l ~ /i®siri®(^) 



EXPANSIONS IN SERIES 


545 


2. Fourier Series. 

If tlio function f{x) m scotionally smootli in the interval 
*— 7 r ^ 0 / ^ TT, i,e. if its first derivative is scotionally continuous, 
the Eoui’ior series 

1 

f^x) + S (a^ cos vx + shiivaj), 
whoro a,= - / f(t) coa vt dt^ b,=-- f f(t)a\ia.vtdt 

-nJ—n TT-'-ff 

is absolutely convergent thronghont the whole interval. If 
/(») lias a fmito number of jump discontinuities, while olaowhere 
/'((b) is sectioiially continuous, tlio scries converges luiiformly in 
every closed sub-interval which contains no discontinuities of 
/((b). At every point at which /((b) is continuous, the series 
represents the value of tho function /((b), while at every point 
of discontinuity of /((b) it roiircsonts the arithmetic mean of the 
right-hand and left-hand limits of /((b) (pp. 447-450). 


10. Maxima and Minima 

Tho following rulo holds only for maxima and minima in tho 
intmor of the region under consideration. 

In order that ^ may bo an extromo value of tho function 
y =/((b), /'(^) must vanish. When this condition is satisfied there 
is a maximum or minimum if tho first non-vanishing derivative 
of /((b) is of even order; if it is of odd order, thoro is neither a 
maximum nor a minimum. In tho former case thoro is a maximum 
or a minimum according as tho sign of tho first non-zero deri¬ 
vative is negative or positive (p. 168 d sej.). 


11. COIIVES 

In what follows ij aro current co-ordinates. 
Equation of tho curve; 

(») 2/ =/(»)> {^) y) ~ 0, (o) x—m), y— ^/(O. 
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Equation of tlio tangent at tlio point (a:, y) (p 2G3) 

(a) — 2/ == (^ — x)rN, (b) a— y)fv = 0, 

(c) - m)) <i>'{t )=0 


Equation of tlio iioiinal at the point (aj, y) (p 263) 

(a) ^-x+ { 7 ,- y)f(x) = 0, (6) {$-x)F,- ( 7 , - y)F, == 0, 


Cluvatuie (p 281) 


W + i'V)-■ 


(1 + 

Eadiua of cuivature (p 282) 


fet /,= itl# 


P- 


\Jo\ 


Evoluto (locus of centie of ouivafcuro) (pp 283, 307-311) 
/ \ ^ /1 -h y'® , i + y'^ 

(«) 7j = y+ -y-, 


(6) ^ = sc+F^ 
v^y-hFv 


F^^FJ^-2F^^F^F^+FyyF„^ ’ 

/'vH 

- IF^^h^Fy + F^yF/ 

Involute (p 309) 

^ =*+(«-s)iiJ, 1? = 2/+(«—S)y, 


whore a is an aibitiaiy constant and s tlio length of arc measured 
from a givon point 

Point of inflection (pp 1B9 266) Necessary condition for u 
point of inflection is 

(a) y'= 0, (J) F^^F/— 2F^„F„Fy + FyyFJ^ =• 0, 

(o) xy — xy—O 
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CURVES 


Anglo betwoen two curves (p. 264): 


(b) cosa>: 

(C) cos CO : 


WIWTwWW)' 

. + yvi 

^/{d? + fW{x^ + vxi 
In particular, the curves arc orthogonal if 

(6) “I” 0, (c) (cit^ ~f" yyi = Oj 

the curves touch if 


{b) F^Gy - FyG^ ^ 0, (c) (ty^ --(b^y^O. 

Two curves 2 / = /(a?), y = have contact of order n at 
a point X, if 

f(x) = g{x), /'(») s= /(»), ..., f’‘\x) = 

/("+!) (a;) =|=,(/<"+»(a!) 

(pp. 331-333). 


12. Lbngtii oi? Abo, Abba, Volume 

Length of Aro (pp. 276-280). Lot a piano curve bo given by 
the equations 

(«) g ==/{!k). . {&) F(x, y) = 0, (o) x = y = t/»(0, 

((Z) (polar co-ordinates) r — r{0). 

The length of arc is 

{a) s- f V{1 + (o) 8 = f -I- f)(^> 

(6) s == ^(iV lff)dx, {d) s = C Vlr** -I- r'«) dO. 

Area of Plane Surface. The area boimdod by tho curve 

r== t{0) 

and two radii vectoros whore r, 0 aro polar co-ordinates, 

is given by 
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The area enolosod by the ouive 


the two oidmates so — a- == ccj, and the as axis, is 



(P 80) 


Volume Tho volume lying over the legiou R and bounded 
above by tlio suifaee with the equation 

«=/(*. y) 

IS given by 

^ fj{<^>y)^'«^y (p <187) 



MISCELLANEOUS EXAMPLES 


CHAPTER I 


It Provo that if p and q aro integors tho expansion of p/q as n deoitnal 
oitlior torminatea or roonrs from a oortaiii point onward, Provo also that 
ovory torminating or recurring dooimal roprosonts a rational number, 

2, Express 89 in tlio ternary soalo (eoalo of 3), 

3, How would tho uumbor ono hundred and fifty-six bo writton if (a) 
tho binary soalo (soalo of 2), (6) the soalo of 4, wore in common use? 


4. Express tho following numbors in tho scale of 12; (a) 1070, (6) 10,000, 
(0) 20,730, (d) 1/0, (fl) 1/04, (/) 1/6, 

6, Wo can And V2 to ono dooimal placo thus: P 1 < 2,2^ == 4 > 2, 
thoroforo 1 < V2 < 2, Next, 1*3® === 1*00 < 2, l*4a « 1*90 < 2, 1*5» «= 
2*26 > 2, thoroforo 1*4 < V2 < 1*6. 

(a) Contiiiuo this prooosa ono stop further, 

(h) Caloulato V7 to two dcoimal places by tho same method, 

0, Eor what values of x do the following inGq[ualities hold? 


(а) + 3.15 d- 1 fe 0, 

( б ) - 05 + 1 ^ 0 . 


( 0 ) 


05 *}- ” 

05 


^ 0 . 


(d) 805 - 2 ^ 05^. 


7. Provo that tho arithmotio moan of two positive quantities 

2 

a, 6 is not loss than tho goomotrio moan V^, i,o. that 

State when tho equality sign holds. 

8. Tho quantity 5 defined by + is called tho harmonio 

moan of tho two positive quantities a, &. Provo that the goomotrio moan 
is not loss tlian tho harmonio moan, i,o, that Va& ^ 

When does tho equality sign hold? 

9. * Sliow that tho following inequalities hold, if o, bt c are positive; 

(a) -1- ^ ah H- 6o + ca. 

(&) ((I -j- + o)(«> + ^ 

(o) + eV S ab6 (a -h ^ 4- c). 

G40 
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miscellaneous examples 


numbers i, * and a,^ (j / = 1 2 3 ) arc all posilivo In 
addition a,^ g il ond a,,» d + a/ ^ 1 Piovo that 

*11*1* + 2ai24!,»8 + + g 3if/ 

U * Prove that d the numbore «j, ,« and Jj Jj, S„ satisfy 

Iho inequalities fl» fe ^ h„, then ^ 

n:^< 6 ia 

12 Prove the following properties of the binomial ooeffloionts 

<“''-(?)+e)-( 9 + *(:)-« 

I**) (j) + 2 (2) + s ^g) + + TO M * to2'*-> 


WI 2(5 + 2 a(5+ +(._1)„(«)_„„_,,2„ 




2 »+i _ 1 

»+i v»y r 


13 By summing 

v{v -f- IXv h 2 ) (v H- A 4.1) — (v ~ i)v(v ^1) (y ^ 
from V = 1 to V == » show that 


S v{v + l)(v 4 2) f,.-)-M- ”(«+l) (w4-A -t-ll 

A 4 2 

1 1 ivalualo P 4 2 « 4 + by using the relation 

v« = v(v 4 I)(v 4 2) - 3v{v4 1) 4 V 

16 Evaluate 


(») _i_ 4 . 1 4 . . 

1 


^ + J_ j. J_ . 
13^2 4^r6 + 




4 


1 2 4 2 3 6 


4 


4 

4 


»(n 4 !)(» 4 2)* 

I 

«(» 4 3) 

I 


n(n 4 l)(n 4 3) 

1^^ Find a fornnila for the « th tomi of the following aritbmotlo pro 


gressloiu 


(a) I, 2, 4, 7, 11, 16, 

(i) —1 _io —9 1,26,08, 
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17. * Show that fcho sum of the first n terms of on arithmetic pro. 
greasion of order h is 

4* + • • • + 

whore S^, repreaents the sum of the first n v-th powers, and a, 6,..., g 
axe independent of n. Evaluate the sums for the arithmetic progresaiona 
of Ex. 10. 

18. * Prove the binomial theorem 

(a + 6)n = an ^ „n-lj + (jn-aJ« + ... ^ 6» 

by mathematical induction. (See also Ohap. Ill, p. 201.) 


19. Eind 

ia) Urn 4 4 • • ♦ 4 

K—>« \1.2 2.3 w(7i 4 I)' 

^ %..»Ai.2.3^2.3.4^ ^ n{n + mn+2)J 

( 0 ) lim (~xr 4 V ^ 4 * ♦ • 4 '^7^* 

n-^aoX'yTl ^7141 'y27l/ 

k k _ 

20. If S 0, prove that lim a^Vn 4 ♦ = 0. 

|«0 

21. Provo that lim ^ 0, 

22. Provo that lim 

23. Provo that lim 0. 

24. Provo that lim 4 71 ) 0. 

26. Ubo Cauchy’s oonvorgonoo toot to show that the following sequonoos 
oonvcrgoj 

(a)a„^l. 




26.* Show that the limits of the Boquonoos (c), (d) of the previous 
example are reciprocals of one another (so that the limit of the sequonoo 
(d) is 1/el). 
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27 * Provo that tho limit of the Boquonoe 


V2, V2+V2 V2H-V2+V2, 

(a) exists, (6) is equal to 2 

28 * Provo that the limit of tho sequenoo 


1 1 - 1 . 




oxwtfl Show that tho Jlmifc js leas than 1 but not loss than J 
20 Prove that the limit of the BC(tuenco 


^ tl li 272 ” 




oxiBta, IS equal to the Ilimt of the previous example and is greater than 
4 but not greater than 1 

30 Obtain the following bounds for tho limit i} of the two previous 

37 57 

examples 

31 ♦ Let ai bi be any two positive numbers and lot Lot 

and in general 


?axbi , 


“ a " j ” V^TTi'n-l 


Prove that the aequonoes and converge and have the 

same limit 

82 ^ If ^ ^ then hm = L 

33 Use Ex 32 to evaluate tho limits of the followmg soquonocs 


(6) + WV(5) 


34 Use Ex 38(c) to show that 

nl« n”e“'”a„, 

whore is a number whoso ?t th root tends to 1 (See Ohap VH Appendix 
p $63) 

35 Provo that hm « 2 Eind a 8 such that for j «| < 8 the dif 

HI 

ferenoe between 2 and 2-lL? is, in absolute value, (a) less than (6) loss 
{»+ 1 

than (e) leas than e, e > 0 
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36. (a) Provo that lim Find a 8 auoh that for | I — »| < 8 

a- + 1 2 

the differonoo between -- and - iSi in absolute value, loss than e, e > 0, 

2 a; d- 1 

Do the same for (&) lim V(l + (n?); (o) 

*—^9 as-^O iC 

37* Prove that (a) lim — —^ ==: 1, 

x-^o X 2 

(&) lim Vx 4- i{Vx + 1 —* Vic) = J, 

af—>*to 

88» Prove that lim (cosTta;)^^ exists for each value of x and is equal to 
1 or 0 acoorcling as x is an integer or not, 

SO,*** Provo that lira [lim (oosTmla;)®^] exists for each value of x and is 

m—>•<» 

equal to 1 or 0 according as a; is rational or irrational, 

40, Determine which of the following funotions ai’e continuous, For 
those which are disoontimioua, find the points of disoontinuity. 

/( 0 )- 0 . 

(»/(•) - /(o) _ 0. 

Binir 

(o) f{x) — lim (cosTcii;)®^, 

m— 

(d) f{x) = lim [lim (cosTm!®)®”*], ^ 

m— 

41, Lot J{x) bo oontimious for 0 ^ £C ^ 1. Suppose further that /(a) 
osaumoa rational values only, and that f(x) « 4 when a? === Prove that 
/(a;) 5= J ovorywlioro, 

42, Has the function 

/(a?) 2 sin3a; + 10 cosSa; 

any real zeros? 

43, * If /(a;) satisfies the funotional equation 

Six -h y) ^ J(x) + f{y) 

for all values of a; and y^ find tlio values of f{x) at the rational points and 
prove that, if f[x) is oontinuoiis, /(a;) === car, whore o is a constant. 

44, * Provo a converse of the theorem of uniform continuity; namely, 
that if J{x) is tiniformly continuous in the half-open interval a < a; S &, 
then J{x) tends to a unique limit as a; a (wliioh may be taken as the 
value of /(a)). 



SUMMARY or rORMUL/E 


Integration by Parts (pp 218-219) 

= f{x)g{x) /' {x)g{x) dx 

Metliod of substitution (pp 207-212) 

^ f(x) dx f{^{u)} <f>'{u) du, 
whoto a — <f>{a), b = q4(/8) 

Connexion between differentiation and integration (p 111 et seq ) 

i 


Improper Integrals (pp 197-251) 

If f{x) 18 oontmiioue except at tbo point a? = 5 whore it 
becomes infimte, J f(x) dso is (absolutely) convergent, if m tho 
neighbourhood of a: = b 




whore v < 1 (p 248) 


(b~xf 


ACO 

coBvergea (absolutoly) if 

where v >• 1, for values of ^ A (p 260) 

2 Special Formulea (pp 82-87, 128-130, 142 et seq , 161, 168 
et seq , 200, 208-209, 210, 213-217, 220 et seq) 

jx‘^(h= jXogxdx—xlogx —X 

f — = hg\x\ flhgxdx~^(logx)^ 
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Jdaix dx= ~ cos a;. 
Jcosx (lx = sin®. 


J sinha; dx ~ coslia;. 
J coslia; dx = sinha;. 


J tana; dx = —log | cosa; |. ^tanha: dx — log cosha;. 

Jaotxdx=^ log I sina; j, J cotha; dx= log] sinha: |. 

J arc 8ina;£fo: = a; arc sina; + ■\/{l — a;®). 

Jam Qosxdx = x aro cosa: — -\/(l — o?), 

Java im.xdai = a: aro tana: — log (1 -h a:®). 

J aro cota:<i!a: = x aro cota: + ^ log (1 + ®®). 

J at sinli a: da: = a: ar sinli x — y'(1 4- **)• 

Jar cosha:da: = a: ar coslia: — ■\/{x^ — 1). 

Jar tanli xdx — a: ar tanlia: 4 ^ log (1 — a:®). 

Jar cothasda: = x ar cotlia: 4 | log(a:® — 1). 

J ~ = log tan? j. f -r~ ~ log I tanh ? I. 

J sma: 2 j J sinha: j 21 

J~- = log j tan^? 4 f 2arotan Aanli?^ 
J cosa: ° I \2 4/| J cosha: \ 2/. 


A 

J 81 


= 2artanli^tan0. 

^ -log I tana:], ^ 


Bin aj cosa? 
dx 


f -ry- — —cot a?, 
sm^a? 

^ tana?* 


J 81 


sinha; cosha; 
dx 


i log I tanh a: I, 


cotha:. 


cos® a: 


sinli®a: 

J == tanh a:. 
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J sin^a^cite J(a. — em® cos^) 

jT ooa^codoo = (a? -f- sin a; cosa;) 


/, 

h 


d<c 


a® sin^a; + 6® gos^cb ab 

dx _1 

sm® ® — 6^ cos®a? ab 

dx 


aro tan 

ax tanh 




a, & 4= 0 


r (KB 1 , » 

/-j-—- = -orotan- 
J <c^i- or a a 


r da> 

*' »® — 0! 


—-artanli?=Flog5---?, if|a!|<a 
a a 2a a-\-oo 

— -ar coth- = i log^l^, if I a? | > (», a > 0 
La a 2a a; |-a ' ' 


I 

/ 

/ 




»“) 

a? (fa? 

■v/(a® + ®“) 

'\/{a? — a>®) 
cjb 


I ^ 

+ aro sin - 


" /■ 
» 1 


dx 


X J x\/{x^ — o®) 
-aro cos - » ' ' 


1 a 

— aiosra- 
a X 

, 1 

-| - ato cos 
a 


=s '\/(a® 4- »*) 

= —\/(a® — a^) 


v(a»+x») “ “ ^='=*+ 

/ 

/ 


dx 

\/(a!® — a®) 

(Jb 

a!-v/(a;®-l- a®) 

(?a) 

aj-v/(o®~ a:’^) o 


- at Biuh ~- log .±. « + 
a a? a x 


I ar cosh? = -I log g ± 


£c a 


e I« 
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f V(«® -x^)dx==^—\a^ aro cos ~ + 1® V(a^ — so®). 
2 a 2 

f ^ ar cosli - + ~aj 'v/te® — a^)* 

^ z a 2 

/V(®® -h «“} ^ ^ a® ar sinE? + y'(®a + aa). 

J\ 


(lx 


1 


cc® + 26a! + 0 — c) 


2v'(6’*~c) 


ar tank 


log 


®-|- 6 
V(62-c) 

■\/(6® — c) ~ ® — 6 


I V(6^ — c) + « -1- 6 i 
if 0 < 6®, i.o. »® + 26® + 0 =5 0 has real roots. 


f ®a + 


dx 


arc tan. 


a:-I- 6 


®®H-26»+o ^/{o~b^) v'(c-&Y 

if 0 > 6 ®, i.o. ce® -{- 26® + o =» 0 has imaginary roots. 

J G“® ambxdx b= e*®(o sin 6 ® — 6 cos 6 »). 

ye*® 0086 ®^!® a= ®“*(® cos 6 ® 4 " sin 6 ®). 

rsin"® co8®(?» => ?^£1——, 

‘Z n +1 

iZecMrrencfi Formtdeo (p. 221 et sej.). 

fooB'*xdx «= i cos"~^» sin® -I- f co 8 "''®®(Z». 

J n n J 

/ I ♦ 7^ ' ’ I /* 

Bin“®d!® --sin”-^® cos® +-/ 

n n J 

Jx" cos®(^» = »" sin® ~ n y»""^ sm®c!®. 

J ®” sinadl® « "®*‘ cos® + n ooexdx, 

r . , sin"‘'-^®cos”~^® , n —1 

/ sm"*® C0B"®t(® = 

U708) 


w-1- n 


m 


=i./si 
+ «>/ 


sin'"® cos""®®(?», 
18* 
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J (loKJ')"(// 


‘ifi 


I^T”t^dj j" 

1 « J'j" ‘t (/< 



1 1 

( "■(llljj ‘ » 

» 1 1 » ! 1 


'dr (,i 1 1) 

/ 

■“ 1 

*11 l 

1 i/j 

>^{1 1 j')' 

J(» 1)11 1 ^ ‘ 

'(« 1)^ 

1 


‘I lutoKrftHon of Bpoolnl Typos of FwuoUoms 

((t) Hiilumnl humhim llu'w* uro mlnn'tl tt> I In fulltmiii^ 
(Iuii> (iiikIhiiu itC-iiI t\|H» liY )*nii|utMiu into {ifirtiul fiiuliuim 
([1(1 JU) 

f <l> 1 1 

J (jr u)” n I (r u)- •' 

/tir I I dll 

(j3 I ’/*! > ()■’ {»' h ) ^ ' (I i It®)*' 

wltlTO 0 /j® 0 , U» (j- I f»)/v(*' 


dm mU'Mml on llm ripht In mg muliitiitil Uj dm Innt r«t iirmun 
roriniiU iiIhim 


/ 


Xilr 

1 ihr 1 f)" 

1 

H» I) 


1 

I r)** • 



ih 

Jilt i r)"' 


x\hiro iho itiU'griil on dm ngliti in of llm tv|m iinniolmU )y jtnx 
kmIiiiK 

In wlmi, follnwn // ft rntiniml fiini lion 

ii>) Jin mnr, tiMr)f/r(ji *07) 

f ! /^ 

SuliHliliilnm I tan midinlHin-r " . lonj 

J I I d 1 I 


ilr 


2 



INTEGRATION 

If, liowcyer, R is an oven function or mvolves tana; alone, the 
lollowing substitution is more oonvonient; 

u = tan®, sin®» ==_ — — I _ 1 

(c) J I2(cosli®, sinb»)d® {p, 237). 

Substitution: t=tan]i® so that 8mh#=« ~JL cosh®= ^±f, 

— = _Jl_ ^ 

dt 


{d) y’l?(e»»“)cifa), 

Substitution; 1 1 = e*"", — = 

dt ml 

(e) JR{(S, — a;2))tih! (pp. 237-238). 


Substitution: 

if) 238). 

Substitution: 

(ff) ^^(1 + !d^}}dx (p, 238). 


dx 


dt 


21 dx 

1 ~ t^’ li 


Substitution: 


U 

(1+ty 


it 

(I -1*)»' 


t = ® + ^(2:2 -I- 1), 25 y'(®2 + 1) =r jd:f !!±i 

n dt 2(2 

(70 J72 (®, + 26® -|- c))(i!® (p. 239). 

The substitution ^ =s ^ ro^Iuces this integral to 
ono of tho throe preceding typos, 



> SUMMARY or rORMUL/C 

(i) y *^/{ax 4* &), V(^ ^ d))dx (p 239) 

1 dT 2^ 

Substitution £ — \/{cx + d!) or r» — d!), — 

0 d£ 0 

'*> /*(*• *“> 


Substitution 



(?g>_ «(?—&(? >„_i 

cf« — «’ (of” ~ af 


6 UNiroEM CojtrvEBsmoE and Interohangb or Infinite 
Operations 

For tho definition of uniform oonvorgouco soo p 391 

A series wLiob is mufoimly convorgont m a closed interval 
and whoso toims arc continuous funotions lopiesonts a con 
tiniioua function in that interval (p 393) 

If [/„(*) I ^ a„ and 2a« converges, S/„(a;) converges uniformly 
(and absolutely) (p 392) 

Interchange qfStimmatzon and Dtjjferentiahon]^^ 396-397) Any 
convergent senes of continuous funotions may bo dilloiontiatcd 
teim by term, provided the resulting senes conveiges umformly 

Inkrohange of Summatim and Integration (p 394) Any 
unifoimly convergent senes of continuous functions may bo 
integrated term by term The resulting senes also conveiges 
uniformly 

6 Speoial Limits 


Slwh/ng's Formula (p 361) 
lim 




Walks’s Product (pp 223-226, 363, 446) 

sr__ jj / 2w 2w \ 

2 „-x \2» ~ 1 W+l) 

(I?or infinite products, see pp 419^422) 
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e”=lmifl + -V (p. 176). 

nf 

sinTT® != 7T® n (l — (p. 446). 

n=il \ wV 

Definition of tlie Gamma Fuiiotion (pp. 260-261). 

r(®) = f e~H^~^dai (x ^ 1): 

‘'0 

r(® + 1 ) == ®r(®): 

if ® is a positive integer n, 

r(») =» (« - 1)1 

Order of magnitude of functions (pp. 190-196). 


.7 

lim - S53 


if c> 0 

(p. 192). 

^^->00 of" 



Imi '»«»_ 

0 , 

if a> 0 

(p. 192). 

Af—>-0) 0^ 



lim oflogx^ 

0 , 

if a > 0 

(p.196). 


>■ 0 


7. Speoiaii Definite Integrals 
Ortliogonality relations of the trigonometric functions (p. 217). 


r” ■ - 7 / 0 . if 

/ Slum® smm:aa! = ( 

J-n W, u 

/ •I’If 

sinm® costJ®<l!a:— 0. 

-TT 

r'* " ji fo, i 

/ oos»w® oosM»aa> = ( 

J-n 1.77, 1 


0 , if m = 1 = tt. 

77, if m •= w, » 4 = 0- 


_ | 0 , if 7» 4 = w. 

” Itt, if Tft = «, w 4 = 0 . 


e~"' ^ V'’^ (P- 

fZ® = 177 (pp. 261-263, 418,460). 
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SUMMARY or FORMUL/U 


8 Mean Vaiw 'JiiioniMg 

Jllean Value Theorem of the Differential Oaloulus (p ]03) 

=/'(«-) Oh), 0<0<l 
h 

If /(a;) =/(a:-j-= 0» gives liolle’s Theorem (p JO0) 
between two zeros of the function thoio is alwftys a zoio of 
the derivative 


Generalized Mean Value Theorem (pp 135, 203) 

g{h)-g{a) p'(0’ 

where ^ is a value between a and b 

Taylor's Theorem (pp 820-328) 

/(* + h) = f(x) +*/(») + ! r {^) 4 -i- (le) + 


with the lemamdoi (pp 323-324) 

1 r)dT 


nlJo 

ynri 

(»+l)I 


/<"'^>(!b4 Oh) 


(l„P)«y(..H)(^^ O/i) (0<d<]) 


Mean Value Theorem of the Integral Oaloulus (p ] 27) 
£f(x)da!^{b—a)f{^), wJioio a^ ^^b 
£f{x) p(flj) dee =/(^) £p{a,) (U, if p(a,) ^ 0 
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9. Expansions in Sertbs; Taybob Series, Eourier Series 


1. Power Series (for definition, see p. 398). 

(a) Power Series in General. 

CO 

Any power series 

«*»o 

in one variable lias a radius of conveiyenCG p (which may be zero 
or infinite); the series converges when | aj| < p, and in fact it con¬ 
verges uniformly and absolutely in every interval \x\^7)^ whore 
r) < p] when | a; | > p, the series diverges (p. 400), 

If the remainder in Taylor’s theorem tends to zero as n 
increases, wo have the infinite power series (p. 326) 

fix + h) =/(*) + It fix) + p"ix) + ... + + ... . 


(6) Special Taylor Series (pp. 316-319, 326-330, 405-409, 
422-423). 

, ,, I . a;® I a;® !»* , . , i 

log (1 + a:) = a! — — -H -g — -j- + - • • • + (—1)" “ + • • * 

for —1 < a; ^ 1. 




.2 






3, + jj - + •• •+ <-l)*i2S+i)l 


4 X , X i I / 'I \«i ( 


v2h 








“*“*+M+5i + -'' + (2» + I)l 


f... 


1 n I ® I ® 

ooslia!=l+2^ + jj 


I 4- 


for all 
/ valuos 
of X. 


! 


tana!= S for-|<a!<^, 

CO 02 p JO 

X cota>=: S (—1)*' < a; < tt, 

p«o (2 jOI 

where the quantities are Be)%oulWs numbers (p, 423)* 
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SUMMARY or rORMUL/C 


'OQ ^ n A ti * j \ 


23 245^2467 

ai ginli® — a; ~ 1 ^ -I- ^ ^ ^ ^ ^ t_I for 

23 246 2467 ^ |— 

rti3 /j6 

arc tana = a~ —1--_i- 

3^6 

3 6 

artanha= a + ^ 4 - L + ja| < 1 

Btnormctl Senes 

(1 + a)* 

=i+<«.+;fc±)..+ (-n+D ^.., _ 

foi —1 < a < 1, 

if a > —1 foi a = 1 also, 

if a ^ 0 foi a = —1 also, 

in particular, 

1 


1 -(- a 
1 


= 1 — a -f- a® — a® — 

v/O + sj-l+Ji 

2t 

1 - 1 


-v/{l -}- a) 


-l-a®+ -L^—a*. 

_ 1 3 6 , 

2 4^24 6 

2 4 0 8“ 

1 W^^aOH- 

.1 3 6 7 

2 4 2 1 6 ^ 

2 4 6 8 


Elliptic intogml 

r*'® dj> 

Jo 
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2. Fourier Series, 

If tho function f{x) is seotionally smooth in the interval 
—TT g ^ i.G* M its first derivative is seotionally continuous, 
tho Fourier sorios 

■t £0 

fix) ^ % -h S {a^ cos vx + sin vx), 

2 |;s»l 

where ~ f /(i) cos vt dl^ f f{t) sin vt dt 

is absolutely convorgent throughout the whole interval. If 
f(x) has a finite number of jump discontinuities, while elsewhere 
f\x) is seotionally eontinuons, the series converges uniformly in 
every closed sub-interval which contains no discontinuities of 
f{x)* At every point at which f{x) is continuous, the series 
represents tho value of tho function/(o)), while at every point 
of diBContinuity of f{x) it represents tho arithmetic mean of tho 
right-hand and left-hand limits oif{x) (pp, 447-4:60). 


10, Maxima anp Minima 

Tho following rule holds only for maxima and minima in the 
intmor of tho region nndor consideration. 

In order that ^ may bo an extreme value of the function 
y ^ fix)} f\^) must vanish. When this condition is satisfied there 
is a maximum or minimum if tho fust non-vanisluug derivative 
of /((ij) is of oven orderj if it ib of odd order, there is neither a 
maximum nor a minimum. In tho foimor case there is a maximum 
or a minimum according as the sign of tho first non-zero deri¬ 
vative is negative or positive (i). 168 et 


U, CURVJ2S 

In what follows r) arc current co-ordinates. 
Equation of tho curve: 

(a) y ( 6 ) y) - ®'H*). y ^ 



SUMMARY OF FORMUI/T 


!■ qnation ol tho langint at tlio point {a, y) (p 20'?) 

{«) n — »)/’'('»')) (^) ~ *')1“ iv ~ 

(c) {$-==• 0 


Equation of the noiinal at the point (a-, y) (p 2(n) 

(a) ^ — a; + (ij — y)f'(!c) = 0, (b) {^~ v)F,,-~ (t? — = 0, 


Curvatino (p 281) 


(i'V I- i'7) 

(0) 


Racluis of ouivature (p 282) 






1 

\k\ 


Evoluto (loons of contio of cinvatmo) (pp 288, 307-811) 
(fi) §=x--y'^yfi^, y^y \ 

(6) F„ i ’ 

A ^ I A ’ ^ 

/ ^ i ^ t// / , J <I>H- 


Involute (p 309) 

^ = « + (cf- 5)i, (a—^) 2 ?. 

wlioro a IS an aibitiaiy constant and s tlio length of arc moasurod 
flora n given point 

Point of inflection (pp 169, 266) Necessary condition for u 
point of inflection is 

(a) 0, (6) F^F,^~2F,,F„Fy\- F,yF„^^ 0, 

(o) xjj — zy==0 



CURVES 

Angle between two curves (p. 264): 
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(6) COSO) = _ J«ga,+ 

' ' // o I ■m n\ vn# ft 




(c) COSW = 


iKBi + #1 


V{®® + ?/=)V'(V + 2/iY 

In particular, the oiu-vos are orthogonal if 

(b) F H" = 0, (c) <tbi + yy^ = 0; 


the curves touch if 

(b) F^Q^ — FyQ„ — 0, (c) wy^ — Ayij ~ 0. 

Two curves y — f{x), y = ^(aj) have contact of order n at 
a point X, if 

f¥) = !/(*), /'(») = .... f'Kos) = 9^’‘\x), 

/<«+«(a:)=l=^<''+«(*) 

(pp. 331-333). 


12. Lenoth op Ako, Area., Volume 

Length of Arc (ppr, 270-280). Lot a piano curve bo given by 
tho equations 

(a) y =/(®), . (b) F(x, y) = 0, (o) x^ j> [t), y « 

(d) (polar co-ordinates) r = r(0), 

Tho length of arc is 

(«)« = / 1/(1 + y'^)dx, (c) 8= f' 

(6) , = p.^. Ff)<h, id) s = p' + r'^) 

*'*V0 If y 

Area of Plane Surface. Tho area bounded by tho curve 
r=r{Q) 

and two radii vcctores Oq, 0^, whore r, 0 are polar co-ordinates, 
is given by 



548 SUMMARY OF FORMUL/E 

The area enclosed by the curve 

the two ordmates x—x^, ®= x^, and the x avis, is 

f \jdx (p 80) 

*/Xo 

Volume The volume lying over the region R and bounded 
above by the suiface with the equation 

«=/(». y) 

IS given by 



MISCELLANEOUS EXAMPLES 


CHAPTER I 


1, Provo that if p and q are intcgors the expansion of p/q as a dooimal 
either torminatos or roours from a oortain point onward. Prove also that 
every terminating or roourring dooimal roprosonts a rational number. 

2, Express 89 in the ternary scale (scale of 8), 

8 . How would the number one hundred and fifty-six bo written if (a) 
the binary soalo (scale of 2), (6) the scale of 4, wore in common use? 

4, Express the following numbers in the scale of 12: (a) 1076, {h) 10,000, 
(0) 20,736, (d) 1/0, (e) 1/64, (/) 1/6. 

6 , Wo can find V2 to onodeoimal place thus: P = 1 < 2,2® 4 > 2, 

therefore 1 < V2 < 2. Next, 1*3« 1*00 < 2, 1*4« *= 1*96 < 2, P6« ==» 

2*26 > 2, therefore 1'4 < V2 < 1*6. 

(а) Continue this process one stop further, 

(б) Calculate V7 to two dooimal places by tho same method. 

0 . Eor what values of x do tho following inequalities hold? 


(а) + 8 ® + 1 0 . 

(б) — a; + 1 0. 


W 


X 


^0, 


(d) 


7. Provo that the arithmetic moan of two positive quantities 

a, 6 is not loss than tho goomotrio moan i.o. that 


S VoS. 

State when the equality sign holds. 

8 . Tho quantity 5 defined by | ^ ^ + 

mean of tho two positive quantities a, h* Provo ^at tlio goomotrio moan 
is not loss than tho harmonic mean, i.o. that Vah fe 
When docs tho equality sign hold? 

9 . * Show that tho following inequalities liold, if a, b, c are positive: 

(a) rt* + 6* + 0 ® ^ ah + bo d- ca, 

(b) (a + b)[h + o){o+a)^Sabc. 

(cj d- ^ aho (a + ^ H' <5). 

m 


D- 


called tho harmonio 
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10 Tho mimbGra and {t I. = 1, 2 3) arc all positive In 

adchtion ^ M and -j- ^ 1 Provo that 

^ “p -j- ^ 3M 

11 * Provo that if the numbers «!, and bi & 2 > f satisfy 

the mcquahtiea % aa ^ ^ &j ^ hg ^ 




12 Prove the following properties of the binomial cooflGoionts 


(«)i- : 


+ ± 


(J-) (7 H 2 ^ +3 " + +«n^«S'«-‘ 


(0) 1 2 ( 2 ) + 2 3 (”) + + (« - \)n (”) - «(» - 1)2’^* 

«>©■+(")■+ +©■-© 


n + 1 \^/ n + 1 


18 By summing 

v(v + l)(v +2) (v + + 1) — (v — l)v(v +1) (v + h) 

from V 1 to V « w, show that 

:sv(v + i)(v + 2) (v + A)-t^(?L±iI(!L±i±2) 

V-1 il -p 2 

14 Evaluate P + 2® -p + n® by using the relation 
v*« v(v + l)(v + 2) - 3v(v + 1) + V 

16 Evaluate 

(«) —t—?—i- + —^— 

'’123^2 34 n{n+ l)(w + 2) 

f&) J_ + -L- + -L. + + —— 

'13^2 4^3 6 ^n(»+2) 

(cs) —-1-?— + +_^!:_ 

124^235 n(ft+ l)(rt + 3) 

16 Pmd a formula for the n th term of the following anthmotio pro 
gresaions 

(a) L 2, 4 7, U 16 

{h) --^7, -10, -9,1 26,68, 
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Show that tho sum of the firat n terma of an arithmotio pro- 
greasion of order h ia 

+ » • • + 

where roproaents tlio aum of tho first n v-th powers, and a, 6, • •,, j), g 
are independent of n. Evaluate tho auma for the arithmetic progresaions 
of Ex, 16. 

18.* Provo tho binomial theorem 

(a + 6)" =. a" + a"-‘6 + ( 2 )“''"*^’ + • • • + 6" 


by mathematical induction. (Soo also Ohap, III, p. 201.) 

19, Find 

(a) lim f-— + -i- 4- ... + _i— .Y 

W»\l.2 2.3^ n(»+l)/ 

.2.3 2“ 3“ 4 fl,(»>l)(n + 2))’ 


k fc ,- 

20. If S =3 0, prove that lim r» vn + »— 0. 

H**^W 

21, Prove that lim ^ » 0^ 

22. Provo that lim sss 0# 

2« 

23, Provo that lim =3 0, 

H->co 

24, Provo that lim + n) ^ 0, 

25. Use Canohy’a oonvorgonoo test to show that the following aequonooe 
convergej 

(a) c= 

n 

tj. n H-1 
{b) • 

ft 


( 0 )*»« 
(*«)■' <»« 


s- 1 -I- i. 4- i 

*^11 21 


i 4 - - 
11 21 


h «♦ 
1 1 


I 

““t* 

n! 


31 


’ nl 


26,* Show that tho limits of tho aoquoncos ( 0 ), (d) of tho previous 
example are reciprocals of one another (so that tho limit of tho sequenoo 
(d) is 1/el), 
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27 * Prove that the limit of the eequenoe 

^2, VJ+V2, V^-f.“V2 + -v^, 


(a) exiete (b) la equal to 2 

28 * Provd that the limit of the sequence 






exists Show that tho limit is less than 1 but nob leas than i 
20 Provo that tho limit of the sequence 




1 

n + 1 


+ 



oxiata IS equal to tho limit of the previous example, and Is greater than 
i but not greater than 1 

30 Obtain the following bounds for tho hmit L of the two previous 

, S7 r 57 
examples -~ < Zr < ^ 

^ 60 60 


31 * Let ai bi be any two positive numbers and lot ax < Lot 
9aihi 


and m gonerol 


ax + hx 


Vaxhi, 


a = T /- - f — 


Prove that the sequences ax and bx &21 converge and have the 

same limit 

32 ♦ If »„ > 0 and Urn ?2i3 = £, then hm ^oT. = L 

W—>« ttjj ^<Xi ^ 

33 Use Ex 32 to evaluate tho limits of the following soquonoos 

34 Use Ex 33(o) to show that 

nl 

where is a number whose n th root tends to 1 (See Ohap VH, Appendix, 
p 363 ) 

36 Prove that hm ^ ^ 2 Find a 3 such that for 1«1 <3 the dif 

jr->o a; "1“ -I- 

ferenoe between 2 and is m absolute value (a) less than (b) less 
«? Tf- i 

than xAtt* (^) c e > 0 
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30. (a) Prove that Inn —;—■ — Imcl a 8 such that for 1 — a; <8 
»->! a! + 1 2 ' ' 

3 >4- 2 

fcho diuoronoo botwoon - and ‘—^ is, in absolute value, leas than e,« > 0, 
2 IB + 1 

Do the same for (&) lim V(1 + (o) 

x-’^H X'^^O »B 

37, Provo that (a) lini + a?) — 1 _ 1 

x^o X 2 

(&) lim Vx + J(V^+ 1 — Vib) =:*= J. 

X — 

38* Provo that lim (coskib)^^ exists for caoh value of x and is equal to 
1 or 0 according as ic ia an integer or noL 

33.* Provo that lim [lim (eoaimliB)®”^] exists for each value of x and is 

n —>00 m'>>o9 

equal to 1 or 0 aooording as a; is rational or irrational. 

dO. Determine which of the following functions are oontinuous, For 
those wliioli aro discontinuous, find the points of discontinuity, 

(a)/(.)=,^±^^, /(0)«0. 

/(0)«0. 

(e) J(x) =3 lim (ooBm'B)^*^. 

W—>00 

(d) /(ib) = lim [lim (oosTmliB)®^'^]. ' 

«—>00 fn“->oci 

dl. Lot /(ft!) ho oontimious for 0 ^ ft) ^ L Suppose further that f(x) 
assumes rational valuoa only, and that f{x) = i when a? — Provo that 
/(a?) = i ovorywhoro. 

d2, Has tho fimotion 

/(ft)) 2 sin 8a) + 10 ooa 6a? 

any real zeros? 

d3,* If /(ft?) satisfies tho funotional equation 

/(<BH-y) = /(») + /(y) 

for all values of x and y, find tho values of /(a?) at the rational points and 
prove that, if /(ft)) is oontinuous, /(ft)) — ca:, whore o is a constant. 

44,* Prove a converse of tho theorem of tmiform oontinxiiby; namely, 
that if /(ft)) is uniformly oontinuous in tho halLopon interval a < a? ^ t, 
then /(ft)) tends to a unique limit os a? *-> a (which may be taken as tho 
value of /(a)). 
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45 Plot Uio foHo^\lng graphs and cxpicss Iho equations m Caitosmn 
CO ordinates 

(а) r s::: rt + 6 cosO (I ima^on) 

(б) j ^ (Ellqiso) 

2 — cobO 

, , 2rtain^0 ,r 

{c)r^^ (CiBsoid) 

coflO 

(d) r ^ (Folium of Bcscartoa) 

flin'* 0 H cos^ 0 

4Q * Show that tlio equation of au illipso with ono fooua at tho oiJgln ifl 

_ I _ 

1 — fiGOS(0— Oo) 


47 I ot c bo tlio oomploK inimboi a | i?/ lopiosonti d by a point in a 
Oartoalan oo oulinato syfltom Plot tho ourvoa 


(a) 

w 

(0) 


0 — t 

6 I 1 
|o — c/ 
p 


--2 

^le 

-I 


a, p ooinplox oonslnnta 


48 T ot Ci Ojj bo two coniph k nnmboiH Piovii tliat 
(«) (Ci 1 Col J^lcil 1 (Col 

(6) 1 Cl J Co I ?' 1 Cl I — I Co I 
40 Provo tlio equality 

(Cl I Cj 1« t I C, “ f («»■ 21 0, |« I 21 Co j» 
and otato ita goninoliioal intoipiotailnn 

hO Ihovo that (coaO | ihIhO)” coa«0 | ibIiuiO by muthomatloal 
iiuluatlon 


CirAPlJ R It 

til * Provo dirictly that tho dorivativo of tlin fnmtion 

M 9,^1 0, /(O) « 0 

a 

oxintfl at ovory point ami m (Kpud t<i 

—((iM ^ I Hill ^ ►i I 0 0 at aj ^ ^ 0 

Show that iiltlunigh / (j) i« not nuutmuoiiH nt x 0 novelthelciw tlio 
mean vnliin flituinn hHII appllc i and tho piopmly of J x 57 below hoMu 
good (Hoo pj) li)U 2IH) of tho to\t) 



MISCELLANEOUS EXAMPLES 


SS5 


B 2 . Draw tlio graph of tho fiinotion 

f(x) — X Bin » =1= Oj /(O) = 0 

and find its derivative for 4 = 0« Show that its dorivativo does not oxist 
at =5 0 , but that tho difforenco quotient as a; -> 0 has tho 

upper and lower limits 1 and —1 rospoctively. (Seo p. 109,) 

63. Invoatigato tho behaviour of tho function 

/(a?) — aj sin - -b aj® Bin 1, a? 4 Oj /(O) = 0 
z z 

with regard to dilforontiability, 

64, Provo that tho dorivativo of tho function 

f{z) = isina;, a? 4 0 ; /(O) 1 

exists at every point and is equal to 

/'(;») — 1 - sinaj -h - 008 iu, a 4 Oj /'(O) = 0 , 

no 

Show that /'(») is continuous* and find /"(»). 

66 , If /(a*) is oonbinuoua and dlfforontiablo for a g a; S ^ that if 
f\x) g 0 for a g a; < 5 and j\x) ^ 0 for ^ < a; g 6 , tlio function is never 
loss than/(?), 

66 . * If tho oontimiouB funotioji/((c) lias a dorivativo/'(a?) at oaoh point 
X in tho neighbourhood oix^ and if/'((c) approaches a limit Lqbx 
then /'( 5 ) exists and is equal to L* 

67. * If f{x) posBOssos a dorivativo /'((C) (not noccssarily oontiiiuoua) 
at each point (» of a g a; g Z>, and if /'((c) assumoa tho values m and if, 
it also assumes ovory value (x botwoon m and if, 

68. If/"((c) S 0 for all values of (c in a g (c g 6, tho graph of y = /(») 

lies above tlio tangent lino at any point /(?) of tho graph, 

(Tho ourvo is convex upwards,) 

69. If /"((c) S 0 for all values of (C in a g (« g b, tho graph of y /((C) 
in tho interval (c^ g a g (Cg lies below tho lino sogmont joining tho two 
points of the graph for which (c == (Ci* (c ==3 

00 . If /"(») ^ 0 , Uion /(^!-^) g'Q£‘l±iW. 

01, Given /((c) »= J(c^ — (C® + 1* find a number 6 suoli that for ovory 
h loss in absolute value than 3 and ovory x in tho interval — J g « g J 
tho following inequality holds: 

' h 100 
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62 Diffeiaatiate direoUy and write down the oorrespondiDg mtegra 
fcion formuloD (a) (h) tana? 

03 Evaluate 

(h) lim i fl + aeo^ — *f seo^ ~ + + sfio* 

n\ 4n m 4«/ 


64 Provo that 


(.)/_y- m (-i)*£(^- «•«.- 


66 Show that 


I ^ dx ^ 1 
V + 1 X V 

and 

+I<r'^<l + i4. + _L. 

2^3^ ^2 n~l 

1 1 r** d(c 

Piove that the Bcquonoe 1 + -+ H-/ —, v«=l, 2, ,isa 

2 V Ji a? 

decreasing aequenco and is bounded below 

66 Let fix) bo a function suoh that / \x) § 0 for all vaUiea of a? 
and let % » i4(f) be an arbitrary oontinuoua function Then 


v-1,2, 


l piurndt pm) 

d Jn ydjn / 


67 * If a parUolo traversea dlatauoe 1 m time I bogmning and ending 
at rest then at some point in the interval it must have been subjected 
to an acceleration S 4 


CHAPTER HI 

68 Hiflferenfciato the following functions 

gUn X + logato* 

(b) (»+2)^(1 1)5/7 

. . ft?^ ginir — ooaa? 

0 ^ tana? 

69 What conditions must the coefficients a, a b, o satisfy in order 
that 

«a?+ p 
+ 2hx + o) 

shall everywhere have a finite derivative winch la never zero? 
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70. Sketch fclio graph of the fuuofcion 

2/(0) =L 

Show that the funobion ia oontimioiia at aj ~ 0. Has tho function maxima, 
minima, or points of inHootion? 

71. Among all triangles with given base and given perimeter, tho 
isosceles triangle boa tho maximum area. 

72. Among all triangles with givon base and given vertical angle, the 
isosceles trianglo has tho maximum area. 

73. Among all triangles with given base and given area, the isosooles 
trianglo has tho maximum vortical angle. 

74. * Among all triangles with givon area, the equilateral triangle has 
tho least porimotor. 

7(5.* Among all triangles with given porimotor, tho equilateral trianglo 
has tho maximum area. 

76. * Among all triangles inscribed in a circle, tho equilateral trianglo 
has tho maximum area, 

77. Provo tho following inequalities: 

{a) «“ > » > 0 . 

(h) c® > I log(l + «), » > 0. 

(c) c® > 1 + (1 + aj)log(l + x)t x>0» 

78. * Lot a, h bo two positivo luimbors, p and q any non-zoro numbers, 
p <q* Provo that 

tO(t« 4- (1 - 0)&«f * “ 

for all values of 0 in tho interval 0 < 0 < 1. 

(7'his is Jenson’s inequality, which states that tho j3«tU power moan 
[Oa^-b (1 — of two positive quantities a, 6 is an inoreosing function 

of p,) 

70, Show that tho equality sign in tho above inequality holds if, and 
only a, a 

80. Provo that Hin [OoP + (1 - 0)6*]''* = a>b^-K 

i >—>0 

81. Defining Clio zero^tli power moan of a, h as show that 

Jenson’s inequality applies to this case, and beoomea (a 4= h) 

^ 4* (1 — according as g ^ 0. 

Por s=3 1, S Oa + (1— 0)&, 

82. Provo tlm inequality 

a, 6 > 0, 0 < 0 < If without roforonoo to Jenson’s inequality, and show 
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tliat equality holda only if a == 6 (Tins inequality states that llio 0 1-0 
geoniotno mean is less than the corresponding nnthmetio momi) 

83 If <p{a;) as T ^ CO, show that Iog 9 (aJ) is ^ lowor order md 
of a higher order of magnitude than 9 ( 1 ?) 

84 If the order of ma^^mtudo of the positive function f(v) as a: 00 

18 higher the same or loi\er than that of {«”* prove J /( 5 )d^ hon Uio 
corresponding order of magnitude rclativ 0 to ^ ^ 

85 Compare the order of magnitude as a; of J* rolalivo to 

f{x) for the following functions f{x) ^ 





(C) 

{(1) logo? 


SG Prove that if f{x) is continuouB and 




then f(x) IS identically zero 


87 Prove that S ir ^ -—r-- 

1-1 (X ^ 1 )^ 

^nUK*l2\ 

88 Show that — 


where «„(a;) ja a polynomial of degree n Establish tlio rooinronoo rolniioil 

%+i + < 


89 * By applying Leibnitz s rule to 


~ (e* /») = afi®'/* 


obtain the reourronoe relation 

«n+i === 

90 * By combining the reourronoe relations of Px 88 , 80, obtain tho 
differential equation 

%" + ^ 0 

satisfied by « 4 „(a;) 

91 Find the polynomial solution 

w^(aj) 5= 4 - + 

of the differential equation ^ 
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92.'*‘ If P«(a3) =-(«’* — l)^f prove the rdations 

i„\ p /_ — 1 p // I (w "h 2)a: p / i w 2 

- 2(;rTT)^ +- r ^-- 

(6)P„+/=a'P„'+(«+l)P„. 

(c) A((-,»_l)P„')-«(,t+l)P„ = 0. 

93* Fiud the polynomial solution 

of the diJderontial equation 

i((*»-l)P„0-«(n+l)P„=0. 

1 

94. Dotormino the polynomial Pni^) =» — 1)^ by using 

the binomial theorem. ^ 

96.* Lot X„ .(») =. - »)*“"» »=• 0, 1, 2, . . . , jp. Show 

Hin* '”/ 


1 = 25 X„ .,((b). 


^ 11 
a; n S 
n-l f 




«•-* / i?\ 

U/ 




CHAPTER IV 


Perform the Intogratlona in Ex. 00-101. 

"• /nf^*' "■ /i*+«'+i 

(18 f 101. f _ _ 

' J -^{1 + «) — V (1 H - k ) J *(» + 1 )... 

Evaluate tlio integrals in Ex, 102-^107. 


• dx 
a!V(a!»'»- 1)‘ 

' dx _ 

»(«? + 1) * ♦ • (^ + ) 


pirjZ 

102 . / ooa^ajtiaj. 


oos’SO sin^OUdO* 

0 




560 


MISCELLANEOUS EXAMPLES 


104 


I 


1 a*” da! 

0 V(i - a,») 


106 


I 




111 Je^<^Q}nhhvd3^ 

112 JQOQhbxda 


reaulte 


lOe £»^V(l-x'‘)d!e 107 

Oliitam reourrenoe formuiro for the mtegials of 'Ex 108-112 

108 y ti^(iQ^x)^dcc 

109 j aV® Bmhxdx 
no y»"«<“ QO^JiXdx 

113 Integra to f ^ m throe dififoront ways and compare the 

life jV(a»-a4) 

114 * Let PJx) == -i- (a4 - 1)« Show that 

J ^P„{«)P^„{x)dx ■= 0, If m =)= n 
lid Prove that /’* P„*(a)4a!« 

n -r 1 

116 Prove that J x^Pf^{x)dx ==3 0, if m < » 

117 JSvaluato J x‘^Pf^(x)dx 

Test whether the improper integrals in HJx IIS^^ISI converge or 
diverge 


118 f 

do 

X 

120 


dx 


V(<ia — a®) 
^ dx 
®V(ir* ^ 1) 


121 y 

122 f e'H^{\o^x)^dx 

do 

123 f lo^Bmxd^ 
do 

124 f -IogBiad?d« 

Jn T 


126 f X log Bma;dp? 

'fo 

126 

d^ca 

127 f 
do 

f. 

fr 

f— 

7o 1 h sin*iB 
X ds 

-f ir/3gm8ju 


128 

129 

130 

131 


n-/2 CC^<^dx 
(sino?)” 
® d^ 


4- 

xdx 


ptn 

* I i 
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/(a?) 

132.* If / dx oonvorgea for any positive value of 0 , and if f(x) 


tondfl to a limit L obx 
a 

has the value L log 


> dx oonvorges and 


a 


183. By roforonoo to tlio previous example, show that 

^ CO ^ ff-fiOi 0 

dx = log 

a 


‘^0 


X 


{h) f 


^ oosoti^ —' 00 s pa; 


dx - 


a 


A 0 

134.* If / dx oonvorgos for any positive values of a and 5, and If 

Jfl X 

f{x) tends to a limit il as a? 00 and a limit JS as aj 0, show that 


i 






' dx^{L^M)hg^' 

jQ X a 

136. Obtain the following expressions for the gamma funobioni 

r(n) 2 




CHAPTER V 


136, Plot the following oiirvos and iind their equations in non-para 
metric form* 

. . 6«i* 6ai® 

(6) X ^ ath Qint, y «== a 6 ooaf. 

137. * Show that the two families of ellipses and hyperbolas, 




- X 

.^+ * 


1 , for \<b, 




»=! 1, for <» < V < ht 


are oonfooal and intorsoot at right angles. 

188. Find the pedal curves (see p, 207, Ex. 11) of the following: 

(a) the ellipse ftj == a oosO, y « & siiiO with roapoot to the originj 
(h) the Jiyporbola x ^ ooshO, y =* & sinhO with rospoot to the origin; 

(c) the parabola with respoot to the origin; 

(d) the parabola = ^x with respoot to the foous, 

(B7e8} 


10 
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139 Show that the tangent to an olhpso la e(i«ally molmed to the 
fooal radu drawn to the point of oontaot 

140 Show that tho tangent to a hyperbola is equally molinod to the 
iooDl radu drawn to tho point of coutaot 

lil A constant length I is monsiired oil along tho normal to a para 
l>oIa Pmd the curve described by tho extremity of this sogmont 

145 Find tho area bounded by tho loop of the curve 

^ s- 0 

143 Find the area enolosed by tho ourve 

W + aV) ^ - b^)W 

114 Find the length of are of tho epioyoloid 

s=s ((> + 6) oo3i{ — 5 cos t 
0 

y s=3 (a+ 6) ainf — b 

0 

reckoned from tho initial point I ^ 0 

146 Provo that the radiua of ourvaturo at a point of the polar curve 

rs=a/(0) la 



140 * If tlio ourvaturo of a curve m the piano is a monotonio 
function of tho length of are, prove tliat tho ourvo la not olosod and 
that It has no doublo points 

147 Find tlio moment of inertia of a rod of length L 

(a) with respoot to its oontro, 

(&) with rospoot to ono end, 

( 0 ) with lespeot to a point on the line of tho rod at a dlstanoe d from 
tho centre 

(d) with respoot to any point at a distance d fiom tho oontro 

148 Find tlio equation of tho curves whicli ovorywhoro intersect the 
straight lines tlirough tho origin at tho same angle a 

149 Find tho equation of tho curves whoso normal is of constant length 
I (Tho ^ length” of tho noimal is tho length of the portion of tho 
normal intercepted between the ourvo and tho a; axis } 

XBO Show that the only curves whose ourvaturo is a fixed constant 
h aro ciroles of radius Ifk 

161 Find the eq^uation of the oiuvos whoso oontro of ourvaturo Ilea on 
the a? axis and whose radius of ourvaturo is therefore equal to tho length 
of tho normal 
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162. Mnd the equation of the ourvos whoso radius of ourvatiiro is 
equal to the length of tho normal but whoso ooiitro of ourvaturo does not 
lio on tho £r-axis, 

163. * Obtain tlio formula for tho length of a otirvo in polar oo-ordinatca. 


CHAPTER VI 

164, Bediico tho integral formula for tho remainder by applying 
integration by poits to 

/(« + /^) -” /(i») - + '^)dx, 

*'0 

166. Integrate tho formula 

and BO obtain 

js„«/{»+ h) - m - um -... - 

n\ 

166. * Suppose that In some way a sorioa for tho function /(o^) has 
been obtained, namely 

/(®)« oJo + 

whore ao* * * •» constants, is n times oontinuoualy difforon- 
tiablo, and ->• 0 as aj -v 0. Show that (Xj « 0, .. • ^ n), 

1 .0. that tho series is a Taylor sorics. 

167. * Find tho first three non^vanishing terms of tho Taylor aoricB 
for sln^a; in the neighbourhood of a? = 0 by multiplying tho Taylor sorios 
for sinaj by itself. Justify this procedure. 

168. * Find tho first throo non-vanishing terms of tho Taylor aorioa 

sin iff 

for tan® in tho noiglibourhood of o) == 0, by using tho rolatioii tan^r -, 

and justify tho prooeduro. 

169. * Find tho first tlireo non-vanisliing terms of tho Taylor sorioa 
for Voos® in tho noighbourliood of rtj =! 0, by applying tlio binomial tliooroin 
to tho Taylor sorios for cos a;, and justify tho prooeduro. 

160. Find tho first four non-vanishing terms of tho Taylor sorios for 
tho following functions in tho noighbourliood of w 0: 

(а) X oot». (c) seopj. (c) e^. 

(б) — (d) (/) log sino) -* log®. 

V X 
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161 Pmd the Taylor series for ore sinr in the neighbourhood of aJ »= 0 
by using 

n di 

are sina? = / ^ 

Jo Vl — 

(Of p 203 Ex 6 ) 

162 * Emd the Taylor series for (oro sinrrP (Of p 203 Ex 6 ) 

163 Emd the Taylor senes for the following funotions m the noigh 
boiirhood of a? === 0 

J rx , /»w emi 

f e“* di (o) / "-T- di 
0 Jq * 

164 * Estimate the error mvolvcd m usmg the first n terms in the 
senes m Ex 163 


166 * Two oppositely oharged portiolea — e situated at a small 
distance d apart form an oleotrio dipole mth moment M ^ ed Show that 
the potential energy (a) at a point situated on the atls of the dipole 


at a distance r from the centre of the dipole la 
approximately equal to ^ 


— (1 + e), where e is 


( 6 ) at a point situated on the porpondioular bisector of the dipole is 0 
(c) at a point ^Vlth polar oo ordmatos r 0 relative to the oontio and axis 

of the dipole is (1 4 . g), whore e is approximately equal to 

^ ( 6008 * 0 - 3 ) 

(The potential energy of a single ohargo g at a point at a distance r from 
the oliorgo is g/r, the potential energy of several charges is the sum of 
the potential energies of the separate ohargos ) 

14 -) 

m powers of * 

167 Evaluate the following limits 


<•' ' 3 ’"“ 


(&) 

lim a* ffl H 

ly- .1 


'v-^co2 L\ 



(0)* 

hm4fl + iy- 

elogfl h 

~)1 



\ 

»/ J 


lun 

(e) lim / 

'siiigy^*' 
. X ) 


*'”^0 \ ir / 




108 * Show that the osculating oirole at a point whore the radius of 
oiirvature is a maximum or mmimum does not cross fcho oiuvo 

109 Emd the maxima and minima of the following functions (a) [ tr L 
(b) aJBm(l/a?) 
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S^S 


CHAPTER Vn 


170. Show that the length of the olUpao a?« a oosf, ^ “ 6 sln^ is 


1 4a 


rvr 


fi* ooB^ idf, whore e® =5 


* 


Caloulato the length of the ellipse for wliioh e = J to four eignifioant figures, 
by \i8ing Simpson^s rule with six divisions. 

171. Expand the integral of Ex. 170 as a series, and estimate the 
mimher of terms neoossary for aoouraoy to four aigtnfioanb figures, 

172. Evaluate da?, using Simpson’s rule with h^O^h 

JO X 

173. The hypotenuse of a right-angled triangle is measured aoouratoly 
fts 40, and one angle is measured os SO® with a possible error of i®. Eind 
the possible error in the lengths of eaoh of the aides and in the area of the 
triangle. 

174. * 3y oonaidoring / log(oc + x)dx, « > 0, show that 

Ji/a 

«(« 4-1)... (a + a^ttl 


where is bounded below by a positive mimbor, Show that is mono- 
tonioally dooreosing for auffioiently large values of n. (The limit of 
as n-> 00 is l/r(a).) 


176* Eind an approximate expression for log whore 

4 - Wa + «.. +^1 w . 

170. Show that the ooolfiolont of in the binomial expansion of 
is asymptotically given by 


CHAPTER Vm 

00 ^ a 

177. Provo that if S converges, so does S *-i’. 

y mml V •*! V 

178. If is a monotonio Increasing sequence with positive terms, 

when does the series i- 4^ — + ... converge? 

179. * If tho Borlea S with dooroaalng positlvo terms oonvergea, 
then, lim «<»„ = 0, f-x 

« 7U 

180. Show that tho series S sin- diverges. 

v-l V 
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181 * Provo tliat if oonvergea and if is a botmdod 

monotonio sequence of numbers then 'Zajby converges 

182 * Prove that if oscillates between finite bounds and if is 
a monotonio sequence tending towards zero thou Tiajb^ oonvergog 

183 Discuss the oonvorgenee or divergence of the following senes 

(a) (6) S<— 

V V 1 

(d)s!!£^ („) (/) stilly® 

184 Pind the sums of the following dorangomonts of the sorioa 
^-i+i-i + i- i+ for log2 

(а) 1 — i— i+i—i — J + J’ — -I*?— A I- 

(б) l + i + + + 

186 For what values of « do the following sorios oouvoigol 


’ 2 “ ^3 4^6 6 

3 2'> 6“ 7“ 4® ~ 


180 Pmd whether the following senes converge or divorgo 

187 Show that 

» vJ 

(a) 2 converges 
/M ? log(v+l)-logv ^ 

» 1 2 3 V 

-(M:^ ‘’”8« « «>1 ftnd dlvorgoa 

if oc ^ 1 

CO 1 

188 * By comparison with the sorios S —, piovo tho following tost 

F»«l V®^ 

^ btr" ^ ^ aulHoiontly largo n, tho aorloa 2ki^ 

converges obsolutely, if < 1 - e for ovoiy suffloionlly largo 

n, the series !S(j^ does not converge absolutely 


189 Show that tho scries 




converges 
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1 


S<>7 


190. By comparison with tho aorios S * 


, prove tho following test; 


v(logv)®^ 

The serioa B [ | oonvorgoa or divorgea according os 

log(I/n|an|) 
log log7l 

ia greater than 1 + c or loss than 1 — e for every sufiioiontly largo n. 

191. Derive tho w4h root test from tho teat of Ex, 188, 

192, * Provo tho following comparison teat: if the sorios of posi- 
fcivo torma oonvorgoa, and 


(In 


^ti+1 


from a certain term onwarda, tho aorios ia absolutely oonvorgonti 
if diverges and 

I I 


> 

K 

from a certain term onwards, tho serioa T>a^, ia not absolutely convergent. 

193, Obtain tho ratio tost by comparison ^vith tho goomotrio series* 

CO I 

194. ’*' By comparison with B —, prove Raabe’s test: 

VWil V 

The series B ( a,, [ oonvergea or diverges according os 




ia greater than 1 + e or loss than 1 — e for every sufficiently largo n, 

1 


196. By comparison with S. 


prove tho following test: 


v(logv)* 

The series B | a,, | oonvorgoa or divorgea according aa 


n 


i«»i -1-1^ 

ra n) 


is greater than 1 -f c or less than 1 
196. Ihrovo Gauss’s tost: 

'a, ' 


If 


G for every sufficiently large n. 


I ‘♦n l 1 4. 4, 


whore I -Bn I is bounded, thou S | a„ j oonvorgos if |i > 1, dlvoi'ges if |A 1. 

197. Tost tho following sorios for oonvorgonoo or divetgonoo! 

{a\ ~ + «(« + i)(« + 2) ... 

1 «(«+!)• P(P + 1) ■ «(«+1)(d(- 1-2)-P(P + l)(P + 2) 1 , 

^+17?+ 1.2.y(Y+ 1) 1.2.8.Y(Y+ir(7T2r'^“*' 
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108 (a) SJioTv that the eeiies — converges uniformly for ^ 1 + e 

pwil V® 1 

(6) Show that the denvod eones — oonvoigoa imifoimly for 

aj ^ 1 4- e 

199* Show that the series « > 0 oonvergoa undoiraly for 

e ^ a ^ 27 t — e 

200 The senoa 


ic+i aViK+i/ sV-is+i/ 


oonvergos uniformly for e ^ a? ^ 

201 Bhnd fcho regions in winch the following senes are convergent 


(a) Hx ^ 

(e)S?^ «<1 

(6) 

' {2v)l 

(/)S^. a>l 

wsi 


w 

[h) a _5_ 

' ' 1 - 


202 * Provo that if the aones S ^ converges for a; it oonvorges 

for any a: > a?o, if it diverges for x « Xq^ it diverges for any Thus, 

there is an * abaoiasa of oonvergonoo” such that for any gioalor value 
of 0 ? the soTiea converges, and for any smaller value of x the sorios diverges 

208 If S ^ converges for a? = the derived senes —S con 

verges for any x> Xf^ 

204 If a,, > 0 and Xay converges, then 

hm ^ Hay 
^1-0 

206 li ay > 0 and Xay diverges 

Jim HayX^ ^ 00 
^1-0 

206 * Prove Abel’s theorem: 

If HayX*' converges, then HayX*' converges uniformly for 0 g «? S Z 

207 * If oonvorges, then hm = HUyX^ 

208 Pmd the rational funotions represented by the following Taylor 
aeries 

(а) a?+«® — a)* — -b + 

(б) I+ 2x-i!>^- 6x* + ?»«+ -+ + 
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209. Show tliat 


(a) i + - + - + . 

' ' 21 31 4) 


1 . 


(b) . 1- 3-6- 7 . 

' ' 2 ^ 2.4.6 ^ 2.4.0 . S TIO ^ “ 


lV2. 


210. Let z =5 r (oos O-h i sinO). Prom tho oxiDaiision --s= S z'', 

show that I'^z y^Q 

1 — r coa 0 


and 


i — 2r oosO *4'i,„o 
r ginO 


S r’'ooavO 


l--2rcos0 + r® 


flinvO. 


CHAPTER IX 


211.* Using the expression for tho cotangent in partial fractions, ex¬ 
pand KiC ootira) as a power series in By comparing this with the scries 
given on p. 423, show that 


«iv 


2m 


/ nm-t (2^)°'" ff . 

' ’ 2.(2»)l 


212. Show that 

00 I 

,fi(2v-ir‘ 

213. Show that 


2(2w)I 


Aw' 




-1 V* 


2. (2w)l 


214, Prove that 



215, Using tho infinite products for tho sine and cosine, show that 



y 2 ,. 

yZl (2V)1V 


(6) log cos aj 
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210 Using the infinite produots for the sine and cosine evaluate 

(«) f I f ? ¥ H H 
(6) 2 f V U 

217 Express the hyporbolio cotangent m terms of partial fractions 


OnAPTFR XI 

218 Find the onrvoa whoso tangent is of constant length a (The 
length* of the tangent is the length of the portion of tho tangent 

inteicoptcd between tho ourvo and the x axis ) 

219 Fmd tho ourvoa whioh are oithogonal to the family y ^ ce/^ 

220 If 8 denotes tho length of are of a chain inonsurod from n point 
at which tho tangent is horizontal tho form of tho chain is dotormm^ by 
tho differential equation 



Show that tho equation of tho oliain is y » c cosh ? 1 a 

221 Integrate tho equation for tho olootiio ciiouib 

\it h pi« ^ 

whoro li} HJq and |x p, Fo (o aro ooiwtanta 

222 A particle falls towaida a point which atiraote invorsoly oa tho 
onho of tho diatanoo and diiootly as tho mass hmd tho motion and time 
of dosoont if V « 0 and a? == a at i» 0 

223 * Integrate y t=a —I whoro p ^ 

224 Integrate logp 

226 * Solve tho diffoionoo equation 

■w,! u H 2aw„, 1 I bUf^ »=> 0, 

whoro a h are oonstants, by putting X" Show that tho solution can 
ho oxpiosHod in tho foim I wlioio aio tho roots (sup 

posed djstuiot) of tho equation X^ ) 2tfX \ b 0 bliow that tho form 
of tho solution when 6 *=» la «,»a(—«)” d P»{—a)^ 



ANSWERS AND HINTS 


CHAPTER I 

§ 1, p. 13. 

1 * (tZ), (e). Show that oj satisflea an equation of the type 

a® + dfja;® + *.. + cffl ^ 0, 

wlioro aji,, *,, are intojgjore; prove that (o is then either irrational or 
an integer, 

3, Use the irrationality of sin 00"^= V3/2, 

4, Write (W;® + ^hx + o as a(x + 

\ d/ d 

7* If a >0 and it is possible to molco 

for some value of x if, and only if, 6^ — ae » 0^ then use IDxample 6. 

8, The oosino of the angle between two straight lines is g 1 in absolute 
value, 

9, Use Sohworz’s inequality. 

10, Square both sides and then use Schwarz’s inequality. The sum 
of the longtlis of two sides of a triangle is not loss than the third side, 


§§ 2, 3, p. 26, 

2. (a), (<?), (e), ((/) odd; (6) even. 

3* (^)i (oh (^0 monotonio; (a), (d), (e), (0, (w) oven; (<i) and (e) identical. 


§ 4, p, 28. 

2. {n + 1) (271 + 1) [2n + 3)/3, 

3. (c) Expand (1 + 1)*^ by the binomial theorem, 

4. {a)n{n+l)(n+2)/3, 

1 1 

(h) Sum-from v !=* 1 to v = n. n/(n + 1)» 

V -h 1 V 


(o) Sura 


(v + l)a v’ 


— from V *= 1 to V ». n{n + 2)/{n + 1)*. 


6, 8j 103. 

7. i(27i« H- - 11« + 80). 


571 
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§ 5, p 38 

1 (a) 1 (6) 333 (e) 333,333 

2 (o) 0, (6) «. (c) 6, (rf) «o/&o (e) 1/8 
4 19 

6 (o) 6 (b) 10, <o) 14 
6 (o) 26, (6) 2600 (6) 260,000 
9 (a) 0 (6) no, (e) yes, (e) 30 

15 Tiio greatest of O], , 

16 2 

17 Hao the foot that n/2" -> 0 
§ 0, p 46 

1 (o) For every number M, no matter how large, there exists an n 
suoh that I [ > iLf 

(6) There exists a positive number e suoh that for every number Jlf 
there exist numbers n, m greater than Jtf for which | a„ — ^ e 

6 Error is less than e » 2 71828 

«(«1) 

§ 7, p 49 

1 (a) 0, (6) 16, (c) J, (d) 3 

3 Limits (a) and (b) do not exist, limit (o) exists and is equal to 1 

§ 8, p 68 ^ 

3 (a) 1/60, 1/000, 1/0000 
(6)l/10(l+2j5-l|), &o 
(0) 1/120(1+I 5|)S&o 

( d ) 1 / 100 , 1/10000 1/1000000 ( e ) 1 / 10 , 1 / 100 , 1/1000 

4 (a) 1/600, e/0 (b) 1/400, 8/4 (o) 1/77000, e/770 (d) 1/10000; e* 

(e) 1/100, e 

6 (®)» Wi (o)> (d) (g) continuous 
(s) disoontinnous at ir — 2, 4 

if) n n 8> 

(ft), (ft), (m) „ „ 0! •= (w h J)ni, 

C^)i ij) n « ® “ Wit, 

(1) „ „ !»5= Itlt, »+ 0 

Appendix I p 70 

1 (a) Upper bound = lowoi = 0, upper limit => 0 lower = 0 


(&) 


=> 

. = -1,* „ 

«0* „ =0* 

(0) 

ff 


. = -1* » 

i II = i 

(d) 

>1 


, == -i* 

“ ti 11 “ i 

(«> 


= 2,* 

== 0, „ 

It tt 0 


The quantities marked * belong to the sequonoo 
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Divide the interval into a finite number of aub-intorvola by pointa 
ojoi 0 ?!, 6 BO oloflo tliafc [ /(a;) f{^) J < e if «) and ^ Ho in 

fcho Same sub-interval. Join adjacent points so^ xp f/^ f(Xf) by atraigbt 
lines. 


3, The expression 



I + SI ^ I iias the slope zero 
2 


outside the interval oj^). Add suitable terms of this kind, 

^ I a; -- 6 [. 

4, (a) e/Qi (6) c/na^‘'S w > Oj (c) e*/2. 


Appendix H, p, 7^* 

2 , (a) rt=i a\ (&) r ft =5 2 a 003(9 9 o)> W ^ *=* a/oos(9 — 90 ), 

3, 00 s 20 =4 cos*0 —• sin^^.O, ainSO — 2 sin 0 cos 0; 

oos30 4 00 s® 0 — 3 doaO, sin30 2=3 3 einO '— 4 3in*0i 
oos60 =* 10 008*6 — 20, 00 a® 0 + 6 oosO, sin50 = 1C sin*6 20 sin® 0 

+ 6 sinO. 

4, (a) —Of; 0 — rt, = 3} 0 =« tc/2, f « 2j 0^ r = 6. 

( 6 ) 1 + V 3 4 * ^(1 — VS ); 6 = 7 r / 4 , r ^ 4 V 2 ; 0 » 7 c / 3 , f 

0 =. 7tc/ 12, r==: 2V2, ^ 

(c) 2; 0 := 7 v/ 4, r =5 V2 j 6 « 77r/4, r =« ^2; 0 2ir, f 2. 

(d) 2 — 2t VS; G = Ctv/C, r « 2; 0 67r/3> f s=: 4, 

W ±li 0 «=» 0, r «= 1; 0 0, r «: ± 1 . 

(/) ± 0 = Jt/2, *• = Ij 0 = je/4, r « ± 1. 

(?) {V'VFM + V~ i}/v'2j 0 = jt/4, r = VS; 

0 c=* tc/ 8, f /^2, 

(A) —'^/iS (Vs + t)/2| 0 7 tc/ 4, f i=* SVSj 

0 « 7k/ 6, f « (8 V2)«^3 ^ 

(^) ij (~-l 4: tVd)/2j 0 »= 0, f «==» Ij 0 »=* Oj ”—> f =» 1, 

(0 •t^2{Vv'2-h i + <V^2 ~ 1}! 0 “• n/2, r = 10; 

G 5= 7r/8, >* « rb 2, 

6, Note that satlsflos the c(xuatit)n a?’* — 1« 0; then footoriao 


OHAPTEB H 

§ 2, p. 87, 

1, Uaoformulceof §2and thebasiorules: 70/3. 

2, Kequired area may bo regarded oa tho dilforonoo botwoou tho area 
under the lino and tho area under tlio parabola, taken between tho pointa 
of intersootion^ of curve and linei 10 V 6/3. 

3, V5/6, 
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4 i(o8+45)t.;a 

5 ( a ) {(1 + 6)*+« _ (1 + «)»+“}/(! + «), (&) -(00806 ~ oobow)/«, 

(o) (Bmo6 — Biti(/o)y« 

7 (ii_a<)/4 

8 !/(»+!) 

§S,p 109 

1 Rot every number a there exists an 6 such that for every positive 
number $ there exists an a for which 


|»— 51 ^ S and 


m-m 


^ e 


2 (a) l)\ (h) ^2^/(x^ + 2)\ (c) ^ l)\ 

(ii) —qo 3 a!/ 8 m^«, (c) 8 oos3a;, (/) —aBmaa, (g) 2Bin«;cosaj, 
—2ooaajaina? 

3 (a) Shoaany value, {h) (o) I + 


(^) 


( 




lyi 


§4p 110 

2 (a) (6) i 


§5,p 121 

1 5 = 0788 

4 

SHiViP 130 

0+6 » //o" + o ’'-*6 4 h 6 '‘\ ^ 

1 = (e) g°V(~~TI-^)’ 

3 (o) J„<=oi+’i'"/(l + l/») lim I„ ■==> o, 

H—>•«> 

(6) J„ = o'*+‘/(w + 1), hm J„ =j 0 for —1 g o g 1, oo for a > 1 

4 \f{x + t)---f{%)\dt UflO Uio uniform oou 
tmulfey of /(ff) in a ^ aj g ft Also, wo may wrlto 

“■ k C 

whoro 6 Is a fixed number 

6 Express tbo integrals as limits of sums, using equal oiibclivJalorui 
of a ^ a; ^ ft, and applying Sohwai^’s inequality (p 12) to ihoao aiims 
AnoUior raotliod ie to integrate {/(a?) H ^jy(a)}* ^ 0 and uao Ex 0, p 13 

Appendix, p 186 

1 Lot 9 (aj)*=a/'(a?) whoio /'(a:) ^ 0, (p(a)c=aO olsowhoio Let 

H^) =“ - ?(»)* ^bon g 0 Comiclor J\(x)dXi jy(x)ilx 
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CirAPTER III 

§§ 1, 2, p. 143. 

1. /'(l)=l. /"(!)= 8. /"'(I) = 30, /“-(I) =90, /®(1)=120. 

/«<(!) = 0, /»«(!) =0. 

2 . 0 . 

3. (0) o; (6) 176 o««j (o) 2(6 + c»)! (d) ■ 


. . 2.'u®(aP afe) + 2R:(rtY — <xo) + 2(?)y — po) 
(ax^ -h 2pjc + Y)*^ ^ 


(cic + 


4a:(l a:*) 


(ff) 0. 


(1 a;a)a(l -|- »»)»’ 

4. (a) ^({s) = + (a„-i -|- ««„)*"-* 

-I- {ttn-a + (« “ l)(an-l + »«»«))*""* + ... . 

(6) F(x) = -2 a" HI ('o„_i - m„ »""»+ 

Co (;\ Cq/ 

(««r? _ {« - !)»„_, il _ n(» _ l)a„ a«-* + .... 
V Cq Co" Cq** ; 

6. (a) 2co32aj; (&) --1/(1 + ain2a?); (c) tana? + oj/oos^a;; 
(d)-2/(l-Bln2a)5 (c) 

aj’* X 

6. sco^a; + eooa5 7. 24 aoo*® — 20 Boo^a? + seoaj. 

8. oosai(oosco^a:*— 0 cosoo^a?)* 

9. 24 soo'^ai — 20 Hoo^aj *1- Booa? — cosa;, lOt oo, 

11. ax^/2 -h 12. aa.*“/3 + hx^ + ca?. 

13. a;» + a;’ + aj» + aj« + a?. 14. --(1/a? + l/2a;« -h l/3»3). 

16, a:®/3— 1/a?. 16. aBiaa?—i?oota?. 

17* 3a;V2 — 7 ooaa? — C/2a;® —* 0 tana?. 18, acoa?, 

§8,p. 162. 

1.4. 3, >^a?{l - (n -- l)a?}/m;(l + flf)« 

4. co8®a?/2Va? — 2Va? eina? oosa?. 6, 1/Va?(l — Va?)®. 

^ (1 — tana?) + 3a;(l + tan^a?) 

' 3a;^'^(l Cani)« 

7. (aro cosa? — arc &\nx)lV (1 a?^). 

8. 2/(1 + a?^)(l — aro tana?)*. 

1 aro sin a? 


9* 


Vi —"a?* aro tana? (1 + a?*)(aro tana?)* 


10 , -- 




1 -I- a?* V1 — a?*(aro oosa?)* 

11, 0-786. 
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§4,p 167 

1 3C» + 1)* 2 0(3t! 1-6) 3 16i: 1‘(3^“ - - 8x-« - 1)‘ 

4 -l/(l + 'e)“ 6 2r/(l-a-T 6 fl»{aw-f ft)”-! 


— l{x + Va,® — ij 

Q — bl) + — cl) | (6/1. — cw) 

2V 4- 6a. -f* c)(/a;^ + wn j »)®} 

9 _ 05)2/^^ 10 0m2a? 11 2'»oos({i®) 

12 sma? oosTj/V(1 + Bin^a;) 13 2 fa; Bini — ~ oos 

' \ a;** a; ^V 

14 —-- . _ — 15 (2a; + 3) cos(^^ + + 2) 

16 3a;VV{l-(3-!-•««)»} 17 -1 18 1 

. / Q S 

19 — (ajVa + or'^*) 20 -1^6 cos(»-1-7) {fl)n(aJ + 7)}'^'"* 

X 

21 -7-{aroslii(«oosa;H 

V{1 (flf oosa; + 6)^7 


§5,p 106 

1 (a) Max fora;»*i — V2, min fora;==s V2, infl foi a?=: 0 
(6) aiax for a; — f, mm for a; — 0 mfl foi a === — /^y 

(c) Max for a;« 1, mm for a; = — 1, infl foi a?«« 0, X'V^3 
{d) Max for a; =5^ ^3, mm for a; «= --•'^3, 
mfl foi a; 5= 0» 6 Jb VSS 

2ft 4-1 

{e) Max for a;« (ft + i)^ ^ ^ wtt Jiifl for a ^ n 

2 Max for x ^ —V — p, mm for a; V — p, mfl for a; =« 0 No 
maxima or minima wlioii p ^ 0 Eoois aio all loal, oi two complex and 
ono ieal» iwGording naq^ h 42^ S 6 or > 0 

3 The point (0,1) 

4 Ec^uation of Imo is (y — yo)/(a; — a;^) BP3 V'(2/o/*o) 

5 Vlsbfb 

6 Tlio point dividing tlio lino ah m tlio ratio ■^a \/6 

7 Tho square 

8 Tlio rootanglo with oomora ajB=*±ft/V2 y«=5 4,6/V2 

9 Tlio right angled triangle# i o c* =; h 6® 

10 The s ide of rcotanglo oppoaito to g must ho at the distonoc 
l(V(Sr* -f A®) + h) from the contro 

11 The cylinder whose height Is equal to tho diamotor of its boae 
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13, If 9 ia tho anglo of tho prism and n its index of refraotion, the 
angle of inoidonoo must bo aro ein sin 

14, a? (Sa^)/n. 

i 

16, iPind tho minimum of 




16, I?ind tho minima of sina; and aina?— - a; in tho interval 
Tf Bin a, 

0 g aj S Or, show that-is monotonio in that interval, 

2 X 


18. / «i + <t8-h...-Fan-i '\‘^---. 

\ n — 1 /V («i«a •.. «n-i)' 

§ 6, p. 177. 

I. 0-0G3. 2. log®. 3. l/wlog.®. 4. 1/V(1 + ®»). 

- 1 — 2®Vl -h log® Qoa® 

O* ■ . . . . . ■■■ ' V . . 

2xV 1 H- log{c(V 1 + logo? — sina;) 

6, xl{x^ + 1) ~ 1/3(2 + X). 

^ + 1 / 14a? _ 1 2a^ \ 

• '^3(7a;^ + l) 4(0? ^2) (aj4 + 1)/ 

II, a?« 1/X, provided X 43 0} if X » 0, no maximum oxigts, 

12. (loga)«, «(<^), a« 

13, a^^nx{\oRxy ^ logct I oosa?(loga?)8 + 


§7,p,183, 

1 , (a) Keep X fixed and differentiate with roapeot to y; then put y 
equal to zero, 

{h) Evaluate /(a?) first for rational a?, and then by oontinuity for irra¬ 
tional a;, 

2, Eifforontiato with roapeot to y, and then put y equal to 1, 

3, 2316 yooTB, 

4, (a) y ==» p + ce<^; (6) y =5 — § 4* ce^v^ « 4* 0; j/ »= pa? H’ 0, «0, 

cc 


(e) y pa;e“^ + {d) y 


cY» + C6^> Y ^ oc, 

Y-« 


§ 8, p, 189. 

1. sinha — Bmh& =» 2 oosh ^ 
oosha + coBhft « 2 oosh ^? 
ooflha — oosht « 2 ainh^^—-^^ sinh T 
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2 tanh(a±2') 


t anho^ j: tanh& 

1 ^ tanliatanh6 


oofcli(a d: 2*) 


1 o otlm cotli6 
ootha d_ ooth6 




gtnnh«+cothA? 

3 (a) flinh® + cosh* (6) -4 — 


(o) (l+sinh2»)ooth(!K+ ooshH), {d) l/V(^»-1) + l/v'(a;*+ 1), 
(e) ct smhaj/V (a* cosh** + 1), (/) 2/(1 — ^*) 

4 smli& — Binha 


§ 9 p 195 

1 (a) Higher than (h) lower than (c) same oa 1, (fZ) liighoi 

than a?^ (e) (/) higher than tcH lower than ((/) samo oa a:, 

(A) higher than (^) lower than (d* 

2 Higher than e®**, (logo?) same oa (6) lower ilmn 

(o) bounded (<^) eamo as e® lower than higher than (log®)", (e), 
(/), (g) lower than e®*, , higher than (loga), (/t) higher than 

lower than , higher than e^, (logo?) , (j) same aa logs?, lowoi than 

3 (a) Same oa fc^, (&) lower than , (c) aamo as x, {d) Bamo os ir, 

(e) same as (/) same as ((/) higher than (A) liighor than 

lower than (j) lower than 

4 Yes 0 5 0 1 

6 8,9 Uso rosuK, of Ejc 7 

«->-0 X 


Appendix, p 203 

+mmw{mw'{<») 

2 (fl) + log* oos*^ 

(6) (oo8*)'“«('-tan*»+l2«^\ 
\ 008 ** / 

^ «(*) logi)(*) ti(»){logt(»)}* 
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4, (a) + Sna""**:* + 3n(w — l)a*'~®a -1- n(n — 1)(« — 2)«”’^]; 

y 

^ V / 

(c) {oosa; — 3^*" coa3jc}, for n = 2w; 


2 

{^l)m 


BinSaJ — sina:}, for n == 2?^t + 1, 


(c?) ^^[(M+A!)^^8m(m+A3)a;—(7J^—Aj)®^m(w—%], forn=»2Z; 
2 

[(wi + oos(w + h)x -- (m -- cos(w — h)x]t for 

2 

«- s=a 2? -f- If 


+ 


(*', 0 +1)®’*'^') 003(2*4-na), 

whore tana ==» 2 (expanding (1 + 2i)^ hy the binomial thoorom> and 
grouping real and imaginary terms)* 


if) 

J»-0 ' 


(1 + 


B. Lot y ~ aro sina:. Then 


(jn-i / 1 \ <i"-* / « \ 

(ton (J*"~» VVCI ~ *»)/ - n^f*) 


Apply Leibnitz’s rule to this lost exprosslooi 
(jit-a 


d^y 

ci«« 




((1 - 

8*(«-2)^4((r=^»)’ 


and continue the process: 

d^y \ 




nn=21, 


d"y 

(to" 


■ Oj U»=21+1, 


£1? 

(to" «_« 


. 1 >, 3 *. 6 ‘.....( 21 - 1 )». 


(to*^ 


(arosin*)* 


='s C-,^,V“.3*.( 2 Ji!- 1 )». 1 ». 8».( 2 J- 2 fc--a)«, 

i}-*o fc-0 v^^'rA/ 


^am 


(aro sina?)® 


0* 


6. pifTorenfciate (1 + twloo and put iU I 



Answers and hin*!^ 


OnAPTER IV 

i 2, 8,* p 217 

1 ie®' 2 —ie~* ^ f{1 + 4 iClog*)* 

n-^l \log^/ 

6 Hint write denominator m the form (3ju — 1)® + 1 tan (3» —* 1) 

7 1o6{^ + a/h-(^)) 

8 Hint 6»/(2 + 3*) = 2 - 4/(2 | 3i) 2»-J log | 2 + 3a) | 


9 oro sma! — V(1 — !K®) 10 log|? 


11 aroein- 




12 41 og(a;®—a?H 1 ) + ^ aro tan ^ 


13 2aroosh^?;^^^ + 4a; H 1) 

14 -Jv'(2 + 2'»-3ai>) + ^aiOBin?.'^i 


..2 . 2i«+l 

15 —orotan —^ 
V8 V3 


16 ^ are tan — ,— 

V3 y3 


“ 777 *—r. aro tanif6 —a®>0, — a8-«0j 

V(h-a^) V(6 - «r [ a ' 

***■ "TTir—Tv ^ ^ 1 x> if < 0 

V{a^ - 6) V(^^) 

18 —— a:®/3 — a;®/^ — » — log | — 11 

19 Hint sin®® oos^oj^amaj oos*a;(l—ooa®a?)—ainjw ooa^a?—siniw oos®iUi 

oofl®» , cos’* 

^ 6 1 

20 !!^ 21 J|1 _j(i 

22 J 0X0 sinaj — 4^V(1 — Pn^} 23 7t®/32 

24 25 2 26 -.1 - - ^_ 

»+l 2(H tt«) 2(1 + 6*) 

0 <T l/,.ll — J,a\ I 11.0 ». 0 \ I /_ r» 1 <_ «—1 


27 W - 63) 4. J(a« _ JS) I- (a „ 6) + log 


i(ly oosj) 29 Of l x 8, p 88 !/(»» | 1) 


Hor^ and elaowhoro the conatantfl of integration aro omittndi 
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S 4, p. 226. 

1. Tako/=i », o' M oosa/sin**: —w/sins! + log iaiiii;/2. 

2. Tftko / = !sV4, o' =■ As? 1(1 -■ }?%(! - «*) + i log 11 - 

3. — 2) ainx + 2x oo8». 

4. 6, 47c(-l)”/n^ 6. 0. 

7. i(a;2 slnoj® + ooaa:^)» 8, sindoj J + |a;» 

tJu sin 6a; + sinda; + ^ sin 2a; + 

10» Put X — oosO: xV 1 — Jc**(— -h aro sma;» 

11. e“(ai> - 2a) + 2). 12. - ,-L~ logo) - 

(n — 1 ) 0 ;”"*^ (tt — 1 )^ 0 ;^“^ 

i log* + f}. 

w ^ i {m + i) 

16* Put x^ — t, then uao Ex, 16. 

17* Integrate by parts repeatedly. 

19* Use mathematioal induotion; assume that the «-tU iterated 
integral /„(») is given by -—- / /(ii)(a;— uy^^^du, and expand tbo 

(n—l)Uo 

integrand by the binomial theorem. Then /n+i(aJ)integrate 
each term by parts. 


§ 6, p, 23d:. 
1. log, 

3. log 

X 


/ * 

. 2 . log 


’\ 2 -Sx 


X 


a; + 1 


+ 


8 




a;+ 1 2(a;+ 1)« 


4. Jlog|a; + 1| + ^l-loglSaJ-^ei 

o 


6 . - 


; + log 


1 + !B» 

y{i-xf 


6 . 


-1 


•log 


2(x- 1) ' "'’ V (1 - »)»' 2(»- 1) 

1 1 2a; 4* 1 

7. log ' | °j "t" i log(** + »+!)+ lyTg i>ro tan _ 

_ 1 2a> — 1 

8. log-\/1 a) + 11 —J log 1 »> — w+ 1| + :^wotan-:^g-, 

j _ 

9. log ■ |), 7 ;f = ^; log-^1 -I- a:* H- wo tana). 


*/ T+ a)« 

V (!_«))»■ 


‘•)7(®-2)» 

10. f log I a) + 21+ ^ log I a) — 11 - 

11. -^ + log.^| 


a)+ H* 


a; 4" I 


1 


— J are tan«5. 
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12 ijarotona I I lmotnn(2a; | V)) 


12 


13 Jlog 


^ V ^ 1 
4- i aio iaii(2^ — V 4) 

^ 1 14 


1 . V2 , X 
I -o 


®+l ' 3 


3a.M 2 8 

I-I,-»*■»•»»« 


S 0i P 211 
1 


iv 

1 + tan 2 


2 tan 


3 * nr« tan 

V3 


/2tan;; I 1\ 

VJ f 


\ 


4 5(tan‘|-oot«*) I Jlog I tan ^ 


6 log 


lanj I 1 

tan? — 1 


6 ~i^arotaniV2 
V2 2 

Q 1 , 2tan'c 

8 -~7~arotau- 

V3 


7 -J aro Uvn ^ 

V2 V2 

9 ^ « 1 logooaa; 

2 OOH% ® 


10 ^^log 


tan^-^l I V2 


tan, 


1-V2 


1 , 2(Ofla>- 

aroiaii . 

V8 


11 M ^oa^aj — ooajv I 1 i 

4 ^^(ooa®'V I oosa? | 1)® 2x^3 

1 , 2ooflu I 1 

-aVs V3 

12 4—2arooflh 2 

1 /—2 3 

13 ga;V4 I Oa?® l-^arBinhgft? 

14 2 aro tan \f ^ ^ 

y I 

15 J + 4a))® (a? 1 2) V(a® t <i») I 1 ar coah * ^ ^ 

2 

(Vx ViX-v^l 3> I VJ) 

(v« I Vixvi - j) - vj) 


16 Vx-V(l-x) i 


17 log 


Vl \ a-V I- 

Vfl « I Vl- 


I V(1 »*) 
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18. J ar co3li(2aj — 2a + 1) + V(£b a)^ + (a? — a) — 2Vaj -- a, 

3(F- ' a ) (V'(a! - a)» - V(5^&)»). 

§ 8, p. 2B4. 

1* Biv, 2. Conv. 3, Couv. 4* Conv. 6, Div. 

6. Conv, 7. Conv. 8, Div. 9, Conv. 10. Conv. 

11. Conv, 14, (a) For 0 < « < 1, (b) I^qt 0 < 5 < 2, 

15, Yes. 

Mieoelloneous Examples IV, p. 256. 

!• Put arc sinoj == + Vl — a;^), 

2. ^ ooa^aj— ^ eoa^oj. 

3. «{(loga:)* — 2 log® + i f -r -—- , 

2 ~r coao; 

6. Put V(1 - e-»*) fj ttj -- V(1 -V®*) + log{l + V(1 - 
6, 0. 7. 0, 10. 0. 

12. Coiiaidor the function Ifx for the interval 1 aj ^ 2, Subdivide 
the intorval into n equal parts and form the lower sum aa in Chap. H, § 1 
(p. 70 et eeq,). This turns out to bo cc^. Now lot n co. The result is 
log 2. 

13. Compare with 1/V{I — at {«« 0, l/n, 2/n,... j (n — l)/w k/2 . 

14. Evaluate 

lim lim riogl +logfl—-V log —- 

tt>->.Qo V ^ rt—>■« It L, \ tt/ \ rt 

uaing the definition of tlio doflnito btogrol. 

15. 1/(1 + a). 


)]• 


CHAPTER V 

§ 1, p. 207. 

1* ^ ^ y^)\ 

2, Take 6 as rotating with eonstant volooity, and measure the time 
80 that at time i 0 the point P ia In contact with tlio oirolo Oj 
«= (i2+f) ooaO—r co8{(Jf2-kr)0/r}, y— (JiH-r) sinO—r am{(i^+f)0/r}. 

3, jc n=i 2i^ coaO(l — oosO) + jR, t/^2R sin0(1 — 00 a0). 

4, oj = (J2 — r) cosO + r oos{(i^ — f)0/r}, y^(]l--r) sinO 

— r sin{(ij--r)0/r}. , 

6. Take rectangular oo-ordinatoa So that the origin is at the ooutro of 
O and the point P lies on the fr-axis at time ^ ==3 0; -f- ^ 
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i t 

7 * = 3oV(I + ^) y = 

10 «6 = aro ton 

Vr« + /i7 / 

11 ^_,/{yo(7'+»J')“(7(C!/‘-/(?) (7(yol7 h-Ko/') H/((?/“/(?) 

/» + (?“ ^ + 

12 (a) 0 itsolf (ft) tho oardioxd of tho oiiolo 'VTifch diamotor Pitf, 
having ita veifcox at P 

§§ 2 j 3) p 200 

1 2 3aVl 3 - V) 4 CkP* 

5 Gjur^ 6 77(1 + 7 + a^o^*) 

8 » P + 5(1 5/27? + flV32i?^»)(l - fi/16i?) 

y « P(j/i? -- 6V10i23)«/®(l -* 8/811) for 0 S 5 ^ lOi? 

9 ^ j=5 2a aro cos(l — 5/la) -- (1 — 8j^a )^/{^(l — «/8a)/2a}, 

y j — ^YSa for 0 g 5 ^ 8a 

10 5 :*=: V(4/0 + xf 8/27 11 67? 

t2 (a) |a{arsmJxO + 0V(1 + 0^)} 

(6) +-?*] (e'»« — i>*0t) 

w 

(c) 87?(1 oosiO) (d) a{}(08 -- %^) h 0 -- Oo} 

13 (a) ^(1 + 4aj2)3/a nxtn ^ at a: =*= 0 

(b) {a*sin®9 + 6*oos^9)/a6 if a > & mm h/a at q)«aj0 , tt 
max a/b at 9 = 7t/2 37c/2 

14 p S55 l/Vt 

17 Vol 7 rr*(/iij — j^) — |)r(V — V) Snifaoo 2 vi(h^ — /ijL)r 

18 If p is tho radius of oirolo and r tho distanoo of ita oenUo from tho 
lino, tho voiumo is tho surface area dir^rp 

19 n{Xi a?o) + s (smh2a;x«- smh2a?o) 

A 

20 n8 

21 -*aroosh"+V(1 — a^)+oomt s^ajogf-^ 

X \%q/ 

ctr Bsa e*, ---ai ooahe-* ^ V(1 — c®*) 1 const 

22 Let dSi ds' ho tho lengths of aro, / I tho total lengths At A' tho 
nreaSj and A), 4)' tho ourvaturos of Uio ourro and tho paiallol ourvo rospeo 
tlvoly Than 

ds^ ^ (1 + ph)d8 k 1/(1 1 pVjt 
A* ^ AIpnp^f 27t^ 

23 (a) 5 f(fllu9a - 8in9i)/(93 - 9|), 

73 ^r{ooBf^ - oos9^)/(9a -- 91), 
where 9 j, 9 ^ ore tho 0 00 ordinates of tho oxtroraitios of tho are 
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(6) Z fllnhiV^ — tC2 sinhajj — cosliJUg + cosha?j)/(8inha?2 — BinboJi), 

T] {2(a7a -h Bmh2a;a — Binli2a;i}/4(»inha?a ■“ 8inlia;|), 
whoro (n?i, yi), ((Cg^ 1/2) are tho oxfcromitioa of tho am 

24, (a^ P®)(6 -a)+ t(p» -- a^). 

25, (a) BinhftJa — siuhaji + J(sinh®a;2 — sinMaJi), 

(6) (a?2^ 4* 2) Binlia?2 — (ajj* + 2) sinliiCj — 2 x 2 coaiiarg + 2xi oo8ha^> 
if 0 ^ a?! ^ ajg. 


§ d, 5>. 298. 

1 ^ _ «-flin(2</r) .njn*- 

' <U 27W- a.m»{tlr)) r 
d^x _ __ 003 (2^/r) + _ 1 t 

di^ (/2 — Bin^(i/r))® r 

2» Horizontal, 


3, « = Vq/{1 + A«Uo), t — e/vo + 

4 , (a) «a=« 4 aro tane* — Ttj a? ^ n. 

B. (a) J => (yoV (j/o -y)~ Vt'* o«> *»« ''^{y/Cy,—j/)} + Jitj/o);. 

(6) V{2,iitf(i;2J-l/2,o)}j ( 0 )^?^. 


0.0= ait ^ - 

period 1 


I — e cosat* 

27T _ 27C 

'7 “ (T^'o^ 


, whoro a = Vc7;| 


iS>* 


ifcW*. 


s 1, p. 310. 
1 . 0-28. 


CHAPTEK VI 

2. 0*182, 3. Impossible; sorios not valid, 


§ 2, p. 826, 



1 

1 4-'» 


0 »=3 

0 = 


OJ 

(1 + a!)V(« >-»> - 1 
it! 


I 3, p. 330. 

‘ “ ioTo^’ ^ ^ ^ 

2. 1*6; error jueb over 0%. 3* 1 + pi | £» | < 0*3, 
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4 1 I X 

6 («) n 


6 OOlOO 

X* 


a? 


^-1 

) X 10 

9 

71 

2 n \ 




X 

, 1 


x\ 

1 

n 

' 2)1 

Vi 


0/1 


9 *«• 


7 (a) 0 0000 (6) non I, (O)0«18)) 
128ooa(20»)) 


8 0 010 


S** , a:* . 
m ’■fli' 


10 1 — (2D oofl(30a!) i oo8(0a!)) 

11 — Jn* “ —ji'ga.” 

— 1 218 tfin^lOu) | 7COtan*{Oi!) | 810 

81 -f 816tan*(0c)) 

12 » h 1- 3V»‘ 

+ 10 *’^(17 I 248tun’(0a) i 7flfllnn*(0«> I 8IOUn‘(0*) 

I 316t(in«(0at)) 

13 jjic* + h 

(-10*"{17 I 218tftn*(03!) I 7C0lnn<{0K) | 81()l«n*(0a!) 
8< I 310tivn"(Oa!)) 


14 l-«* I 
16 1 [- Ja* I /la* 

H *|( 7208 Oo’( 0 '«!)~ 810floo»(0v) 1 182flOo*(0i) - BwlO*)) 

16 ~iai - Aa* ” -n Jir** “ 

17 ia + TrJoa“ I I 

18 * - K I V-a® ! > 211o«rT Oi) 

19 1 h* 1 ia’ — lftc®* 1 &*'"*'* (cm* (O*)" 10o(w’{0a‘) \ ccw(Oaf) 

-10aln{0a;)oos»(0ii,) | 16 8ln(0a)o()#(0a;) | 0 Bin*(Oa;) 008(0*)) 

20 * + 0 < « < k/1 

21 (0) y « ®» I «* I 2*« I- , (b)y<^ I - 2»« - 

(fl) y «a»“ I a® i 

H.P 830 

12 24 d a irtBj'i I’m 10/9, o~ 0/7, d —6/3 

4 'I’hird ortlor and alao aoro order (Vti (0 0), zero order nb (), J) 

6 TJdid order ttb (0. 0} 
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7« To-ke P tis origin and tlio tangent to tho ourve at P oa a;-axiSi Lot 
tUo oO'Ordinato^ of Q bo (a?, y), Then tlio contro of tlio oirole in q^uestion 

liee on the y-axis at tho point t) use Ex. 6, 

2 

8, Take axes aa Ln Ex, 7; let tho slopo of the curve at Q be y\ Then 
tho two normala intorseot on tho y-axis at tho point n w + 5^. Now 


wxito y I 


and let « 0. 


9, At a point P where p *= ^ ^ is a 

y" 


maximum or mini- 


mum, we necessarily have = ■■ , Take axes as in Ex. 7; then 

^'^'(0) — 0, so that the oq^uation of the curve in tho neighbourhood of 
005* + . i 4 . The equation of tho osculating oirolo 

I 2p 

and tho contact is at least of order 3, 

2p 

10, Minimum at r»= 0. 


Appendix, p, 34L 

1. 2, 1/G. 3. 1/30. 4, 2. 6,. 1, 

6. Write oxpreaslon as cotoj/ootCa:: 1/6. 

7» 1/2. 8. 1/3, 9, Take logarithms: U 

10. fl. li. 2. 12. -2. 


CHAFTER Vn 

Sl,p. 848. 

1 . (a) 3*14j (&) 3»1416. 2. *80. 

3. 0’03. 

§2, p. 866. 

1 . Error < ^*03 metro, < 0’007%. 2. 0'603, 3. h609438, 

4.8-14160. 

iS, p. SOO. 

1. 1-0766. 2. 4-4034. 3, 1-476. 

4. 0, 1-90, --1-00, 6. 1-046. 

6 . Write equation in form »*=! 1 + O-Sa;^ — 0-la;*; 1-619. 

7. -1-2861, 8-2361, 6-0000, 
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CHAPTER Vin 

§ 1, p 376 

1 Use the fact that-^— = - — 

v(v+l) V V+I 

2 Split up l)(aj+2) into partial fraotions m the roanlt 

Buhstituto £c—2 , X V m turn and add 

4 Convergent for « > 0 

6 Pub =5 A Eor every positive e* | — A [ < c if la greater 

than a certain m Write 

N N N iV-m 

aond lob “>■ CO 

6 Yes 7 No 


§ 2, p 382 

1 Convergent 

2 Prove first that n\/n^ ^ 2/n® when n > 2 oonvergont 

3 Divergent 4 Cf Chap HI, § 0, p 189 divergent 

5 Note that (log»)’®*" ^ and log (log n) > 2 when n is 

large convergent 

6 Convergent 7 l/( n h 1)® 


8 Error s= 

< 

< 


1 


(» + 1)1 


1+ 


1 




n+2 (nH 2}{w + 8) 
1 


(n + l)l 
1 1 
(n+l)4_ 1 

n+ 1 


r + 


+ 1 (n+l)^ 

1 


+ 


n n\ 


9 Error: 


10 Error: 


(n+ 1 )«+: 
1 


3 + 

. + 


(n + 2)^2 

1 


4- 


{n + l)«+i (n 4 - i)w ^ {n+ l)n-^ 


1 + 


I 


‘ n(rt 4- 1)” 


w 4^ 1 , w 4" 2 , 
T-+ 


Now for n > 1, 


2n+i ’ 2«+2 

» + 2<i(«+l), n +8 <t(«+2)< {§)*(» h 1), .» 

E^°'<^a + l+(l)*+ 


hence 
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12. Oonvorgeiit. 

13, Compare with 

f dx 

1 a;(loga’)‘ 

14. Compare withj 

f. 


X logOJ (log loga;)“ 


16. Use Sohwarz*s inequality. 


17. f + + . 

f> 3tt4-8 1 

n+l 1 

^ S - 
3w + 3 ,,^1 V 

3 S 1 = 
3V 


tlien iifle tho formula on p« 381, 

i + i + i+... + - = iogtt+a+e„, 
n 


8»i;', 

»»-«+a 



whoro lira =« 0, 

> « 

18. Take tho aum from v 



V"»l ^ V v-*»i 


1 to V =« Dim 


n-- I 

V 


mn 1 m 

:g -- s 

V 



§§ 3, 4, p. 897. 

3 . (a) lim /„(«) - 

(6) lim f„(x) = 


0 if je = 0 
1 if » tfa 0. 
if a? « 0 
if a:5}= 0 


(a > 0). 


OonvorgenoQ ia non-uniform, and lim 

»•—>«> 


/„(»)(!» = lim 

*/—In—>-i» 


fO it I iB I < 1 
4. lim /„(») ■= •] i if I»I <=> 1 
ll if|a!|>l. 

9. Considor lim -^(1 — »’”) for —1 < » < +1 and lim -^{1 — y*") 

H—>«0 «-“>■«> 

for —1 < < + 1* 

10. Lot c > 0. Divide up tho intorval by pointa a?o = * i 

K=s H) into flub-intorvala of length less than zj^M* At each point wo 

oon ohooso bo largo that | /„(»;) — Sm(^d I < ^ ^ ^ 

Lot N bo tho greatest of n^,..., n^. Then prove by the moan value 
theorem that in oaoh sub-interval tho inequality | /„(«) J^ix) \ < c 
holclfl when n and m> N, 


§§ 6, 6, p. 409. 

Note on Ex. 1-20! in most of these problems tho ratio test is oSeotivo, 
but for Ex. 12-1(5 tho root tost is pi‘oforablo. 

1 . |»| < 1 . 2 , |«| < 1 . 

4. |aj|<L 6. |aj|<l. 


3. |aJl <1. 

6, —00 < a? < + 00 , 
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7 i«\<l 

10 |!t| <1 

13 |!t| <1 
16 I»! <i 


8 |a,| < 1 

11 I*1 < 1 
14 I^| < 1 
17 J *1 < 1 


9 IkI < 1 
12 I a. I < 1/a 
15 —CO < a: < 1-00 

18 I a. I < 1 or a wluoh 
ovoi IS the greater 


19 |ai| <1 

20 Note that l/»^+*''' Iiea between and jr*" | a) | < 1 


" (loga)" 

21 S 
„cO vl 

22 

2 3 4 


__ = _ i. 2 - 

« + 2 a;‘*j,„2V 


(1682>'~6 22') 


CO /_n -122 i—1 

23 Write Bm«a; = i - i ooB2a: S ^ 

vi=-l 

24 1+ S 

(2v)l 

h-8 32(2v)I 

26 *“ + 23 '2’4T+ 

27 14:U2 

<“"-A+5Ti-7^'- 

W ' fVi I- 

^ ' 3* ~ T*fi® ~ 

((i) Put)*-" l/( 10*“'*'24 10®~ 


29 (a) « h»* + 


3 


(h) 


U 


W • + ? >• 21 ' is 


((^) 




31 I»I < p 


32 /(a?)-^ 4c»-aJ- 1 


(2v-8) 

(2v-2) 


Appendix, p 423 

1 Break off Lho florios at fclio n th term, then 
^ , ,13 ( 211 ^ 3 ) 

^0?+ +-T^ 

Put ap»« 1 Uio partial Bumg all ^ 1 


2n 
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2. Use Ex. 1, Show that tho groatosfc error occurs wlion I and 
that it oan bo made loss than 0 . 

3. Write | i [ = Vi® V{1 — (1— i®)}} then put a? = 1 — i® in Ex. 2. 

4. Tlio substitution n; ==5 a — a)t transforms. tho funotion f{x) 

into a funotion <p(i), 0 ^ i ^ 1. Approximate to <p(0 by a polygonal fuiio- 
tioa ^{i) to witliin c/2 (of. Ex. 2, p. 70). Iloprcsont as a sum of the 
form a + 4 - I i — io [. Approximato to this by a polynomial (of. 

Ex. 3) and replace 1 by its expression in terms of x* 

7* If there wore only a finite number of primes, the identity would bo 
valid for any positive a, in particular for a ^ 1. (Multiplication of absolutely 
convergent series,) 

8i First prove by induction that 

{I -- x)'n {I + 1 ^ x^\ 

v-0 


OBAPTER IX 

§§ 1. 2, p. 437. 

« « 4-1\ . n . 1 

3. S sin va ==5 imaginary port of S sin (—« cin ~ a/sin 

i^w.1 \ 2 / 2 2 

4 . TJso the formula Qr„(a) »= ^(1 — — ^(n+D^a) p, 435^ 

1 

5. Evaluate - / Oj^.(a)da, and then use expression for 5fn(«) in 
terms of a;t(«). 


i 3 , 4 , p. 446 . 

1 . (a) - 


/ 1 » (-I)" , 

l?r-+ 4——-(aoosva;*--V 

l2a + V®' 


smva?)|^« 


8 « 

(b) 7c< 48 23 oosva?. 


16 


.-1 V- 


, . sinaw S / f I . 1 ^ 1 • 

if a IB not an integer; J sin (a — I)® -h einoa + J sin (a + l)a?, if a is an 
integer, 

-)■ 


(d) 


1 S /sinvb —- ainva 


~ + - a (' 

C 75 v«T ' 


cosva?' 


oo8vb~-cosva . 
-- 


275 75 y^l\ V 

2^ Apply tho transformation x =* —75 + 275^ to § 4, No. 2 (p. 440). 

3 . J3s,(0 = {*-t+^! B^{t):-= 1 ?~lP+iti + 

4. has already boon given in Ex. 2, Ry (b) of tho definition in 
Ex, 3, fclio other expansions are obtained by auccossivo integration. The 
Constanta of integration must bo proved to bo zero. 
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5 In the rosulta for and i? 4 (<) m Ex 3 and 4 put t = 0 

6 In the results for Bt(t) m Ex 3 and 4 put t = i 


8 o„„.S(l-,^) 


CHAPTER X 

m 

3 {a) Eisoonfcinuoue on tlio Imo a: = 0 (&) diacontimioiis foraj = y ==« 0, 
(c) disaontinuoua on tho Imo os^ —y, (d) dieoontmuous for y 5 = — 

S 3, p 472 


3'\/(ai3 + % 3 y/('c® + 2/®! 


{!)) ^ 00 a (a;^ — y), 

dx ^ 

dy 


—oo8(a;^ — y) 


__ I _ 

2 V{1H x+ i/ + dy 


^{l + x h 


dz V(1 + a;+ 2/^ M®)® 

(e) ^xssyz 00 a (a%) ^ =« Bm(a«j), ^ a;y co8(a») 

dx dy dz 


dx 1 + a;® + dy 1 H a* h !/^ 


^ ^ da dy ' 8x» 8x&y 

8x a dy y 8i>^ a?’ dxdy ’ dy^ 

lo)?L^jL±Jt. g/- l + av_ 2(1 -I y»)y 
fen (1 — 8!^)® 0]y (1 — ay)® 9;;® (1 — ay )®' 

a®/ _ 2(a^ ay _ 2(1 + «!®)a! 

Sady (i — a^)® Sy* (1 — ay)® 

rt«tf Irtnfrt? f«- «j/»/ — 


(rf)|^y*v-r |=.*vioga, g 
^ =, iO*Hl(l + ylog«:) \ 


v(y- 1)*'^*, 


: IB*' (loga;)* 
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5(^3 


d^f 

^--^yxv-Hi^)(yxV + y^ 1), 

W 

= ajV-“lfi(A:‘0(l 4 - y logon yx^ logic), 
dH 

(log«:)M^(l + C«V). 

3. Difforontiftto ^(a;* -H V^) =* 4'(^)4'(y) partially with rospeot to x 
and with rospoot to y, Eliminato <p'(a;^ + y^), put y ~ 1, and solve the 
resulting differential eq^uabionj /(a?, y) = 


§ 4, p. 479. 

1, a?+yQoag _ y+a;oo5g 

' ^ 9|/ V(a;^ + +2ajyoos zf* 

0/ _ g^yainig 

dz ^{x* + 2xy 008)5}®^ 

&/-■ 1_ _8 «y _ 

' 3a V (*• + 2 * 2 /*+ 2 /* — a*)’ 3j/ (H-!/*)V(** -|-2s!j/*4-y‘—a*)’ 

_a_. 

3a (a + {/*)'\^[a* + -|- — a’)’ 


(o)|-2a(: 

dj 


1 + 




1 + a;^ + j/® + 


,)■ 


2y» 


^ _ log (1+ .. + ,■ + ,■) +ppyjr^. 




22/a 


1 + a* + 2 /» + ** 


^ 3a 2(1 4- a + 2 /*)V(a + ya)’ 3// 2(1 + a + 2 /*)'/(a + {/*)' 

0/^_ y 

^ 2(1 + a -h 2 /a) V (a + 2 /*)' 


2. (o) ^ = aWa«^loga+(loga)» + i^j (6) ^:^(21oga- 1). 

5, — S, 1; Zf,’^ Zf^ 008 0 -1“ i?y alnO, ainO + z^ff oobO. 

7. (a) ad — 6o; (6) 1/r; (o) 4xy* 


§6,p.48e. 

2.-(«)“55 f**)-^* 

4 2 


(b708) 


20 
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3 (&)« (0)2 (<«)-- 

4 Max value 6 mm value —6 5 —1, dzjdy^ *—1 

§ 6, p 409 

1 (a) (b) -4 (o) log 2 (d) Ijh-^a 

(e) k/ 19, (/) 4/a 


2 2ik 


3 Use the fact that the figure ib symmofcrioal, of the volnmo lies 
above the triangle with vertices (0 0) (1, 0), (1, 1) and below the surface 
16/3 

^ Mr-hYi^r+h) 



Aren 

Centre of 

Moment about 

Moment of Inertia 
about 


Gravity 

a axis 

y axle 

X n\i8 

y nxU 

(») 

i»-‘ 

(0, 4r/37T) 


0 

7ir«/8 

7T»^/8 

(&) 

at 

(id, 4&> 

ia6> 

Wb 

Ja6“ 

Ja»6 

(C) 

4at 

(0 0) 

0 

0 

laftVS 

ln®i>/3 

(i) 

TTOt 

(0 0) 

0 

0 

7ra&®/4 


(«) 

iat 

(1« V>) 


K& 

oiV12 

oa&/12 


6 


Centre of Moment of InertU 

Volume 

X AXIS y nxis 

(a) abc {iaibfic) lahc(b^ + c^) \abo{ci^ + a^) 

(b) f7ra«^ (0 0 3a/8) 47raV16 47taVl6 

(u) iah (la it le) a6c(t^+c*)/G0 a6c(c®4 a®)/60 


X axis 


\abG{a^ H 

iiraVlfi 

a&c(a«4-2»®)/00 


CHAPTER XI 

§ 2,p 609 

1 c^e.^ -f- — e* 

2 

5 Ciff-l* + /<rM 

6 ^{ci ooa — ^ sin — A = ae^'l* oos — — ^), 

^ e-J< am ^ v => ^3/2, 2* = Iw/V8 o = 2/V3 8 = Tt/Vd 

7 Vcosl(f + ire), a ==« Va, S —7r/2, v s= J 
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§ 3, p. 610. 

1 . 


^ I I 

1 + 6ja ^ 


26"®^ , (2 — 6)®) ooswi -h 361 sinwi 


2, fi' 


Vu“+ 61^) (4 + <^8y 


(1 + < 08 ) (4 H- ( 0 ^) 

dtti 


tanoiS j 


l)ooa:^«- ^(u»+ l)8in^<^ 


6) cs 0. 


1 — + 61^ 

, (1 — 61^) 008 <0^ -h 61 

1 <6^ -h «4 * 

1 

V{I- + cil*)' 

vs 


tanoiS: 


61 


61 • 


1 

w 


3. 6^1* ^6) QOS ~ t -\- 6)(261^ — 1) sin ^ 

1 — 61^ + 61* 

, (1 -- 61 ^) ainoi ^ 61 00 a6i(^ 

1 — 61^ + 61* * 

(Xi tan dij 01 os in Ex. 2. 

-.e-l<((l - 2co«) 00 a+ (1 + 261 ®) sinJO 
1 -I- dd* 

. (1 — 2(0^) oo86ii -1- 261 ainoli 


4. 


1 

ToTdd*) 


1 + doi* 

, tan6iS = 


261 


f 6) »=5 0* 


6. 

H* p. 

2 * 

3. 

4. 
6. 
6. 

7. 

8. 

9. 


V{61* + 4)^> 


527. 


21 

61^ 4^ 4, 


> 


I - Owo’ 

(4 — *>*) ooaoji -j- 4o) Bii><i»< 
(u» + 4)» * 


log(l + V') iV + V(p« -H 1)) + 2(1 + *)-‘». 
(2/5 — >= 0 . 

*<y vdv 


logj/ ~j* 


logtJ*^ V* 


‘ 0, 


Ijy « logoj + I + cx, 

X === aro tany — 1 + 
ia ainaj — oo8» + ce'^\ 
cy^ c®v-i/«v. 

w {W — 2 + (}«”•• 
oosiv . Qoa^ » o« 
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10 

11 

12 

13 

14 

15 

16 

17 

18 
19 

:20 

21 

22 

23 


yeViiv ^ c 
X ^ 4 * 4 - 

X ^ 0 i 6 ®* + 4 Cfl 

Cl COSOS 4 Cg amjt -h V cosa. 4 o^^ sina; 

a/s \/3 

^ = Ci 4 Cae'^ooa 4 Cae--" sm — aJ 

y ^ de® 4 CgJte® 4 4 Cia;e“-“* 

+ Cj oosa; f* Cq Bina? 4 4 Oga) 00fl« 

2 / = <Ji 4 

== Cj aeo(a; 4 <Ja) 

^ = Oi 4 4 Ca®® 4 046 *^® 

j/ = 0 ^ arc tana? 4 Ca 

/ y % I 

2 log I y — 11 4 ^ 

* — — 4 02 ) 

a =a (aio smO® 4 Ci Bin^ 4 Og 

f + 0 , = i V(cii> - 2fcj) - MO sin ^ 



MISCELLANEOUS EXAMPLES 


OHAPTER I 


1, Use § 6, No, 1 (p, 34), 

2, 39 = H- I’S** + 1*3 4- 0, homo tho required answer is 1110, 


3, (a) 1001 UOOj (h) 2130. 

4, (a) 768; (h) 6964; (o) 10,000; (d) '2; (e) ’023; (/) •240), 

6 . {a) 1-41 < V2 < 1-42; (6) 2’06, 


6 . (a) ic ; 


-8- V6 




-3 + V6 


2 ' - 2 
(ft) All values of a?, 

(c) a?g-32^2; -3 + 2V2Sa;g3-2V2; tt?fe3 4 2V2. 

(rf) X ^ —2, 

7, Square both sides. Equality only if a = ft, 

8 , Uso Ex, 7, Equality only if a == ft, 

9, (a) Add tlio three inequalities a* + ft^ ^ 2«ft, ft® 4 o* ^ 2&o, 

c* + ^ 2ca, 

(ft) Multiply together the throe inequalities 

a + ft ft + <5 ^ /T- ^ ^ 

^ Vaft, S A/fto, g Vca, 


(o) Add together the inequalities of tlio typo a®ft® H- ft®c® g 26%c, 

10. Apply Schwarz’s inequality to the mimbora A?i, ^ 2 , x^ and 1, 1, 1. 
11 » Erom the relationship {a^ — a^)(ft^ ft/) g 0 wo obtain 
dihi 4 a/ft/ g a/ft/ H- a/ft/; 
sum for aU integral values of i and^’ from 1 to n, 

12. (a) Expand (1 — 1)’^ by tlio binomial theorem, 

(fi) In the identity (1 + a?)”(l 4 (1 H" expand and 

oolloot terms in 
14. n®(n 4 1)V4’ 

16. ( 0 ) Write - (v+l)(v+2)) 

sum from v=l ton; J 

.. «{8n+6) . . . 7n«+ 21» + 8 

' ' 2(w + 1){» + 2)' ^ ' 8Q(» + l)(n + 2)' 

(fl7»8) M? 20* 
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16 fo) i{M« - » + 2), (6) J(6»» - 18?i* + » - 30) 

17 (a) «(«« + 6)/6 (6) n(n ~ 6)(6»» + lln + 20)/24 

18 Aasunie the tlioorom to bo true foi » == jn and then multiply by 
(rt I l>) obtaining the thooiem for ») = w + I Voufy the theorem for 
H =» 1 2 

19 (a) 1, (6) i (c) <» 


25 (o) If m > n, la 


H)t \ » 4 2 


(n h 1)1 


I “ <« + 1)! ■*■ (« 1 2)1 ml 

1 I 1 I ■■■ 1 ^ 

^ 2 (n + 2)(?i H 3) («+ 2) tnJ 


f 1)1 \ » + 1 ^ (n + 1)« 


(n + 1)1 
1 

(»H 1)1 


1 ^71 7l\ 


(n+l) 


I _ ) 


(d) Similar to (o) 


26 Lot 


n 1 n (—l)r 

T***0 ^1 

« (—1)T 

£ and sotting t + v « u, wo liavo 

T-o -Tlvl 

« {^ly , « ^ (-ly 


,-^+i t^otUix-t)! 




Now S —j=» 0 if |x > 0, so tliat 

r-OTl(lX-T)! 

I I 2n N (—IW I 2 h a** 

= 2 2 — < s 

h-M+lT-0'rl((X-T)t| ^-.„+l|Xl 

2»+i , 2 2» \ 

^(» f-1)1 V'^n h 1 l)*"^ / 

2n+« 1 2'H1 

(» + 1)1 ^ _ 2 ~ ^(w-- l) nl 

nH 1 

2” 1 
Sinoo —v 0 as n '-► «>, Of^df^ ->• 1 and lim (Z„ =* - 

nl t w 0 

27 (a) Tho seqiionoo is monotonioally moioosing and is lioiindod 

above by 2 smoo if < 2, V2 | < V4 < 2 __ 

(6) Lot Urn a„ = a llion use the lolalion a«|,j V2 + a„ to 

H~->cP 

obtain a >=■ + « or a “■ 2 

33 (a) 1, (6) 1) (o) 1/e 

“ <•) i. w i w rh 
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36* (a) 4e/(l + 2e); (&) e/7; (c) aroooa(l — c)* 

39. Uho the faofc that if a is rational, n\i» Is an oven integer for all 
suiBoicntly largo values of 

40. (a) Continuous; (6) Discontinuous at a; = 0; (c) Discontinuous 
at a; 0, ±1, ±2,,. .; Disoontimioua for all values of 

42. Yea; oonsidor signs at a; s=: 0 and at a; =* tt/C. 

44. Lot e be arbitrary; then f(%') — | < e provided only that 

x' -- x"\ < S. In partioular, f{x') — f{x") | < e if \x' ^ a \ < B, 
a/' — a I < S, which is Gaitoliy’s oritorion for oonvei’gonoo. 

45. (a) (a:^ -h 

(&) - 4aj - 4 + 4y® 0. 

(o) x^ = y^2a — a:). 

(d) = 3axp, 

47. (a) Cirolo with centre at and radius 

1 

(&) If ^ > I, oirolo with oontro at — —ra + rj-—r P and 

i ft X 

radius P*^ ^l» if ^ < Ij intorolmngo a and P; if 1, tho 

poTponcliouIar bisector of tho lino joining a, p, 

(o) Consider tho throo poasibilitids ^ < 1, 1, >1, 

48. Tho ** trianglo inequality’*; tho sum of two sides of a triangle 
is greater than tho third side, 

49. Tho sum of tho squares on tho diagonals of a parallelogram is 
equal to tho sum of tho squares on all tho sides of tho parallelogram. 


CHAPTER n 


52. sin - — iooa 
a; a; a: 

63, f\x )« (1 4- 2aj) sin f 1 + oos \ 4 0; /'(O) does not exist, 

X \ x/ X 

but tho difforonoo quotionb as a? 0 has tho upper and lower 

X 

limits I and —1 rospootivoly. 

54. /"(a?) ==a sina? — oosa?, a? 4 ^ 0; f"(0) 

\x^ x/ 3 

56 4 Uao tho moan value thoorom, 

66 . Uso tho moan value theorem, 

57. Consider 9 ( 0 ;) {f{x -f- h) ^ f{x)}/h* Provo that for small (llxod) 
values of h this assumes values above and bolow fx; honoo for some value 
of X, 9 (aj) *:« lA. Then uso tho mean value thoorom, 
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58 Find the equation y — y{^) of tho tangent apply tho mean value 
theorem to /'(a?) — g (a;) and use the result of Ex 66 

50 Find the etjuation g(%) of the chord joining t? a?| a:^ 

of tho curve consider A(a;) — Sb)'^ (^) = ('^) ^ ^ ^ ^ 

aomowhore in the inteival ^ a ^ ^2 there would bo a point 5 with 
h\^) = 0 /i(5) > 0 then use Ex 68 

60 Ueo Ex 69 

61 OOOG 

62 (a) (6) see®® 

63 Use Ex 62 («) 2, (&) 1 

66 Let i Find the equation y = g(x) of tho tangont 

d %/q 

to the curve y = f{x) at tho point x^[i Ilion J{x) fe o{x) for all values 
of X (of Ex 68) Puir X — u{t) and mtogiato 

67 Suppose that the aoceloiation is oveiywhoio loss limn 4 Ihen 

v < 4^, and similaily v < 4 — 4^ Xlien tho distanco tiavoiscd, iS »=» / vdt 
is less than 1 


OIIAPTER III 

68 (a) pjEf + oouV*" ‘ * 

\ coa^a; / 

2^ 

<6) 4(* + 2)’ (** + D’^-v/d - **)- 2^jr~ 

+ + !)-*'’(» I 2 )‘-^(l - #.«) 

(o) —ajBlna; |-ooai; + S*’bid'C h a’I 

sin a Min’ka 

69 The doiiommator must not vanish for any loal vahio of a, oonsider 

its disorimuianb Also, the numerator of tho doiivativo must not vanish 
Tho conditions aie ac — 6*^ > 0 a > 0 a& — a(5 — 0 a I 0 ota ^ 0 

« =t* 0 0 4= 0 

70 Max iora==f —1/e mm foi a« l/e infl at tho i^oint (0, 1) and 
at the pomt given by (2 + loga®)^ + 2/aj ~ 0 

74 Let T bo tho triangle of given area and least porimoLoi, and lot 
b be any side of it Then keeping h 0xed, T must bo tho triangle of given 
base 6 and given area having the least perimotoi Ilonoo must bo iaoaool os 
and tlio two sides of T other than h are equal to ono anothoi But b is an^ 
Bide ond 5P la thoroforo equilateral 
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6 oi 


Analytically, wo need oonsidor isoscoloa triangles only. Let the co¬ 
ordinates of tho vortices bo (—r», 0), («, 0) and ^0, —then tlio peri¬ 
meter is Equate tho first derivative to zero, and find 

X 

tho second derivative. 


75* In virtue of Ex, 71, oonsidor isoacolos triangles only. 
76. In virtue of Ex. 72, oonsidor isoacolos triangles only. 


77. (a) Tho dorivativo of (1 -|~ aj)e® is always positive for a? ^ 0; tho 
minimum for a; ^ 0 is wlion a; = 0, namely Ij (6) intograto (a) from 
0 to x; (o) integrate (6) from 0 to a:. 


78. Lot /(O)- 


H- (1 - 

;0a« (1 - 


then /(0)-/(l) 


1 . 


Find 


/'(O) and show that oitlior /'(O) ^ 0 or/'(O) — 0 for exactly one value of 0 
in tlio interval from 0 to 1. In tho latter case, show that/(0) is never equal 
to 1 for 0 < 0 < 1. TJion evaluate /'(O); it is equal, oxoopt for a positivo 
factor, to 






which is negative unless Thoroforo/(O) g 1. 

79. Equality sign holds only if/'(O) = 0, or a = ft. 

82. Make (1 — 0)6) a minimum, 

86* (fl) Higher; (6) tho same; (c) lower; (d) higher, 

86* Intograto tlio left-hand side, sum, tlion diflerontiato again, 

■ * S 

nits5*s rule, 


90* Eliminate from both equations; dilTorontiate 

one of tho equations and use this relation. 

91, u„(»» = «n -.^ . 1 . 8) + ... . 

2 M * 4: 


92* Apply LeibniWs rule to 






(o) Equate tho two expressions for in (a) and (6), 

' 2«(»I)»V 2{2»-l) 2.4.(2tt-l)(2ji~8) / 


94. Sarao oa in Bx. 03. 
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95 By ilio binomial thoorom, S X„ ^(o*) (a ^ 1 — = 1 

M «0 

AIho (hill u ntiating 

(a I «)»>=. S "a" 

i wo have 

MulllplyiiiM by anti puttni#^ a === 1 — «? wo Invo 

(l>*“ i (»)©'■-'’''■'‘"-i. 6)^”'*’ 


CirAPJl'R IV 

9fi Hi"'" I -{v''* I - 2^’'’- V'' I 4a’'< 1-12a''» 

—ai(»K(l I I log (I I tt!''‘^)-4VjRrotan^g(a''‘*~|) 

97 4(1 I i c®)”* 

OH fl^(U I iv/(l I -«) h l-») I *) 

I H *)• t I *^)‘) 

1 1 . (t® — a I 1 

99 Pul;. I ^ i , 

3 2 'C’* I aj 1 1 


100 

^ iir< 



101 

'I' 


7tl L 

1(U 

(71 


101 J, [I'm-* (’() !'►«('« I 1) I I 


I 

(”) t- »i)] 


» 1 (»‘- 1)(«“3) 2 , 

if 7i 1h ovon» ' - - nil 


101 


n(n - 2) i 
( 2 h )1 It 


2««(nl)‘» 2 
107 k/32 


Ti<n 2) 2 2 

In ihM 

icn ^»V0 i 0 7 0 11 11) 

t05 *^^^*(^*0* IQf) 7^/10 

(2n \ 1)! 

tOH (1 i«arrfj ” rt 7 1 /^” ^*'’*^*^"* 

lOV ftoodM 




/' 




/>a 






eoB^aJcfa? 
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/ Q^QdiO 

= -•—- (a oosftaj + 6 sin6«) 

or 6 * 


— f QOBhxdx ^ f nmbxdx, 

+ 6^ J + 6« j 

/ ^( 7 iU 

^ ^{h oosAibx — a Binh^R?)* 

/^Q>6 

e«» ooslifcaJC^OJ — ™—(6 sinh^a; — a cosh6a;). 

114, 116, 116, Iiitograto by parts. 117* 2”+^(wl)V(2«-+ 1)1, 
118, Convergont. 119. Convorgonfc. 

120. Convorgont if w > — Ij divergoufc if g — 1. 

121, Convergoiit if ?i > — 1, w > — Ij othorwiso divorgont. 

122. Convergent if n > 0, w > — 1; otherwise divergent. 

123. Convorgont, 124. Divorgont. 

126, Convorgont. 126. Convorgont, 

! 27. Convorgont if n > 0} divorgont if 71 g 0, 

128. Convorgont if m > n — 1; divorgont if m g —* 1, 

129. Convorgont. Considor 

Jvtr ^ “i" sin^a; './^rr J(v’\'it)rT *'(i#+iwe)rr' 1 4“ sln^s; 

In the fii’fit and last intograls tho integrand < 1, and in the Booond 

integral tho integrand < -tt’-.-s—» Wiat 

TcV Bin^ETC 


<2.^ + 

l + a)*8m®aj 


i^v^sin^cn* 


Choose 8 » -1^; then sin etc > JcTt, and 
M>'+l)ir (lx 


A^+i)^ (U ^ ^ ^ i,r ^ 


where 1) Is a oonataut. ITinally, 
po dx ^ dx 


1 -I- iK* Bin** X>r 1 + »* 6la*.t! J{n-\)« ^ 

3/(! r I _ I 1 31) 

— 1J 1 

o(v+l)rr ^x 


->-0 OS n->oo. 


riv+Dn dx 


+ cr^sln^as 


L TT 


(VK)^Bin*{8 Vl + (vic)^ 



ANSWERS AND HINTS 


xclx 

1 + 


^ f i ^ divergent 

Ja, 1 H- 


1 + xHmH Jo 1 + ^ 

131 Convergent if p < —2 p4-l<«<—lorp>0 -~l<a< 
(1/2 — 1, otlierwiao divoigcnt 

/ ** sb 

convex gea only if a < — 1 

1 -}• Bin^a, 

f —_ behaves like f - i o if p + 2 ^ 0 then a > —1 

contrary to the preceding ifp+2<0 a—p—2>—1 

f* ^ di' 

Suppose that p > 0 Thou /-^—- convexgea only if a > — 1 

ITurthormoro. ^ol + ^^smH 

V (vtt) dx 

Vl-\- (v 4* 1)%^ I + (V + 

^ i»(v4l)jr a, ^ ^ (v+I) 

T+a?am«« Xn 1 + Vl4* 


behaves like f - i o if p + 2 ^ 0 then a > —1 

Jo I + XP^^ 


riv+'i)^ (vtt) dx 

\ Xtt 1 + (v + 1)%^ sm^o; 

X dv ^ Ai'+l)»r -j, I'j ^ (v+I) 


l + a^ain*« Jy„ l + {m)^Bin^x Vl + (vtp)/* 

J^„ 1 + o^sm^aj 


J^„ 1 + ai®sm»aj 

Honoe f - ^ . con verges if and only if, a — p/2 < — 1 

^/rr 1 + XPSin^X 

The integral may also bo estimated by tlio method of Ex 120 

.32 r m - m ,,. r/w 3. _ rm ^ 

J X Ja X Jn^ W 

= r'^m rf*«£ log! j- k dx 

J(\ X a J(i X 

Show that this last integral tends to ^oro as a 0 

134 Consider f dx and prooeed as in Fx 132 

J X 

136 In the foimula ^(^^) =? J substitute i *==> a® and t =! log 

respectively ® * 


CHAPTER V 

136 (a) »'> + j/5 =5 6ajrV are oos ^ ^ ^ | \/&® (a ^ yja 

138 (a) + J/* =s= V(aV + 6V) (o) a(^^ h j/*) |- py^ =s= 0 

(b) V(aV -- bY) (d) a; - 0 

141 i— t =S3 4pi(l‘\' - ^ V 

Vi + p \ 2VpV/ + p/ 

143 r(,h(U + &)(a - W(2fl») 


142 6aV2 
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a \ 2h / 

146» Ohooso tho axes ao that tho curve touches the as-axis at the origin, 
and express tho ordinate y as a function of tho angle wliioh tho tangent at 
tho point (a?, y) makes witli tho ai-axis, 

147. (a) iyi2i (b) l^/d; (c), (d) l{iy\2 + d% 

148. r = 149. (a; c)^ -f === 

151, (* - c,)» -I- 1 / = c,\ 152. y = a ooah® zi. 

a 

153. Tlio length of a straight lino joining tho points (r^, 9 ^), 
v'{(»V.n - »•.)’ + 2»-„>v ^i(l - - <f^))), 

and tho length of a polygonal lino inscribed in tho ourvo is 
1 

S V{{Ar,r + Hh • K). 

where tho [ 22,/ |*s ero all bounded. Letting tho maximum of A 9 ^ tend to 
zero, wo obtain 


CHAPTER VI 


167. it’ - 1 ^ . i (Binai)’« ~ + -■ - x-’bY 

3 45 \ 31 5! / 


0 45 


where Jl and 22 ' remain bounded as a? 0 . 
2 


168. » + — + iT®‘ + ' 

8 15 


a!-^-1-5!. 
ainno 3 ] ' 61 


•aj’i2 


00 s a 




a?* 

2! '' 41 ' 


■ x^S 


u iu 


whoro 22, Bf T aro bounded ns «? -> 0. 

-' + K-a+s-")-5(-f+j-") 

whoro 22, 2^ aro bounded as it? 0. 
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160 (a) 1- 


'¥ 46 946 


(c) l + ^+l^■*+3 -»:« + 

2 24 720 



a.’* 

1340'”23712 


(d) 1+^1 


t 

8 


fe) e 4 -eaj 4 ” ex® 4 --e^^ 4 - (/) —~— ——~— 

w -r -r 4- g n- ' 6 180 2836 

a;4-^ ^+1^ + 

2 8 2 ® 21 6 2 ® 31 7 


162 


« / ^ /2n\ /2 t - 2 ?A_1_\ x^^+2 

T^o S-. 0 ^' (2n I 1)(2t — 2n 4-1)/ 2^^ 


163 (a) S (--1) 
-0 


13 6 (2v - 1) 


2 4 6 


ih\ V 

pnnQ Vl 2V + l' 


2v 

CO 

(0) S 


2v h 1 

(-l)v H 


164 (a) 


(2j»)|*;Sn+l 


2fW(2ft+l)’ ^^^«l(2»+l)' (2»H 1)1(2» 1-1) 




0 (2v +1)1 2v H 
.an-i-i 

( 0 ) 


rsn+i 


166 



167 ia)~i. (0)0, {d)e-^'> (o) 1 

169 (a) Minimum at x — 0, (&) maxima and minima at pomts 

whore tan - =5 ^ whioli ooonr onoo in oaoh interval — \. < a? <, - —.-r-'i 

XX I i)K (n—J)!! 

^ ±I ±:2| , maxima and muuma allornately 


CHAPTER VII 

170 6 881a 171 11 

172 0 82247 173 176 302 3 400 

174 Since log(ot + is convex downwaid, and « > 0, 

log(a 4-1) 4- + log(ct + n) >j log(a + x)(i^ 

(n 4 - } 4“ «) log(n + 4 + «) — (a 4 - 4 ) log(a 4- 4 ) — 

or «(« + 1) (« + »)> *t -,«-« > *(a)»ln“, 

(«+ i)”^' 
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where k{a.) ia a positive number depending on «. Furthermore, 


/i + “Vi _iy=, 1 -" 

\ n/ \ n/ 


(a+l) 1 n 
2 


whoro It romaim bounded as Therefore, for sufBoiontly largo 

v^aluos of n, % < and the soquonco is monotonioally decreasing. 


l 

176. 0 + (n + 4) logn — S (n^, + J) logn,.. 


v-l 


OHAPTliJR VIIJ 

178. If lim af^ g 1, tlio toruis do not tend to zero. If lim > {3 > I, 
compare tlio sorioa with S 

fCr 

/« 

179. For any e, S < c for every in sulTioiontly largo, Bub 

m if *^11 

li a^,> (w — or im^ < £ H- Kooping n fixed, ohooso m 

v^n 

60 large that < a; for ovory Buoh ina^ < 2€. 

180. Apply Ex, 179, 

CO 

181. Let donoto tho partial suras of S 9 the sum, and lob 

<y„ — 5 . Then 

m m tfi 

h £ (Oj. =5 L csy{h,, •'* “t" 

pmtl V^n 

For ovory suffioionbly large v, | a,, | < e, and 
v\ 

< B I 6„ - 6„,+, I -h EI 6„ I H- e I |. 

Tills is in turn less than 4Be, whoro B is a bound for | |, and tho series 

<0 

21 oonvorgcB. 

v-^l 

182. Prooeod os in Ex. 181 j 

m VI III 

i-oAV v»=>v 

and use tho monotonio oharaotor of 6,,, tho fact tiiat ^ 0, and that 
I s,, I < s for ovory v. 

183. (a), (i*), (ft), (/) Gonvorgont; ( 0 ) oonvorgonb if 0 tp (e) oou- 
vorgont if 0 =P (27^ + 1 )k. 


S aX 

v^n 
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184 («) |]og2 (6) log2 

185 («)</=! (ft) « S 1 

186 (o) Diverges (ft) converges 

188 Jt\a„\ < for every sulfloiently largo n then 

log pi-j > (1 + e) logit or > 1 + e 

I <t„ I logtt 

Reverse the argument > 1 + e implies |a„( < 

tor divergence ” 

189 Apply Ex 188 

190 Proceed 08 in Ex 188 i l/| I 

191 The n th roofc test may be written os followa if > e 

tbo senea con verges if <—e the soriea diverges Write ^ 

logl/|<tnl JL l 0 SVI«nl 

logn logw n 


Similarly 


192 If 




< 3+1 for every then 


I I < I I < I I < < 

On 

therefore S | [ con verges if does Similoily for diveigcnco 

^ 1 

194 Use Ex 102, oompaimg witli S — Iho souos S | oonvorgos if 
^ >(l ,-i) >i + ffH ^ 

I ffn+l I V «/ » »* 

where oc P* 1 Then 

n/ J I . — A>a+->l+e 

Reverse the argument 

•teili-')"'-'■ 


I ^n+l I 

implies the oonvorgonoe of S | a,, 
196 S I aj convoi/L»es if 


Similarly for divorgonoe 


^ + > 1 +- + -.- 
I \ n/ ^ logn / n n lof 


l«rt+t 
where oc > 1 Then 


■ + 


n 


nlog 7 i ?^*logn 


nlognfX — -)>« h-'^l + E 
\| n/ w 

Reversal of this argument gives the convorgonoo tost similarly for 
divergence 
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197* (a) Convorgea if (3 — a > 1, cUvorgoa if p — a ^ 1. 

(&) Convorgea if y > a + P> cHvorgca if y ^ a + p, 

00 2 oO J 

198. (a) If .'B S 1 + e, S — g S -j-r,. Similarly for (6). 

ytsi'i ^ V's*! ^ 

199. Tlxo partial Bums of S oosva; are uniformly bounded for every x in 

gfJ'A? g'-)V.V tt « 

c ^ a; ^ 2 k — e. (Write ooa vx ^ - - -and S cog va? = ^ S 

" V-»0 

Then prove the theorem analogous to Ex. 182 for imiforni oonvorgenoo. 

2J • 1 

200. If X lioa in tho interval e ^x then ylica in the 

2e ^ ^ , 2 ^ ^ 

interval — 1 -f —— g g 1 — . 

1 + e iV -h 1 

201. (a) —1 < « < 1; (6) —4:<x< 4; (c) a? > 1; (cl) x > 0; (e) any 
x; (/) no a?; (ff) x > 1; (/fc) —l<x<l, 

202 . If S convorgea, write S ~ S use Ex, 

^ U ^ Cl, 

181 or 182, If S clivorgea, S ~ cannot oonvorgo for «?< by what 

vwl V * V 

has just boon proved. 

203. Write S1"—^ == S 

00 00 

204. Clearly S a^x^ < S for a? < 1. On tlio other hand, 

>.ps0 

OO .AT JV CO 00 

iim S a,,x’' > lim S ==» ZJ a/t or llm ZJ ^ S a^„ 

A?— P'BS»0 v»»:»0 


205, As in Ex, 204, lim ZJ a,a“' ^ ZJ a,, and honoo is oo. 

,v 1 »'®«0 i '«»0 


oo CO 

206* Write ZJ ZJ ( vr ) • Thou prove tho 

(/cwO \A/ CO 


thoorom analo. 


goua to Ex. 181 for uniform oonvorgonoo; if ZJ oonvorgos, and if tho 

i/»=iO 

sequence i»o(a;), , bfi(x ),... is monotonio for every x and uniformly 

«0 

bounded for every x in a oortain interval, then ZJ aMx) oonvorgos 
uniformly in that interval, 

fO 

207, This follows from tho uniform oonvorgonoo of tlio series S 

w I/mQ 

fa tho interval 0 g a; S X. Eor then Z1 a^x^' is oontimioua in that interval. 

JIMlO 

208. (a) x{l + x)/(l + x*)i (&) (1 x^)/ll x ‘h 


209* (a) Tho scries is equal to v- ; 

dx\ X / *-.1 


(6) Tiio sorloa is equal to - 


V{l + x)--V{l--x)\ 
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CHAPTER IX 


: 1 - 2^2 S 


r 1 CO 1 / «> /vi2W\ 

211 TtxQ0tv:x^l-2x^ V) 

00 y CO 1 \ 

-'-*i.(i,.-»)’" 

214 («) /■' ‘°S±(te=- S 4 S 

' ' Jo 1 - a? p^i " Jo 1 + « *«i] 

216 (a) V2 (6) V3 

217 GOthTra.- ^ _+_1_ + 


CHAPTFR XI 


218 a; + 0 = V(a* — 2 /®) — a log 

219 c 


g + 

y ~ 


ain(tof — q>) 1- 




e-pM/ where 


221 /«= 7 —~2 —^ ain(tof— cp) 1- • . ^ -—~~ where 

VT^COV®) V(p3+6)V) 

fcan9 = ^ 

P 

Jt/8 

222 s=5 a®-_, time of dosconfc is a^js/h 

223 Difforentmlo with rospoot to a? and solve the resulting differentia 1 
equation for f in terms of x 

y -L and ty = ^ 4* c* 

^ 4a:« aj ^ 

224 -1 +V(2y + o)^ log(-^l +V(22/-| o)) 
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Absolute convergence, 369 et seq. 

-of mtcgrnls, 418. 

Absolute vnluc, 6, 74. 

Acceleretion, 100, 29^1 
Accumulation, point of, sS-Go* 

—• upper and lower points of, 62, 
Addition theorem for logarithm, 169, 

-for hyperbolic functions, i8ff, 

189. 

Algebraic functions, 23, 4G0, 485, 

Almost periodic functions, 437. 
Amplitude of complex number, 74, 

— of vibration, 296, 427, 432. 

Analytic functions, 413. 

Angle between two cuiwes, 264. 
Approximation by polynomials, 321 et 

— by tngonomotne expressions, 437 “ 56 . 

— linear, 349, 

— practical methods of, 342-64* 

Ar sinh. See Inverse Ilyperbolic 

Functiom, 

Arc of curve, 276-80. 

-ns parameter, 260, 282. 

— — in parametric representation, 278, 
* 79 * 

-in polar co-ordinates, 280, 

Arc sine. See Inverse Trigonometric 

Functions, 

Archimedean spiral, 290, 

Area, 77-0, 

— extending to inAnity, 247* 

— of closed curve, 269-75, 3 * *~4* 

— of surface, 499. 

— orientation of, 268, 312-4. 
Arithmeue prugression, 29. 
Arithmetic-geometric mean, 46* 
Astroid, 267, 290, 3II. 

Atmosplieric pressure, 181. 

Attraction, 290, 306, 

Axes, change of, 265* 

Axiomatic method, 56, 


Beats, A32. 

Bornoulji'a equation, 521* 

— numbers. 422-3. 446. 

— polynomials. 440. 

Bessers inequality, 451. 
BImoleculnr reaction, 231. 
Binomial covnicicnts, 28, 23, 329. 

— aeries, 329, 336, 406. 

— theorem, 201, 

Bounded sequence, 38, 45, 60. 


Bounds, upper nnd lower, 61 ♦ 
Boyle’s law, 14,181, 


Calculus, Applications to scientiAo 
phenomena, 107-9, 124-6, 

Cnrdioid, 267, 290, 

Catenary, 280, 288, 291, 

Catenoid, 288, 297. 

Cauchy’s convergence test, 39, 6d. 

-for series, 367. 

— form of remainder of Taylor’s series, 
324, 

— notation for derivatives, 90, 467. 
Centro of curvature, 283, 307-11, 

— of mass, 283-4, 4^7, 498, 

Chain rule for differentiation, 153-5, 

202, 

-with several vorinbles, 474, 475, 

Change of axes, 265. 

Change of variable, 477-9. See also 
Chain Rulct Substitution, 

Circle, centre of nnass of arc of, 291. 

— involute oA 310. 

— moment of, 497, 

— parametric representation of, 258, 

— pedal curve of, 267, 290. 

Circle of convci-genco, 413. 

Circle of curvature, 282, 333-4, 

Circular frequency, 427, 

Closed interval, 15, 64. 

Comparison of aeries, 377-80, 39a. 

-with nn integral^ 380-1* 

Complementary function, 509, 

Complete integral, 502, 

Complex notation for vibrations, 433, 


435 ' . 

— numbers, 73-5, 

— variable. 4 JO-4- 

Compouncf function, 153-6, 472-85. 

— — diAforentlation of, 154, 474, 475. 
Condenser, charging of, 307, 
Conditional convergence, Sec Coth 

vcrgence. 

Constants, integration, no, 114, 115, 
502. 

Contact of curves, 33 i'- 3 « 

ConilmiUy, 16 , 54i 63 , 844-*5' 

— ond dlfTorenimbility, 70, 

— of runctions of two variables, 463”S* 

— of limit, 393. 

— Boctlonni, 438. 

— uniform, 51, 65, 

Contour lines, 461-2* 


flU 
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INDEX 


Converj^encc nbsolute nnd conditional 

369-75 

— circle of 413 
—> interval of 400 

'—af Fourier aones 439 447'"S5 

— of improper integrals 247 250 418 

— of infinite products 420-2 

— of integrated senes 394-6 

— of power senes 399-401 

— of sequences 38 

— uniform 386-97 
Convergence teats 367 368 377-81 
-Cauchy a 39 60 367 

-I eibnitz & 370 

— — for infinite products 421 

— '— for Integrals 2 ^8 250 

-for uniform convergence 391-2 

398 

Cooling ot hot body 180 
Cosine 24-25 See also Trtgotiometrtc 
rmicttous 

— derivative of 96 99 

— infinite acaea for 327-8 411 

— mtegral of 87 143 
Cosine senes 140 

Cotangent 24-5 See also TrfgomtMtrtc 
Fuftcitons 

—• derivative of i |.i 

— integral of 208 214 

— resolution into partial functions 

CuU' moment of mertm of 498 
Current altcrnoting 433-5 503 et seg 
Curvature centre of 283 307-11 

— circle of 282 333-4 

— m nolnr co ordinates 2806^^9 291 

— radius of 282 308 
Curve area of 269-75 311-4 

— concavity or convexity of 158-9 
curvature of See Curvature 

— derived 90 99 

— equation of normal to 263 

— equation of tangent to 263 
evolutc of 283, 307-n 

-— involute of 309 310 
length of arc of 276-80 

— paiflllcl 291 

— pedal 267 

Curves angle between 264 

— contact of 331-3 

Cycloid common 261 262 287-8 290 

— evoliite of 310 
Cycloidal pendulum 303 
Cyliiulroid 465 

Decimals. 8 55 

Definite Integral See Jutegrah 
Do Molvre a theoiom 74 411 
Density 122 

Derivative of compound function 154 
474,475 ^ , 

— of inmlicit function 483 

— of infinite series. 396-7 

— of inverse function 145 

— of limit 156 

— of product 137, 202 

— of quotient 138 139 

— parametric expression for 262 


Derivatives higher 99 

— partial 466 et seq 

: equality of mixed 471 

— tabic of 206 
Derived curve 90 99 
Diffeienco function 26 

— quotient 90 102 
Differentiability 79 91 97 109 199*. 

201 244-5 471 

DifFerenltal coefiiccent See Deniatne 
Differential equation for clastic \ibra 
tion 296 502 

-for exponential function 178 

-for motion on curve 291 521.-5 

— — homogeneous 503 504-8 519-21 
— non homogeneous 509-12 

Differentials 107 
Differentiation See Derwative 
Dll action cosines 263 
Dinchlet integral 251-3 t.18-9 450 
Discontinuity 51 71 

— of deiivative 197 et seq 

of functions of two vai inblcs 464-5 

— of integral 2 fs-o 
Distortion 511 5x8 

Divergence 39 45 See also Convet 
gence 

Double integral See Multiple Integral 

« 43 172 17^1 327 316 
Llastic vibiations 295-8 502 et seq 
Ljcctric circuit 182 433-5 503 et seq 
Dllipsc aica of 274 

— evolute of 310 

— length of arc of 289 

— moments ot 500 

— pnraniotric icpicscntntion of 258 

— pedal curve of 67 290 

— radius of curvatuio of 290 
ClhpsoKl 48? 

— volume of 493-4 

Uliptic mtcgials 2|.3"'4 a 19 2S5 289 

envelope 308 
Fpicycfold 267 31X 
Epoch 427 

Errots calculus of 3 $9-52 
Lulcr 8 constant 381 

— formula, m' [iz 
Even functions 20 
Lvoluto 283. 307-11 
Expansion of rod if 351 
Exponential function zk 60 171-7 

195 

— — as inverse of logarithm 25-6 
171 

-as limit. x75 

— — coniimiity of 69 
-dciivntivc of, 173 

-differential equation for 178 

- — rniiliiphcatlon theorem for xyi 

-of complex variable 41X-14 

-order of magnitude of 191 195 

— — power series for 326-7» 390. 405 
Extreme values 160 See olso Maxima 

and Minima 

Factonal 251 361-4 
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Fall of body, free, 94. 

-on curve, 299-^04. 

^ — with resistance, 294. 

False position, rule of, 357* 

Fej(SrWel, 4 ? 7 ; , .. 

Format s principle, i6s» 

Folium of Descartes, 267, 290. 

Force, concept of, 293. 

Forced vibrations, 510-6, 

Fourier coefficients, 438. 

Fourier aeries, 437-^50* 

—► — convergence of, 43 9 > 447 "'So« 

— — integration of, 455 ^^2* 

Free vibrations, 503, 507, 

Frequency, 296, 427* 

— circular, 427, 

— exciting, 513. 

— natural, 507* 

— resonance, 514. 

Fresnel integrals, 253. 

Friction, 294, 50a, 507. 

Function, 14, 

— olgcbraic, 23, 460, 485• 
almost periodic, 437. 

— analytic, 413. 

— compound, iS 3 -o, 473 *“ 55 * 

«“• continuous, 63, 65, 67, 68, 70, 

— differentiable, 9X, 97 » * 44 * 

— elementary, 68, 205. 

— even, ao* ^ t t 

— geometrical representations ot, 10, 

71,258. 

— inverse, ai, 67, X45» 

— monotonic, xg, ao, 10^ 135* ^ 

—• of a function. Sec JfUHCltoUt 

pound, 

— of integral variable, 27. 

— periodic, 425 H seq, 

— rational, 22, 55, 09. 

— flcctionally smooth, <w8, 439. 
transcendental, 24, 485. 

— with no Taylor senes. 330. 

F\inctjon of aovcrnl vnnnblca, 458 er seq, 

- -continuity of, 463 *- 5 * 

<— dcrivAiivca of, 466 ct seq, 

-geometrical representations 01, 

460-2. 

-implicit, 480-5. 

Functional determinant, 4^9, 400, 
Fundamental theorem of algebra, 73 * , 

— — of the differential and integral 
calculus, 114. 

Fundamental vibration, 429^ 

Gamma function, 418. 

Geometric series, 34 i 2^$^ 39^1 *\oo,407. 
Gradient, 00. 

Graphical integration, 119-121. 

Gravity, 293. 

Grcgory *8 aeries, 3191 3 Sa, 44^1 443 * 
Gulalive rule, 285. 

Half^value period, x8o. 

Harmonic sorica, 368, 301*^* 
Harmonics, 429-31. 

Hyperbola, 23. 

Hyperbolic functions, 183-9. _ ^ 

— i- addition theorem for, 185, 189. 


Hyperbolic functions, connexion with 
trigonometric functions, 41 x. 

--definition, 184, 

-derivatives of, 186. 

— — geometrical representation of, 188, 

— -—auegration of, 2ii^ 

— — inverse, 186-7, 

— — power series for, 328. 

-national representation of, 235-6. 

Hyperbolic paraooloid, 460. 

Hypocydoici, 267, 311, 

Implicit functions, 480-5. 

Improper integrals, 245-^55 4 I 7 " 9 ' 

Indefinite integral, 110-7. 

Indeterminate expressions, 338-41* 
Indicator diagram, 305. 

Inequality, 12. 

— Ilcascrs, 451. 

— Sch\vnr2*8, 12, 130, 451. 

Inertia, moment ofj 286, 498, 499, 

Infinite discontinuities, 52, 464* 

-of integrand, 246-9. ^ 

Infinite Interval of integration, 249 -sO' 
Infinite products, .j-ig-az. 

Infinite aeries, 366-417, 422-56. 

Infinity, 33. 

Inflection, points of, 159, 260, 334 i 

335, 

Integrals, definite, 76-82, 117. 

— improper, 245-55» 4 ^ 7 - 9 ■ 

— indcrinitc, 110-7. 

— multiple, 486-499. 

— numerical calculation of, 343-8. 

— of continuous function, 79, 112, 131, 
488. 

— of sum and product, 141. 

— recurrence formulas for, 221-5, ^4^* 

— table of, 206. 

Integrand, 80, 

Inicgralion* See also Integralt, 

— by parts, 14 1, 218-25. 

— constaniB of, no, 114, 115, 

— graphical, x 19-21. 

— of Fourier scries, 455 et seq, 

— of infinite aeries, 394“6. 

— of power scries, 401. 

— of rational functions, 226-34. 

Intorost, 179. ^ 

Iniermodinto value theorem, 60-7* 
Interval, closed, 15, 64, 

— open, 15. 

Interval of convergence, 400. 

Invorae function, 21, 67* 

-derivailvo of, I 4 S{ o 

Inverae hyperbolic functions, 106-7,310, 
408. 

Invcrac trigonomolric functions, i 4 o- 5 ^f 
220-1, 243, 3 i 9 i 4 ^^* 

Involute, 309, 310. 

Irrniioniil numbers, 6 et sfq. 
Irrationality of e, 336* 

Itorailon, method of, 358-60, 

Tacobian, 479, 480. 

Jump discontinuity, 51, 4O4. 

-of integrand, 245 ‘ 
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L«^grar\g« aformof temflindcrofTfiylor a 
SBrifta 524 

■— notation for denvattvea 90 
Lapfnce a equation 479 
Lattice pointa 13 
Leibnitz a convercence test 370 
Leibnitz a notation for definite in 
tegrals 80 487 

■-for derivatives 90 

--for higher derivatives^ loz 

I eibnitz a rule for sncccsaive difieren 
Tintion aoz 
LemniBcate 7a 

— area of 275-6 

— length of arc of 289 
Level surface 462 
Limit 29 38 41 46 59 

— upper and louver 62 
Limit curves 385 
Line of Support^ 270 
Logarithm addition theorem for 169 

— ns limitj »7fi 

— cnlculntton of 353-4 
continuity of^ 69 
definition aa integral 167 

— integral of ao8 220 
^ iftvme of as-6 171 

— order of magnitude of 192 195 

— power aeriea for 316-8 
vftluea of 171 

Log'inthmic decrement 507 
I oganthnuc spiral 290 


Mass centre of 283-4 291 497 498 

— distnbution of t22 
Mflas action, law of 182 231 
Maxima and minima 159-67 
-- relative 160 

^ suflicicnt conditions for 161 334-5 
Mean vaUie theorem of differential 
calculus 102-5 13 1 

— gcnexahzftd 135 ao\ 

Mean value theorem of integral calculus 
120 et JC9 

— — generalised, 127 

— — second 256-7 
Modulus 6.74 
Moment 283 284 407 498 

— of mertuu 28G 490 499 
Mono tonic lunciiona 19 20 135 

— •— inverse of 67 

— — sign of derivative of, 106 
Monotonic sequences 40, 61 
Motion on fl given curve 293-4 *96, 

304 524-5 

Multiple integral 486-99 

-in polar CO ordinates 494-9 

,-of continuous function 488 

— — reduction to single integrals 489- 


Mu?tipIicadon 


of aeries 408 415-7 


Meighhourhood, X59 60 
Newtons spproxitrmtion method 355- 
7 359 

— law of cooling 180 

-of gravitation 306 

'— notation for dcnvativcB 262 


Newton 6 second law 292 
Normal to curve 263 
Number axis 6 
Numbers complex 73-5 

— irratloml 6 ei sgq 

— prime 424 

— rational 6 

— real 8 


Odd functions 20 
Ohm 8 law 182 434 
Open interval 15 

Order of magnitude 190-5 248-50 
338 seq 

Orientation of areas 268 312-4 
Orfhogonahty relations of trigono 
metric functions 217 438 
Osciiiations 53 54 

— electrical and mechanical See Vt 
hrations 

Osculating circle, 333-4 

— parabola 332 


ir, 44 tSz ^ 

— numerical calculation of 352-3 

— senes for 319 

— Wallis s product for 223-5 363 
445 

Parabola 19 

— area of 88 

— length of arc of 280 

— 08 u luting 332 

— radius of turvntufo of 280 
Parabola of higher order 19 23 
Parabola^ scmicubical 90 259 290 
Paraboloids 460 462 

Parallel curve 291 
Parameter 258 260 
Parametric representation of a curve 
258 ei ieq 

— — area in 278 

— — length of ore in 278 279 
Partial derivatives, 466 ei ieq 

Partial fractions resolution of cotan 
gent into 444 

— —- resolution of rational functions 
Into 227-34 

— — rcaolntion of secant into, 4 ^5 
Partial sums 3 00 

Particular integral 509 
Pedal curve 207 
rcnduliim cycloidM 303 

— oidinary 302 304 351 

Period of vibration 296 301, 426 
427 

-of pendulum 302 301 351 

Periodic functions 425 et wj 
Phase 427 

Phase displacement 427 

Plane equation of, 460 462 

Polar CO Ordinates 72 261-2, 265 267 

-area m 27s 

-curvature in 2S0 et seq 291 

-double Integrals m 494-5 

— — length of arc m 280 

-- partial dorivativea In 477 

Polygonal function 70 
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PolynomialSi aa, 55, 69. 

— derivn Uvea of. 140. 

— in wo variabica, 459, 464. 

— integration of, r43' 

— Taylor aeries for* 320-1, 

Power function, definition ol^ 69, 174. 

-derivative of, 94-5* I55, 174* 

-graphs of, 33. 

-integration of, 84, 85, laS, 176. 

-inverse of, 33, 147* 

Power scrica, 398-413, 

-convergence of^ 399-401, 

— —< for given functiona, 404-xo, 

-integration and difierontiniion of, 

401—a. 

— — niultiplication and division of, 

-uniqueness ot, 403-*4, 

^ — with complex ternaa, 410 et seq* 
Prime numbora, 424. 

Primitive function, x 13, 115, 

Principal value of inverae sine function, 
148. 

Probability, specific, 126, 

Products, inhnite, 419-22, 

-convergence teat for, 421, | 

Quadratic function, 23. 

— — definito, 227. 

Radian measure, 24. 

Rndionctivo disintegration, 180, 

Radius of curvature, 282, 308, 

Range of definition, 458. 

Ratio test. 378. 

Rational functions, 22, 5s, 69, 

— — difTcreniiation of, 140, 

■— — integration of, 22C-34. 

-of two variables, 459, 464, 

— — order of magnitude of, 105. 

— — resolution into partial frnctlona, 
229-34* 

Rational mimbera, 6.^ 

Rational representation of hyperbolic 
functions, 23^-6. 

•-of trigonometric functions, 234-5, 

240. 

Real numbers, 8* 

RcarrangcmeiU of series, 37 *'" 5 » 
Recording instruments, 517* 

Rectangle rule, 343, 

Rcctirmbility, 27O, 277 - 
Recurrence formnlaj, 221-5, ^ 4 ** 
Reflection, law of. i 64 '- 5 ' 

Refraction, law of, 165-6, 

Uemnindor of Taylor scries, 322-5* 
Resonance, 514 ei seq. 

Revolution, surface of, 285, 

Rollers tbeorem, 104-5* 

Root test, 3781 379 ^ 

Roots of unity, 75. 

Rotation, 265, 273 . 477 * 

Saddle point, 462._ 

Schwarz's Inequality, 12, 451, 

— — for integrals, 130, 

Secaiu, 24, See also 

ftmtiom, 
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Secant, integral of, 215, 

— resolution into partial fractions, 445. 
Sectionally continuous, 438. 

— amoolli, 43S. 

Sense of description of curve, 260, 
Sequences, 28. . 

— bounded, 38, 45, 60. 

— convergent, 38. 

— limits of, 59. 

— monotonic, 40, 61. 

— of functions, 383 et seq> 

Series, Fourier. Sec Fourier series. 

Series, infinite, 366-417, 422-56. See 

also Couvergence; Power Smes] 
Fourier Series* 

-abaolutely convergent, 369 ei seq, 

— *— and improper integrals, 417*^9* 

— — comparison of, 377-80, 392, 
-with integrata, 380-1, 

— — definition of convergence for, 
366-7, 

— — differentiation of, 396-7. 

-integration of, 394~6, 401. 

— — multiplication of, 408, 415-7* 

-of functiona, 383 el seq. 

-operations with, 376. 

-rearrangement of, 372-S* 

-uniformly convergent, 389-92, 

Scries, power. Sec Potoer Series. 

Taylor. See Taylor Series. 

Stmplo harmonic vibrations, See 
Smtsoidal Vibratiotis. 

Simpson’s rule, 344 - 5 * 

Sino, 24-5, Sec also ^ Trigomueirie 
Functious. 

— dcrivntivo of, 96, 99. 

— infinite product for, 420,421, 445. 

— infinite aeries for, 327-8, 4x1. 

-7 integral of, 86-7, 143, 

Bine sortcB, 440. 

Sinusoidal vibrations, 296, 427 et seq>t 

... 

-complex notation for, 433, 435. 

Bmooih, acetionnily, 438. 

Specific heat, 12;). 

Specific probability. 126. 

Sphoro, equation or, 460, 462. 

— volume ci. *}95. 

Spring, Btrctclung of. 306. 

Stirling’a formula, 301-4, 

Straight lino, polar equation of, 262. 
Substitiuion, method of, 207-X8, 253. 
Suitib, upper and lowor^ 78. 
Superposition of vibraliona, 428 et seq.^ 

43 Si Sio, 517, 

Surface, nnulytlcal representation of, 
460 et seq. 

— area of curved, 499. 

Tangent formula, 3*14. 

Tangent galvanometer, ;j50, 

Tangent to curve, equation of, 263 • 
Tangent (trigonometrical), 24-5. See 
nlao Trigotmtetric Fimeiiom* 

— — derivative of, 141. 

— —* Integral of, 208, 214, 

-- power series for, 423. 

I Taylor scries, 325, 398 et seq.^ 404. 
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Taylor series rememdcr of 324 
Taylors theorem 32(^3 
Time fls parameter 260 
Tojrua 291 

Tractrix 291 ^ 

Transcendental functions 24 4 ®S 
Trapezoid fonnula ^43 o 

Trigonometric funcuons 24 4 ® 

-differentiation of 90 140 

-exponential cYprcssiona tor 4 ti“ 

—integrallofl of 86-7 t43 ^'4 

— — inverse r48-si| 243 3*9 407^“ 
412 

— ■—power senes for 327'"8 4** 

-rational representation of 234-5 

Trigonometric Bummation formula 

436 


Uniqueness of solution of differential 
equation 508 


Varnble 15 « 1 

— change of 477“9 Qnain 

Rule Snb 5 titiiUon 

— complex 410-4 
Variables aepnration of 523 
Variation of parameters 522 
Velocity 93 292 

Vibrations 295 4^6 SO^ 


ei seq^ 

— sinusoidal 427 cl seq 
^ — complex notation 

— — damped 507 
—- — forced SI0-0 

-free 503 5^7 . 

-superposition of 

5*0 sn. 

Volume 4S6elseq 


i 

for 133 435 
428 et seq 435 


Undetermined coelHcienta method of, 
201, 232 404-6 
Umform continuity 51 op 
Uniform convergence aSo-'O? 

-testa for 39 *"'® 39 | 

Ummolecular reaction 182 
Uniqueness of power senes 403-4 


Wallis 8 product 223^5 3^3 445 
Weicrstraas approximation theorem 
423 

— principle 58 
Work 304--7 

2cta function, 380-2 420, 421-2 




